
Reproductions
Published actuarial and numerical results, rebuilt with aggregate

Stephen J. Mildenhall

2026-10-22 19:31 commit 8012e55+



Table of contents

Preface 8
The structure of each chapter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Three categories of paper . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
Conclusions: correctness, flexibility, errors, and exactness . . . . . . . . . . . . . . . . . . 9
The chapters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Reading and rebuilding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

I. The short version 14

1. Five papers, five programs 15
1.1. How to read this chapter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2. Venter (PCAS, 1983): Transformed Beta And Gamma Distributions And Aggregate

Losses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.3. Bear and Nemlick (1990): six treaty features, six clauses . . . . . . . . . . . . . . . . 18
1.4. Homer and Clark (2003): the joint distribution is a view, not a second model . . . . 21
1.5. Bruno, Camerini, Manna and Tomassetti (2006): 92,832 convolutions . . . . . . . . 22
1.6. Denuit, Dhaene, Ghossoub and Robert (2025): the check runs both ways . . . . . . . 24
1.7. Where the detail is . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

II. Actuarial models 29

2. Venter and the transformed gamma distribution 30
2.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3. Mack and Fackler’s test of Riebesell’s rule 38
3.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.4. Theorem 2, end to end . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.5. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4. Mata and Verheyen on trend by layer 45
4.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.4. The decisive test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.5. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5. Bodoff and excess of policy limits losses 55
5.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2



5.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
5.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
5.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

6. Homer and Clark’s bivariate FFT 60
6.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
6.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
6.3. Section 2: Per-Occurrence And Stop Loss . . . . . . . . . . . . . . . . . . . . . . . . 62
6.4. Section 3: loss subject to an aggregate, plus unlimited ALAE . . . . . . . . . . . . . 69
6.5. Section 4: dollars against counts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
6.6. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

7. Bear and Nemlick on adjustable treaty features 83
7.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
7.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
7.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
7.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

III. Distortion pricing 105

8. Wang and risk loads by layer 106
8.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
8.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
8.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
8.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

9. Wang and the pricing of weather options 113
9.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
9.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
9.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
9.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

IV. Risk sharing and conditional expectations given the sum 119

10. Denuit and conditional mean risk sharing 120
10.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
10.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
10.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
10.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

11. Denuit, Hieber and Robert on mortality credits 126
11.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
11.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
11.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
11.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

12. Denuit et al. on comonotonic allocations 133
12.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
12.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
12.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
12.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

3



13. Denuit, Ortega‐Jiménez and Robert on conditional expectations given the sum 144
13.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
13.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
13.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
13.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

V. Exact computation and convolution accuracy 152

14. Gerber and compound Poisson stop loss premiums 153
14.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
14.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
14.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
14.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

15. Robertson and the sum of uniform claims 161
15.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
15.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
15.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
15.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

16. Embrechts, Grübel and Pitts on discretization error 168
16.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
16.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
16.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
16.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

17. Grübel and Hermesmeier on aliasing and exponential tilting 175
17.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
17.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
17.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177
17.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

18. Pittarello, Luini and Marchione’s GEMAct package 182
18.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
18.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
18.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
18.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

19. Embrechts and Frei’s three discretization designs 197
19.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
19.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
19.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
19.4. Figure 1: the Poisson/Pareto aliasing picture . . . . . . . . . . . . . . . . . . . . . . 200
19.5. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

20. Schaller and Temnov on a severity with no mean 204
20.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204
20.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204
20.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
20.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

4



21. Bruno et al. on thresholded direct convolution 210
21.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
21.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
21.3. Table 6: Poisson, 𝜆 = 504.814259 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211
21.4. Table 8: Poisson mixed by a generalized Pareto . . . . . . . . . . . . . . . . . . . . . 214
21.5. Table 7: 𝜆 = 91,000, the case the competitors could not do . . . . . . . . . . . . . . . 216
21.6. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

22. Gollini and Rougier on a catastrophe model event loss table 221
22.1. Context and problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
22.2. Paper solution and gold standard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
22.3. The aggregate reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
22.4. Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

23. Wilson and Keich on accurate FFT convolution 252
23.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252
23.2. What is reproducible . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252
23.3. The Section 1 example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253
23.4. The Section 1 example, exactly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255
23.5. Table 2: the FFT-C columns . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257
23.6. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

24. Wilson and Keich’s sisFFT for small tail probabilities 260
24.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260
24.2. What is reproducible . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261
24.3. Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261
24.4. The true value, and what aggregate returns . . . . . . . . . . . . . . . . . . . . . . 262
24.5. Where the pmf goes wrong . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263
24.6. The fix, applied . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263
24.7. An exact reference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265
24.8. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 269

VI. Rare events and the far tail 270

25. Asmussen, Jensen and Rojas‐Nandayapa on the lognormal left tail 271
25.1. The paper . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 271
25.2. What is reproducible . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 271
25.3. Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272
25.4. Tables 5 and 10: 𝑛 = 4, 𝜎 = 0.25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273
25.5. Table 3: aggregate as referee between first and second order . . . . . . . . . . . . . 274
25.6. Tables 6 and 11: 𝑛 = 64, 𝜎 = 0.25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 276
25.7. Tables 7 and 12: 𝑛 = 256, 𝜎 = 0.25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277
25.8. Tables 8, 9, 13 and 14: shorter horizons . . . . . . . . . . . . . . . . . . . . . . . . . 279
25.9. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281

26. Ben Amar et al. on state‐dependent importance sampling 282
26.1. The paper . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282
26.2. What is reproducible, and what is not . . . . . . . . . . . . . . . . . . . . . . . . . . 282
26.3. Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283
26.4. Application 1: left tail of a log-normal sum . . . . . . . . . . . . . . . . . . . . . . . 284
26.5. Application 2: CDF of a ratio . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285

5



26.6. Figure 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286
26.7. Where the FFT method breaks down . . . . . . . . . . . . . . . . . . . . . . . . . . . 288
26.8. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289

27. Ben Rached, Hoel and Meo on the FFT accuracy floor 290
27.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 290
27.2. What is reproducible . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 290
27.3. Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291
27.4. Table 6: CDF and PDF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291
27.5. Table 3: locating the floor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 292
27.6. Table 4: Lévy summands, and a harder limit . . . . . . . . . . . . . . . . . . . . . . 294
27.7. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 296

28. Liu, Wu and Yao on k‐moment tilting 297
28.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 297
28.2. What is reproducible . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 298
28.3. Setup, and one parameterization trap . . . . . . . . . . . . . . . . . . . . . . . . . . 300
28.4. Table 1: i.i.d. Pareto . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 301
28.5. Table 2: i.n.d. Pareto, and where this stops working . . . . . . . . . . . . . . . . . . 303
28.6. Table C.1: light-tailed, against an exact reference . . . . . . . . . . . . . . . . . . . . 305
28.7. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 306

29. The left tail methods of Asmussen, Ben Amar and Ben Rached 307
29.1. Summary of Asmussen et al. (2016), Ben Amar et al. (2023), Ben Rached et al. (2024) 307

VII. A paper that did not reproduce 308

30. Jin, Provost and Ren’s moment‐based density approximations 309
30.1. Verdict . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 309
30.2. What the paper does . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 309
30.3. The one checkable univariate number . . . . . . . . . . . . . . . . . . . . . . . . . . 310
30.4. The other five univariate examples publish nothing . . . . . . . . . . . . . . . . . . 310
30.5. The bivariate tables are real, and are not aggregate’s dependence . . . . . . . . . . 312
30.6. The joint law does reproduce, with a direct transform . . . . . . . . . . . . . . . . . 313
30.7. Why the marginals are not enough . . . . . . . . . . . . . . . . . . . . . . . . . . . . 316
30.8. What would make this a reproduction . . . . . . . . . . . . . . . . . . . . . . . . . . 316

VIII. Severity curves 318

31. Provenance of the named severity curves 319
31.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 319
31.2. Summary: paper to curve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 320
31.3. The curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 321
31.4. Reference curves with no paper attached . . . . . . . . . . . . . . . . . . . . . . . . 325
31.5. Using the curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 326

IX. Appendix 327

32. Every program in the book 328
Five papers, five programs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 328

6



Mack and Fackler’s test of Riebesell’s rule . . . . . . . . . . . . . . . . . . . . . . . . . . . 330
Mata and Verheyen on trend by layer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332
Bodoff and excess of policy limits losses . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332
Homer and Clark’s bivariate FFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 333
Bear and Nemlick on adjustable treaty features . . . . . . . . . . . . . . . . . . . . . . . . 333
Wang and risk loads by layer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339
Wang and the pricing of weather options . . . . . . . . . . . . . . . . . . . . . . . . . . . 339
Denuit and conditional mean risk sharing . . . . . . . . . . . . . . . . . . . . . . . . . . . 340
Denuit, Hieber and Robert on mortality credits . . . . . . . . . . . . . . . . . . . . . . . . 341
Denuit et al. on comonotonic allocations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 341
Denuit, Ortega-Jiménez and Robert on conditional expectations given the sum . . . . . . 342
Gerber and compound Poisson stop loss premiums . . . . . . . . . . . . . . . . . . . . . . 343
Robertson and the sum of uniform claims . . . . . . . . . . . . . . . . . . . . . . . . . . . 343
Embrechts, Grübel and Pitts on discretization error . . . . . . . . . . . . . . . . . . . . . . 344
Grübel and Hermesmeier on aliasing and exponential tilting . . . . . . . . . . . . . . . . 344
Pittarello, Luini and Marchione’s GEMAct package . . . . . . . . . . . . . . . . . . . . . . 344
Embrechts and Frei’s three discretization designs . . . . . . . . . . . . . . . . . . . . . . . 346
Schaller and Temnov on a severity with no mean . . . . . . . . . . . . . . . . . . . . . . . 346
Bruno et al. on thresholded direct convolution . . . . . . . . . . . . . . . . . . . . . . . . 347
Gollini and Rougier on a catastrophe model event loss table . . . . . . . . . . . . . . . . . 347
Wilson and Keich on accurate FFT convolution . . . . . . . . . . . . . . . . . . . . . . . . 348
Wilson and Keich’s sisFFT for small tail probabilities . . . . . . . . . . . . . . . . . . . . . 348
Asmussen, Jensen and Rojas-Nandayapa on the lognormal left tail . . . . . . . . . . . . . 350
Ben Amar et al. on state-dependent importance sampling . . . . . . . . . . . . . . . . . . 350
Ben Rached, Hoel and Meo on the FFT accuracy floor . . . . . . . . . . . . . . . . . . . . 350
Liu, Wu and Yao on k-moment tilting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 351
Jin, Provost and Ren’s moment-based density approximations . . . . . . . . . . . . . . . . 352
Provenance of the named severity curves . . . . . . . . . . . . . . . . . . . . . . . . . . . 353

References 356

7



Preface

This book reproduces published figures, tables and results using aggregate. Every number in it
is computed by the library, never transcribed. A chapter is recomputed when its text changes, and
every chapter is recomputed whenever the library or any other installed package changes, so all
the numbers in a given copy come from the one environment described below. A match there-
fore demonstrates the correctness of the library version named here, down to the git commit of its
source.

Exception reporting mode: Minimal
Rendered 2026-10-22 19:31:20 GMT Daylight Time (UTC+0100)
---------------------------------------------------------
Python | 3.14.7 on Windows-11-10.0.26200-SP0
aggregate | 1.7.1, source at git commit 0036744
greater_tables | 8.1.0

A computational library must be correct. aggregate has an extensive set of internal correctness
checks embodied in its validation system: these check for amatch between the first three theoretical
and empirical moments. However, a published number computed by somebody independent using
a different method is a good external check. We work through results from twenty eight papers.
Most of them confirm the library. Several of them corrected it, or located a limit in it that was not
previously known. Nine of them turn out to contain an error, an internal inconsistency or amisprint,
which is not a criticism of the authors so much as evidence that the check runs in both directions.

Solving external problems tests aggregate in a second way: it shows the library is flexible enough
to solve problems posed by other people! Obviously, it can solve problems I think are important. The
library’s success on external problems bodes well when you come to use it.

The first chapter is the pith: five papers, each with the DecL program that reproduces the published
exhibit and the answer set beside the paper’s own numbers. It highlights how a simple DecL state-
ment can answer an externally set question.

AI Generated Work!

The mechanical work in this book was conducted by Claude Code Opus 5 model with high-
level human review. In a sense, the work checks itself, but the reader should be aware it was
essentially auto generated by AI.

The structure of each chapter

Each chapter follows the same four-part structure: the context and the problem the paper is solv-
ing, the paper’s own solution and the gold standard it publishes, the aggregate reproduction, and
comments. A simple reproduction can be very short. Something unusual, or unfamiliar to actuaries,
needs more context.
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When reviewing the code mentally discount the Python scaffolding and focus on the DecL nugget
that does the work. Since the reproductions have to recreate the paper’s work, they include a lot of
code that is conceptually irrelevant other than helping to display correctness.

Jin et al. (2016) turned out not to be reproducible because of aggregate limitations, as the chapter
on the paper records. It models a common shock count mode for bivariate frequencies.

Three categories of paper

The papers fall into three categories.

Amodel paper poses an insurance structure with explicit parameters. Reproduction means build-
ing it in DecL and matching the published numbers, and the paper is the authority. Venter (1983),
Mack and Fackler (2003), Mata and Verheyen (2005), Bodoff (2017), Homer and Clark (2003) and
Bear and Nemlick (1990) are of this kind, and they make up the first part.

Amethod paper proposes a competing numerical technique for the aggregate distribution. Here
aggregate is the exact ground truth against which the paper’s own approximation is measured,
so the roles reverse: the paper is the thing being checked. Whether reproduction is possible at all
depends on whether the paper published concrete input parameters and tabulated output. Several
rare-event papers publish neither, reporting only sample counts and CPU seconds, and that is a large
part of why the later parts read the way they do.

A theory paper is a third kind, and the two Denuit, Dhaene, et al. (2025) and Denuit, Ortega-
Jiménez, et al. (2025) chapters are the instances. These prove results about the conditional expec-
tation given the sum, 𝖤[𝑋𝑖 ∣ 𝑆 = 𝑠], and illustrate them with figures rather than tables. There is
no insurance contract in either, and no compound distribution: each agent carries one claim with
certainty, so what is under test is the allocation kernel and the grid it runs on. Success here means
reproducing a shape, and it is checkable only because both papers state something numerical about
the shape, a turning point in one case and a monotonicity failure in the other. Reproducing a figure
is weaker evidence than reproducing a table, so these chapters lean on constraints the model must
satisfy whatever the picture looks like: that shares add up, and that identically distributed agents get
identical shares.

Conclusions: correctness, flexibility, errors, and exactness

The reproductions exercise confirms aggregate‘s correctness and flexibility. Venter (1983)’s
Exhibit 3 reproduces in all three columns, including the transformed gamma, which is
scipy.stats.gengamma under a different name. Bruno et al. (2006)’s Tables 6, 7 and 8 come back
exact at every printed decimal. Bodoff (2017)’s Exhibit 4 reproduces cell for cell. Homer and Clark
(2003) reproduces every published cell of sections 2 and 4, and 136 of the 147 cells of section 3.
Bear and Nemlick (1990)’s Table I reproduces in both of its reproducible columns, six adjustable
features priced by six DecL clauses. Pittarello et al. (2024)’s accuracy table measures where the
grid ends rather than how finely it is spaced, and on a long enough grid the error falls as ℎ2, in the
opposite direction to the one the paper reports. Gollini and Rougier (2016)’s 32,060 event hurricane
loss table, where the authors’ Panjer recursion stopped at a $100 rounding after 4,651 seconds, is
computed unrounded in under a second, and the moment bound they recommend turns out to be
four to ten times the exact tail probability.

The exercise uncovered small errors in six papers. Mata and Verheyen (2005)’s Table 1 limited ex-
pected values are not the exact lognormal ones, running 0.04% high at $250,000 and drifting to 0.24%
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low at $5M, while the closed formmatches to eight figures. Homer and Clark (2003)’s Table 3.3 does
not sum to one, carrying 99.97% of the mass. Asmussen et al. (2016) has a row where its two pub-
lished saddlepoint columns and its Monte Carlo column disagree, and aggregate, being neither
a saddlepoint expansion nor a sampler, can determine which one to trust. Denuit, Dhaene, et al.
(2025)’s Figure 1 cannot hold at its right hand edge: agent 3’s loss is capped at 30, so adding up
forces agents 1 and 2 above 5 at a pool loss of 40, and their panels are drawn on an axis whose top
tick is 4. Pittarello et al. (2024)’s Table 3 prints the same reference value in all four rows for four
and five dimensions, a distribution function that would have to be flat from 10 to 10,000; Arbenz et
al. (2011), where the values come from, has the right ones. Gollini and Rougier (2016) report Monte
Carlo samples of 105 in the text, while their own design calculation, their summary and the script
that drew their figures all use 104.
Finally, it reveals the FFT computational resolution floor. Ben Rached et al. (2024)’s Theorem 3
predicts that FFT convolution error is bounded absolutely rather than relatively, so below roughly
10−13 the output is noise regardless of grid refinement. aggregate sits on that predicted floor to
within a factor of a few. Wilson and Keich (2016) shows the same failure on adversarial inputs
and, more usefully, shows that it is not always detectable: a wrong answer can come back positive
and plausible. Wilson and Keich (2017) exhibits it on a benign input and demonstrates the repair.
Together they turned a vague caveat into a measured property, and explain why the far tail now has
documented limits rather than optimistic ones.

Computational accuracy is discussed further in two other recent blog posts. Dice of Dice: The FFT
Meets Exact Arithmetic compares FFT computed probabilities with an exact arithmetic probability
calculation, andDice of Dice: Exact Finite FFTs discusses using number-theoretic transformswhich
give exact rational number answers with no floating point noise. The latter distinguishes between
the Fourier method which is exact and different numerical implementations. That method now
ships in the library as the nttagg kind, and the Wilson and Keich (2016) and Wilson and Keich
(2017) chapters use it: their exact reference values, previously hand algebra in one case and trusted
naive convolution in the other, are computed in-library as exact rational numbers, and the float
pipeline’s error against them is itself computed exactly, per bucket. An optional compiled engine,
the Rust add-in aggregate-ntt working over 64-bit primes, extends the reach of the exact method;
this book runs the pure-Python reference path.

The chapters

Table 1 and Table 2 list the chapters in book order, split at the part boundary between the actuarial
chapters and the numerical ones: the paper each chapter reproduces, where it was published and
how often it has been cited, what the chapter targets, and how it came out.
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Table 1.: The chapters on actuarial models, distortion pricing and risk sharing, in book order, with each paper’s citation count, the chapter’s target, and
the outcome.

Part Paper Year Journal Citations Target Outcome
Actuarial models Venter (1983) 1983 Proceedings of the

Casualty Actuarial
Society

109 Exhibit 3, three methods over 34 rows Reproduced. The bucket size selects which of the two
exact columns you land on

Mack and Fackler
(2003)

2003 Blätter der
DGVFM

10 Table 1, and the threshold above which Riebesell is
exact

Reproduced. All 26 cells within 8e-4, and the threshold
is 5.186 𝖤[𝑋] against the paper’s “about 5”

Mata and Verheyen
(2005)

2005 CAS Forum 10 Tables 1 to 14, trend and exposure adjustment by
layer

Reproduced, and a discrepancy found in the paper’s
Table 1

Bodoff (2017) 2017 Variance 0 Exhibit 4, excess of policy limits Reproduced. Two unstated model choices inferred and
confirmed by fit

Homer and Clark
(2003)

2003 Proceedings of the
Casualty Actuarial
Society

14 All three worked examples of the bivariate FFT Reproduced. Every construction is a shipped DecL form

Bear and Nemlick
(1990)

1990 Proceedings of the
Casualty Actuarial
Society

10 Table I, six treaties with adjustable features Reproduced. The lognormal column exactly, the
collective risk column to the printed digit in five of six

Distortion pricing Wang (2000) 2000 Journal of Risk and
Insurance

676 Table 1, risk load by layer under two distortions Reproduced to 0.31%, and the basic limit expected loss is
misprinted

Wang (2002) 2002 ASTIN Bulletin 268 Table 2, weather derivative calls off 22 observations Reproduced. Prices to under half a cent
Risk sharing Denuit (2019) 2019 ASTIN Bulletin 63 Figure 1 and the shares at 𝑠 = 1, four participant

pool
Reproduced. The horizontal line resolves a table that
contradicts its own text

Denuit et al. (2022) 2022 ASTIN Bulletin 18 Example 4.5, Figure 6, mortality credits at three
pool sizes

Reproduced. Shares add up exactly at every pool size

Denuit, Dhaene, et
al. (2025)

2025 Insurance:
Mathematics and
Economics

5 Figure 1, the comonotonic repair of a conditional
mean allocation

Reproduced, and the published figure cannot hold at its
right hand edge

Denuit,
Ortega-Jiménez, et
al. (2025)

2025 ASTIN Bulletin 2 Figures 2, 5 and 6, conditional expectation given
the sum

Reproduced. The turning point lands at 64.46, which is
what settles the index convention

11



Table 2.: The chapters on exact computation, rare events and the paper that did not reproduce, in book order, with each paper’s citation count, the chapter’s
target, and the outcome.

Part Paper Year Journal Citations Target Outcome
Exact computation Gerber (1982) 1982 Insurance: Mathematics and

Economics
69 Tables 1 to 3, the exact stop loss

premium columns
Reproduced. All 28 values inside the printed precision

Robertson (1992) 1992 Proceedings of the Casualty
Actuarial Society

25 Table 4, the piecewise uniform
algorithm

Partial. Exact for the paper, 𝑂(ℎ) for a lattice, so the
printed precision is out of reach

Embrechts et al.
(1993)

1993 Statistica Neerlandica 42 Figure 1, discretization error and
Richardson extrapolation

Reproduced. The 𝑂(ℎ2) rate measured at 3.998

Grübel and
Hermesmeier (1999)

1999 ASTIN Bulletin 50 Tables 1 and 2, the L1 sums, the
Theorem 2 bound

Reproduced, including the bound at 0.4641

Pittarello et al. (2024) 2024 Annals of Actuarial Science 1 Section 3.5 examples, Tables 1 to 3 Reproduced. Table 1 is a truncation study, Table 2
re-timed on one machine, Table 3’s reference values
misprinted

Embrechts and Frei
(2009)

2009 Mathematical Methods of
Operations Research

94 Table 1, three arithmetization
designs

Reproduced exactly, all twelve values

Schaller and Temnov
(2008)

2008 Computational Methods in
Applied Mathematics

23 Table 4.3, operational risk
quantiles

Reproduced to 2.2e-4, all twelve distinct values

Bruno et al. (2006) 2006 Applied Mathematics and
Computation

8 Tables 6, 7 and 8 Reproduced exact at six decimals. 92,832 convolutions in
seconds against the paper’s 1,950

Gollini and Rougier
(2016)

2016 The Journal of Operational Risk 1 Figures 1 to 3 and 5 to 7, bounds
on a 32,060 event hurricane ELT

Reproduced. The exact answer the authors ruled out
takes under a second, and the moment bound is 4 to 10
times high

Wilson and Keich
(2016)

2016 Computational Statistics and
Data Analysis

8 Table 2, the FFT-C columns Reproduced. The finding is detectability, not error size.
The Section 1 example is now computed exactly
in-library

Wilson and Keich
(2017)

2017 Journal of Computational and
Graphical Statistics

5 The worst case, and its repair Reproduced to the digit and the repair demonstrated,
both now certified against exact arithmetic

Rare events Asmussen et al. (2016) 2016 Scandinavian Journal of
Statistics

36 Twelve tables, CDF and PDF Reproduced from five build calls, and one bad row
adjudicated

Ben Amar et al. (2023) 2023 Statistics and Computing 7 The seven probabilities the paper
actually quotes

Reproduced. The whole left tail curve costs what one
estimate costs them

Ben Rached et al.
(2024)

2024 Statistics and Computing 0 Table 6, and Theorem 3’s floor Reproduced, and the floor confirmed on the library itself

Liu et al. (2026) 2026 Operations Research Letters 0 Tables 1, 2 and C.1 Three of four reference points reproduced. The fourth is
below the floor

Commentary The rare-event group as a whole Where these methods earn their keep, and where they do
not

Did not reproduce Jin et al. (2016) 2016 Scandinavian Actuarial Journal 14 Nothing Not a reproduction. The evidence, and the feature that
would change it
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Counts are from OpenAlex, retrieved 2026-08-08 (for Pittarello et al. (2024), 2026-10-11, and for
Gollini and Rougier (2016), 2026-10-21), except for the Casualty Actuarial Society (CAS) literature.
The CAS papers are not indexed and their counts come from a manual Google Scholar lookup. The
counts are a snapshot and do not auto-update on rebuild. They should be read relative to the year
of publication, and they say how widely each result has been taken up, which is a different question
from whether it reproduces.

The twomost cited papers here by an order ofmagnitude, Wang (2000) andWang (2002), are the two
whose reproductions are the shortest and least eventful. The papers that changed the library, Ben
Rached et al. (2024), Wilson and Keich (2016) andWilson and Keich (2017), have 0, 8 and 5 citations
between them. Thus, being useful to an implementation and being cited are close to independent!

The final chapter is reference rather than reproduction: it records where each published severity
curve shipped in library.agg came from, what the source paper uses it for, and every transcription
decision behind the DecL.

Reading and rebuilding

Each chapter stands alone and they can read independently. Two pairs reward being read together:
Homer and Clark (2003) and Jin et al. (2016) sit on opposite sides of the same feature boundary,
dependence through a joint severity under a shared count against dependence through a common
shock on the counts, and Wilson and Keich (2016) and Wilson and Keich (2017) are companion
papers on the same failure, the first on adversarial inputs and the second on ordinary ones.

Rendering requires a Python environment with aggregate and its documentation extras installed,
since every chapter executes. The two working documents in this folder, README.md and plan-
examples.md, are notes rather than chapters and are deliberately outside the book: the first is a
folder index and the second is the candidate assessment, which carries the tier ratings for the papers
that were considered and rejected.
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Part I.

The short version
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1. Five papers, five programs

1.1. How to read this chapter

This section presents a DecL solution to problems from five published results. Each has the same
four parts: what the paper was doing, the exhibit it printed, the DecL program that reproduces it,
and the answer beside the paper’s own numbers.

The program on each page is not typed into the page. It is read back off the object that produced the
numbers, so the two cannot drift apart. Nothing else is shown, because nothing else is needed: no
discretization, no grid loop, no convolution. The bucket size and the grid, the two numerical inputs
that matter, are the library’s self-computed defaults in four of the five reproductions. Choosing them
well is itself one of the library’s jobs, and these pages show it doing it. Venter alone states them,
through the hints{} clause visible in its program, and for two reasons: his exhibit tabulates at
multiples of $25,000, which the default bucket of 80 does not divide, and the argument of that section
turns on comparing two deliberately chosen resolutions.

The five results are chosen to make five different points. Venter (1983) is about accuracy against
a paper that computed the same thing two other ways. Bear and Nemlick (1990) shows how the
library can model standard reinsurance variable features: it models six treaty features in six clauses.
Homer and Clark (2003) is about reach, a joint distribution that is a view of a program rather than
a second model. Bruno et al. (2006) is about speed. Denuit, Dhaene, et al. (2025) is about the
reproduction checking the paper rather than the other way round, and it is the one target here that
is not an insurance pricing problem at all.

The rest of this book is the detail: the transcription decisions, the readings that had to be inferred,
and the cases that did notwork. The detail includes a lot of Python scaffold coding that distracts from
the simple DecL solution. This chapter gives just the DecL highlights and omits the scaffolding.

Exception reporting mode: Minimal

1.2. Venter (PCAS, 1983): Transformed Beta And Gamma Distributions And
Aggregate Losses

Venter (1983) introduced the transformed gamma to actuarial work and closed by testing it against
the exact aggregate distribution. His Exhibit 3 computes the cumulative probability distribution of
one compound Poisson three ways over $25,000 to $850,000: by characteristic function inversion,
by the Adelson and Panjer recursion, and by a transformed gamma matched to three moments, see
Figure 1.1. Frequency is Poisson with 𝜆 = 13.7376 and severity is a piecewise linear claim size CDF
to a $250,000 policy limit, tabulated at 23 points.
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Figure 1.1.: Venter (1983), Exhibit 3, Part 1.

V:\worktrees\aggregate_REFACTOR\src\aggregate\_aggregate.py:4481: DefectiveDistributionWarning:
Venter: aggregate PMF deficit 1.302e-04 (Σp = 1 − 1.302e-04 < 1); forwards and backwards S diverge
by the deficit (forwards > backwards). Further occurrences this session are suppressed; each
object records its own verdict in validation.
rv = self.update_work(xs, debug=debug, x_min=x_min, x_max=x_max,

agg Venter
13.7376 claims
250000 xs 0
sev chistogram xps [0 1000 5000 6000 7000 8000 9000 10000 12500 15000 17500 20000 25000 35000
50000 75000 100000 125000 150000 175000 200000 225000 250000 300000] [0.38935 0.38935 0.00568
0.00543 0.00517 0.00495 0.00473 0.01098 0.00989 0.00896 0.00815 0.01426 0.02237 0.02353 0.02459
0.01517 0.01021 0.00732 0.00547 0.00423 0.00337 0.00274 0.0241]
poisson
hints{log2=16; bs=500; normalize=False; padding=1}
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The small bucket size does not have full extent and triggers the (harmless) DefectiveDistribution-
Warning. The validation explains.

print(textwrap.fill(v5.validation_explanation, 72))

Validation of the realized grid against the analytic moments: fails pmf
deficit 1.302e-04. Each of mean, CV and skewness is compared for
severity and for the aggregate, and a relative error above 0.0001 fails;
only the lowest-order failure is reported, since a mean that is wrong
makes the higher moments uninformative. The realized law does not sum to
1: 1.302e-04 of the probability ran off the top of the grid and was
dropped rather than wrapped. Forwards S = 1 - cumsum carries the missing
mass as a tail blob and backwards S drops it, so the two pricing routes
disagree by exactly this amount and neither is wrong. Raise log2, or
widen the grid.

Table 1.1.: Validation of part of Venter Exhibit 3, Part 1.

aggregate
loss

Venter
char fn

Venter
recursive

agg
bs=500

agg
bs=5

agg
bs=100.0

225,000 0.5189 0.5193 0.5193 0.5189 0.5190
250,000 0.5548 0.5552 0.5552 0.5548 0.5549
275,000 0.6034 0.6040 0.6040 0.6034 0.6035
300,000 0.6556 0.6561 0.6561 0.6556 0.6557
325,000 0.7008 0.7013 0.7013 0.7008 0.7009
350,000 0.7405 0.7408 0.7408 0.7405 0.7405
375,000 0.7749 0.7752 0.7752 0.7749 0.7750
400,000 0.8047 0.8049 0.8049 0.8047 0.8047

Table 1.1 shows eight of the thirty four rows, at the middle of the range. Table 1.2 measures the fit
over all thirty four.

Table 1.2.: Largest absolute difference from each of Venter’s two exact columns, over the full range.

rows
compared

agg
bs=500 vs

his
recursive
column

agg bs=5 vs
his

characteristic
function
column

34 5.1e-05 7.3e-05

Venter presents two exact methods that differ by up to 0.0008, and reads that gap as the cost of dis-
cretizing severity. Forty years later we can reproduce both with one method using two resolutions.
Change bs=500 to bs=5, one token in one program, and aggregate stops agreeing with his recur-
sion and starts agreeing with his characteristic function instead. The 0.0008 was never a difference
between themethods. It was the $500 bucket, and it is the same error aggregate incurs when asked
for the same bucket.
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1.3. Bear and Nemlick (1990): six treaty features, six clauses

Bear and Nemlick (1990) price six reinsurance treaties that each carry one adjustable feature, com-
paring a lognormal approximation of the aggregate against the collective risk model. Their Table I,
Figure 1.2, shows the six answers. The subject book is two excess casualty classes written at $160,000
xs 0 with Pareto severities and gamma mixed Poisson counts. Treaty I puts an annual aggregate de-
ductible of $360,000 against $450,000 of expected layer loss, an entry ratio of 0.800, and the indicated
rate is the loss cost surviving the deductible loaded 100/75.

Figure 1.2.: Bear and Nemlick (1990), Table I.

agg BN.One
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
poisson
aggregate net of
360 xs 0

An aggregate deductible is an aggregate layer the cedant keeps, so the recovery is the aggregate net
of it, and the whole feature is the last clause. Nothing else in the program changes.

Table 1.3.: Treaty I, the annual aggregate deductible, against the two columns of Table I.

expected
layer

loss, 000s

insurance
charge,
exact

indicated
rate %,
agg

Table I,
collective

risk
Table I,

lognormal
450.0 0.3151 1.5755 1.580 1.470
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In Table 1.3 the exact answer is 1.5755% against 1.58% printed, and the lognormal shortcut the paper
was testing reads 1.47%. The other five treaties are one clause each, as Table 1.4 sets out, and the
detail chapter prices all six.

Table 1.4.: The adjustable feature of each Bear and Nemlick treaty, and the DecL clause that ex-
presses it.
Treaty Feature DecL clause
I annual aggregate deductible aggregate net of 360 xs 0
II three free reinstatements reinstatements 3 free
III loss corridor corridor
IV retrospective rating retro
V three year profit commission pc
VI sliding scale commission slide

Six treaties, six clauses, and no arithmetic outside the loading factors the slips specify. The detail
chapter reproduces the lognormal column exactly at every printed digit and the collective risk col-
umn to the printed digit in five of the six.

Here are all six programs, at Poisson counts, as the detail chapter writes them. They are worth
reading side by side: every one is the same shape, a subject book with a feature clause on the end,
and the differences between the six treaties are differences of one clause. Five wrap in an xpnl, the
walk face, which books each cession as its own step so the recovery, the ceded premium and any
commission come back as separate legs. Treaty IV uses pnl instead, because a retro plan varies the
gross premium rather than ceding anything, so there is no cession to walk and the plan replaces the
premium at the head of the program.

These are shown as authored rather than as parsed, which is the one place in this chapter where
that distinction matters. The canonical form the parser renders back spells several of these clauses
differently: reinstatements 3 free is stored as a vector of three zero charges and comes back
reinstatements [0 0 0], percentages resolve to decimals so corridor 100% po 100% xs 100%
comes back corridor 1 po 1 xs 1, and exposure at rate and premium at lr are one construct
with premium as the canonical spelling. Everything downstream is driven by the parse, not by this
text. The slip language is what is worth reading here.

Treaty I: annual aggregate deductible

agg BN.One [9000 3000] exposure at [0.04 0.03] rate 160 xs 0
sev 40 * pareto [0.90 0.95] - 40
poisson
aggregate net of 360 xs 0

Treaty II: three free reinstatements

xpnl BN.TreatyII 1172 premium less
agg BN.Two [2000 2000 2000] exposure at [0.10 0.14 0.21] rate 700 xs 0

sev 300 * pareto [1.5 1.3 1.1] - 300
occurrence net of 700 xs 0 deposit 1172 reinstatements 3 free as "Layer"
poisson

Treaty III: loss corridor
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xpnl BN.TreatyIII 10000 premium less
agg BN.Three [4500 4500 1000] exposure at [0.032 0.038 0.035] rate 400 xs 0

sev 100 * pareto 1.1 - 100
poisson
aggregate net of 10000 xs 0 deposit 350

corridor 100% po 100% xs 100% as "Corridor"

Treaty IV: retrospective rating

pnl BN.TreatyIV retro basic 0 lcm 1.3333333333 min 360 max 1200 premium less
agg BN.Four [9000 3000] exposure at [0.04 0.03] rate 160 xs 0

sev 40 * pareto [0.90 0.95] - 40
poisson

Treaty V: three year profit commission

xpnl BN.TreatyV 18000 premium less
agg BN.Five [6000 6000 6000] exposure at [0.10 0.14 0.21] rate 700 xs 0

sev 300 * pareto [1.5 1.3 1.1] - 300
poisson
aggregate net of 80% po 100000 xs 0 deposit 5625

pc 25% after 20% as "PC layer"

Treaty VI: sliding scale commission

xpnl BN.TreatyVI 25000 premium less
agg BN.Six 25000 exposure at 0.10 rate 900 xs 0

sev 100 * pareto 0.98 - 100
poisson
aggregate net of 100000 xs 0 deposit 5000

slide 40% at 35% and 25% at 55% and 20% at 65% as "Slide"

Three details these programsmake visible that the prose above glosses over. The nominal wide layers
in III, V and VI (10000 xs 0, 100000 xs 0) are not terms of the treaty: a decorator clause has to sit
on an aggregate layer, so the layer is written high enough to reach everything the aggregate does and
the feature supplies the only binding term. The deposit in each is the base premium the feature
prices against, which is why the corridor’s 100% po 100% xs 100% reads in loss ratio points exactly
as the slip does. And the 80% po in Treaty V is a placement rather than a cession: premium clauses
are quoted at 100% and scaled by the fraction placed, so the slip’s $4,500 on an 80% placement is a
deposit of $5,625.

The one genuine constraint is that each program carries exactly one feature. Three of the five fea-
tures read a ceded loss ratio, and that ratio is only a deterministic rescaling of the ceded loss while
the denominator stays fixed. Put two features on one program and the second reads a random de-
nominator. The paper reaches the same conclusion from the other side in its section 5, and proposes
running the collective risk model a second time on the post-coinsurance distribution: a two stage
construction, not a single decorated layer.
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1.4. Homer and Clark (2003): the joint distribution is a view, not a second
model

Homer and Clark (2003) introduces the two dimensional FFT to actuarial work, for the case where
two covers on the samebook are driven by the same losses and so cannot be priced separately. Section
2 retains $600,000 per occurrence, buys $400,000 xs $600,000 per occurrence, and puts a $5,000,000
xs $3,000,000 stop loss on the retention. The paper builds the joint law of retained and ceded by
hand, as its Table 2.3, Figure 1.3.

Figure 1.3.: Homer and Clark (2003), Table 2.3.

agg HC
5 claims
dsev [200000 400000 600000 800000 1000000] [0.378 0.235 0.146 0.091 0.15]
occurrence net of
400000 xs 600000

mixed gamma 0.2

That program declares the treaty and nothing two dimensional. Retained and ceded are the net and
ceded views of an occurrence layer already in it, so the joint severity is the cession map applied to
the gross severity, and the joint distribution is one call away: a.occ_bivariate(views=('net',
'ceded')). The paper’s Table 2.3 falls out as a by-product rather than an input.
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Table 1.5.: The five statistics Homer and Clark read off Table 2.3, taken instead from the bivariate
view of the program.

statistic aggregate paper
expected loss to the stop loss layer 123,529.2617 123,529.0000
probability the stop loss is hit 0.1508 0.1508
mean stop loss given it is hit 819,209.9114 819,210.0000
expected loss to the per-occurrence layer 390,999.9993 391,000.0000
expected per-occurrence loss given the
stop loss is hit

830,334.0200 830,334.0000

Table 1.5 reproduces all five to the digit, and the last two are the paper’s point. The per-occurrence
layer costs $391,000 on average but $830,334 in the scenarios where the stop loss also pays. Writing
both covers is more than twice as bad as the two expected values suggest, and that is invisible to
anyone pricing them separately.

1.5. Bruno, Camerini, Manna and Tomassetti (2006): 92,832 convolutions

Bruno et al. (2006) proposes thresholded direct convolution as a cheaper alternative to Panjer recur-
sion, De Pril transforms and the FFT. Table 7, Figure 1.4, is the showcase: a Poisson with 𝜆 = 91,000
against a fourteen point discrete severity, which their formalization reaches in 92,832 convolutions.
Table 4 records that Panjer recursion and De Pril both underflow at 𝜆 as low as 1,004.8, that their
own method took 1,950 seconds here, and that their FFT comparison stopped at 𝜆 = 5,004.8 after
3,850 seconds.
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Figure 1.4.: Bruno et al (2006), Table 7.

agg B7
91000 claims
dsev [14 15 16 17 18 19 20 24 26 28 30 31 55 60] [0.0103301 0.030799 0.0293511 0.0103301
0.0730414 0.0111568 0.0264554 0.1002133 0.0815418 0.0252146 0.0212857 0.0254214 0.0991756
0.4556837]
poisson

The program carries no hints{} clause, so the grid is the library’s own. That is possible because the
aggregate is computed in its support window rather than from zero, and at 𝜆 = 91,000 that window
is a narrow interval around a mean of 3.89 million. Table 1.7 reports the grid the library chose for it,
and the whole of Table 7 comes back exact on that grid.

Table 1.6.: Eight of the twenty eight aggregate loss points Table 7 prints, against the program’s CDF.

aggregate
loss

agg
CDF

Table 7
CDF

3,877,202 0.158658 0.158658
3,880,718 0.226704 0.226704
3,884,235 0.308708 0.308708
3,887,752 0.401538 0.401538
3,891,268 0.500249 0.500249
3,894,785 0.598941 0.598941
3,898,302 0.691642 0.691642
3,901,818 0.773450 0.773450
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Table 1.6 shows eight of the printed points; Table 1.7 takes in all of them, and the clock.

Table 1.7.: Accuracy over all twenty eight rows, and the run time beside the paper’s own.

rows
compared

largest CDF
difference

aggregate
seconds

paper
seconds

grid
points mean paper mean

28 4.8e-07 0.10000 1,950 262,144 3,891,268.9543 3,891,268.9543

All twenty eight published values are exact at the six decimals printed. The paper counted the FFT
as one transform per convolution and summed over 92,832 of them, which is not how a compound
distribution is computed: the frequency enters through its probability generating function applied
pointwise to the severity transform, so the whole distribution costs two transforms whether 𝜆 is 500
or 91,000. Some of the timing gap is twenty years of hardware but that structural part is not.

1.6. Denuit, Dhaene, Ghossoub and Robert (2025): the check runs both ways

Denuit, Dhaene, et al. (2025) settle a question about risk sharing rather than insurance pricing.
Given a pool of losses 𝑆 = 𝑋1+⋯+𝑋𝑛, the conditionalmean risk sharing rule allocates 𝜅𝑖(𝑠) = 𝖤[𝑋𝑖 ∣
𝑆 = 𝑠] to agent 𝑖. That rule is not always comonotonic: an agent’s share can fall as the pool’s total
loss rises, which violates the no-sabotage condition and is not Pareto optimal for the convex order.
The paper’s contribution is an explicit algorithm, from majorization theory, that converts any such
allocation into a comonotonic one that improves every agent in convex order while preserving every
expectation. Its section 3.2 example is three independent agents: agents 1 and 2 carry a truncated
exponential on [0, 10] with 𝛽 = 1/2, and agent 3 a truncated equal mixture of an exponential and a
Γ(8) on [0, 30].
This is a natural reproduction target because 𝜅𝑖 is not a special quantity here. It is the exeqa_ column
of a portfolio’s density_df, the same conditional expectation aggregate uses for capital allocation,
and the paper’s algorithm ships as Portfolio.make_comonotonic_allocations. Figure 1.5 is the
target.
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Figure 1.5.: Denuit, Dhaene, Ghossoub and Robert (2025), Figure 1.

port Denuit.Pool
agg Agent1
1 claim
sev 2 * expon splice [0 10]
fixed

agg Agent2
1 claim
sev 2 * expon splice [0 10]
fixed

agg Agent3
1 claim
sev 2 * gamma [1 8] wts [0.504541349633 0.495458650367] splice [0 0] [30 30]
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fixed

A truncated distribution is a splice, and themixture is a two component severity, so thewhole three
agent pool is one portfolio declaration. Before reading any allocation, check the model against the
paper’s own specification, which Table 1.8 does.

Table 1.8.: The pool’s means against direct quadrature on the paper’s own specification.

quantity quadrature aggregate
E[X_1], truncated exponential on [0, 10] 1.93216345 1.93216337
E[X_3], truncated mixture on [0, 30] 8.77944917 8.77944913
E[S] 12.64377607 12.64377587

Two structural facts follow from the specification and hold to numerical precision in Table 1.9, which
is what says the pool is built right. Agents 1 and 2 are identically distributed, so 𝜅1 ≡ 𝜅2; and an
allocation adds up, so∑𝑖 𝜅𝑖(𝑠) = 𝑠 at every 𝑠.

Table 1.9.: The two structural invariants, symmetry of agents 1 and 2 and adding up, at numerical
precision.

max |𝜅1 − 𝜅2|
over

𝑠 ∈ [0.5, 45]
max |∑𝜅𝑖−

𝑠|
0.0e+00 1.1e-10

Now the figure, Figure 1.6. The black curves are the conditional mean allocations, the red the
comonotonic Pareto optimal improvement from the paper’s algorithm.
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Figure 1.6.: Reproducing Figure 1. The dashed line on the agent 1 and 2 panels is the top of the
published axis.

Table 1.10.: The conditional mean allocations at seven values of the pool total, showing the non-
monotone stretch.

s 𝜅1 = 𝜅2 𝜅3 sum
10 2.63104 4.73793 10.00000
15 1.78877 11.42245 15.00000
20 2.01153 15.97694 20.00000
25 2.42093 20.15814 25.00000
30 2.78147 24.43705 30.00000
35 4.19309 26.61381 35.00000
40 6.07707 27.84586 40.00000

The paper’s qualitative claim reproduces exactly in Table 1.10: 𝜅1 and 𝜅2 rise to 2.63 at 𝑠 = 10, fall
to 1.79 by 𝑠 = 15, and rise thereafter, so the conditional mean allocation is not comonotonic and not
Pareto optimal, and the algorithm flattens precisely that stretch.

The published Figure 1.5 cannot be right at its own right hand edge, and it takes no computation
to see why. Agent 3’s loss is capped at 𝑁 = 30, so at 𝑠 = 40 adding up forces 𝜅1 + 𝜅2 ≥ 10, and by
symmetry 𝜅1 = 𝜅2 ≥ 5. The published panels for agents 1 and 2 are drawn on an axis whose top
tick is 4. The true values are 𝜅1(35) = 4.19 and 𝜅1(40) = 6.08, which leave the box. Dropping the
𝑁 = 30 truncation of agent 3, and only that, brings 𝜅1(40) down to 3.31 and inside it, which is the
one reading of the model consistent with what is printed.
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Nothing in the paper’s theorems depends on this. The algorithm is right, the code that ships it here
is the paper’s, and the interesting part of Figure 1.5, the non-monotone stretch the algorithm exists
to repair, is exactly where the paper says it is.

1.7. Where the detail is

Each of these has a chapter, and the chapters carry what a page cannot: the transcription decisions,
the readings that had to be inferred and then confirmed by fit, the grid caveats, and the arithmetic
behind every acceptance test. Venter (1983), Bear and Nemlick (1990) and Homer and Clark (2003)
are in the actuarial models part, Bruno et al. (2006) in the part on exact computation, and Denuit,
Dhaene, et al. (2025) sits with Denuit, Ortega-Jiménez, et al. (2025) in the part on conditional
expectations given the sum.

The book also carries what did not work, which is the more informative half. Jin et al. (2016) has a
part to itself and is not a reproduction: the feature it needs, common shock dependence on frequen-
cies rather than on a joint severity, does not exist. Ben Rached et al. (2024) and Wilson and Keich
(2016) locate a floor under FFT accuracy, below roughly 10−13, and Wilson and Keich (2017) shows
the repair. Three of the fifteen papers contain errors the reproduction found, which is not a criticism
of the authors so much as evidence that the check runs in both directions.
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Part II.

Actuarial models
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2. Venter and the transformed gamma distribution

Reproducing Venter (1983), Exhibit 3

2.1. Context and problem

Venter (1983) introduces the transformed gamma and transformed beta families to actuarial work,
and proposes the transformed gamma as a three-moment approximation to the aggregate loss dis-
tribution. The paper closes with a test of that proposal. Exhibit 3 sets up one compound distribu-
tion and computes its cumulative probability and excess ratio three ways over the range $25,000 to
$850,000 in $25,000 steps:

1. the characteristic functionmethod, working from the continuous severity,
2. the recursive method of Adelson and Panjer, working from a severity discretized at $500 in-

tervals,
3. the transformed gamma fitted to the first three aggregate moments.

Venter’s conclusion is that “the two exact methods are extremely similar, indicating that not much
is lost by the discrete approximation to severity”, and that the transformed gamma “is reasonably
close over a wide range of loss sizes”.

This is an unusually good reproduction target for aggregate, because the two exact columns are
not two different models. They are one model computed at two resolutions, and aggregate com-
putes both by changing a single argument. The transformed gamma is reproducible too, since the
transformed gamma is scipy.stats.gengamma.

2.2. Paper solution and gold standard

Exhibit 3 Part 2, Figure 2.1, gives the assumptions in full. Frequency is Poisson with 𝜆 = 13.7376.
Severity is a piecewise linear CDF over $0 to $250,000, tabulated at 22 knots, with the remaining
mass a point mass at the $250,000 limit. The stated moments are severity mean 18,198 with CV
2.6600 and skewness 3.6746, and aggregate mean 250,000 with CV 0.7667 and skewness 1.0744. The
fitted transformed gamma has 𝑟 = 0.5613125, 𝛼 = 1.8300318, 𝜆 = 1/417,896.414.
Transcribing a 1983 table from a scanned page needs an acceptance test, and the paper supplies three:
if the severity knots are read correctly, the mean, CV and skewness must come out.
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Figure 2.1.: Venter (1983), Exhibit 3, Part 2.

%xmode minimal
import numpy as np
import pandas as pd
import scipy.stats as ss
from aggregate.distributions import Aggregate
from bookstyle import GT

KX = np.array([0, 1e3, 5e3, 6e3, 7e3, 8e3, 9e3, 10e3, 12.5e3, 15e3, 17.5e3,
20e3, 25e3, 35e3, 50e3, 75e3, 100e3, 125e3, 150e3, 175e3,
200e3, 225e3, 250e3])
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KF = np.array([0, .38935, .77870, .78438, .78981, .79498, .79993, .80466,
.81564, .82553, .83449, .84264, .85690, .87927, .90280,
.92739, .94256, .95277, .96009, .96556, .96979, .97316,
.97590])

LIMIT, LAM = 250e3, 13.7376
ATOM = 1 - KF[-1] # the mass Venter puts at the $250,000 limit
seg, a_, b_ = np.diff(KF), KX[:-1], KX[1:]

def raw_moment(k):
"""E[X^k] for a piecewise uniform density plus the atom at the limit."""
return ((seg * (b_ ** (k + 1) - a_ ** (k + 1))

/ ((k + 1) * (b_ - a_))).sum() + ATOM * LIMIT ** k)

s1, s2, s3 = raw_moment(1), raw_moment(2), raw_moment(3)
sv = s2 - s1 ** 2
GT(pd.DataFrame([

{'quantity': 'severity mean', 'recomputed': s1, 'Exhibit 3': 18198},
{'quantity': 'severity CV', 'recomputed': np.sqrt(sv) / s1, 'Exhibit 3': 2.6600},
{'quantity': 'severity skewness',
'recomputed': (s3 - 3 * s1 * s2 + 2 * s1 ** 3) / sv ** 1.5, 'Exhibit 3': 3.6746},
{'quantity': 'aggregate mean', 'recomputed': LAM * s1, 'Exhibit 3': 250000},
{'quantity': 'aggregate CV', 'recomputed': np.sqrt(LAM * s2) / (LAM * s1),
'Exhibit 3': 0.7667},
{'quantity': 'aggregate skewness', 'recomputed': LAM * s3 / (LAM * s2) ** 1.5,
'Exhibit 3': 1.0744},

]).set_index('quantity'), formatters={'recomputed': 4, 'Exhibit 3': 4})

Exception reporting mode: Minimal

Table 2.1.: The three severity and three aggregate moments recomputed from the transcribed knots,
against the printed values.

quantity recomputed Exhibit 3
severity mean 18,198.1950 18,198.0000
severity CV 2.6600 2.6600
severity skewness 3.6746 3.6746
aggregate mean 249,999.5236 250,000.0000
aggregate CV 0.7667 0.7667
aggregate skewness 1.0744 1.0744

All six agree in Table 2.1, so the transcription is correct. The severity mean is 18,198.195 against a
printed 18,198, and the aggregate mean is 249,999.5 against a printed 250,000. The scanned copy
shows the aggregate mean as 250,600, which the arithmetic identifies as a scanning artifact of
250,000.

2.3. The aggregate reproduction

The severity is a piecewise uniform density with an atom at the policy limit. aggregate builds the
density part as a chistogram, whose bins are exactly the tabulated knots. The atom is easier to
obtain than to declare: carry the limit mass in one wide bin above $250,000 and then apply a 250000
xs 0 layer, which folds everything above the limit onto the limit itself. Table 2.2 reads back the
mean, CV and total mass at Venter’s own $500 bucket.
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edges = np.concatenate((KX, [LIMIT * 1.2]))
probs = np.concatenate((seg, [ATOM]))

def venter(bs, log2):
obj = Aggregate('V', exp_en=LAM, exp_limit=LIMIT, exp_attachment=0,

sev_name='chistogram', sev_xs=edges, sev_ps=probs,
freq_name='poisson')

obj.update(log2=log2, bs=bs, normalize=False, padding=1)
return obj

a500 = venter(500, 16)
GT(pd.DataFrame([{'bucket size': 500, 'mean': a500.est_m, 'CV': a500.est_cv,

'total mass': a500.agg_density.sum()}]).set_index('bucket size'),
formatters={'mean': 2, 'CV': 4, 'total mass': 12})

Table 2.2.: The built aggregate at Venter’s $500 bucket, with the total mass as a grid check.

bucket size mean CV total mass
500 249,999.52 0.7667 1.000000000000

Venter’s third column needs no new machinery either. His transformed gamma, with distribu-
tion function 𝐺(𝑥; 𝑟, 𝛼, 𝜆) = IG((𝜆𝑥)𝛼; 𝑟), is the generalized gamma: gengamma(a=r, c=alpha,
scale=1/lam). Table 2.3 checks that identification against the moments Venter prints.

R, ALPHA, LAM_TG = 0.5613125, 1.8300318, 1 / 417896.414
tg = ss.gengamma(R, ALPHA, scale=1 / LAM_TG)
GT(pd.DataFrame([{'quantity': q, 'from Venter parameters': v, 'Exhibit 3': p}

for q, v, p in [('mean', tg.mean(), 250000),
('CV', tg.std() / tg.mean(), 0.7667),
('skewness', float(tg.stats('s')), 1.0744)]]

).set_index('quantity'),
formatters={'from Venter parameters': 4, 'Exhibit 3': 4})

Table 2.3.: The scipy generalized gamma at Venter’s fitted parameters, against the Exhibit 3 mo-
ments.

quantity from Venter parameters Exhibit 3
mean 250,000.0010 250,000.0000
CV 0.7667 0.7667
skewness 1.0744 1.0744

Now the exhibit itself, Exhibit 3 Part 1, Figure 2.2. The bucket size is the only thing that changes
between the two exact columns, so run it at Venter’s $500 and at three finer settings; Table 2.4 puts
the first twelve rows beside the published ones.
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Figure 2.2.: Venter (1983), Exhibit 3, Part 1.

XS = np.arange(25_000, 875_000, 25_000)
CHAR = [.0508, .1291, .2009, .2676, .3289, .3843, .4341, .4788, .5189, .5548,

.6034, .6556, .7008, .7405, .7749, .8047, .8303, .8524, .8714, .8878,

.9045, .9201, .9332, .9442, .9534, .9611, .9675, .9728, .9773, .9810,

.9844, .9873, .9897, .9916]
RECU = [.0516, .1298, .2015, .2683, .3295, .3848, .4346, .4793, .5193, .5552,

.6040, .6561, .7013, .7408, .7752, .8049, .8305, .8526, .8716, .8879,

.9047, .9203, .9333, .9443, .9535, .9611, .9675, .9729, .9773, .9810,

.9844, .9873, .9897, .9916]
XR = [.9016, .8107, .7273, .6507, .5806, .5163, .4573, .4030, .3529, .3066,

.2642, .2273, .1951, .1672, .1431, .1221, .1039, .0880, .0742, .0622,

.0518, .0430, .0357, .0296, .0245, .0202, .0167, .0137, .0112, .0091,

.0074, .0060, .0048, .0039]
TG = [.0621, .1260, .1895, .2520, .3129, .3717, .4280, .4817, .5324, .5801,
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.6245, .6658, .7039, .7388, .7707, .7995, .8255, .8488, .8696, .8881,

.9043, .9186, .9310, .9418, .9511, .9592, .9660, .9718, .9768, .9809,

.9844, .9873, .9897, .9917]

out = pd.DataFrame({'aggregate loss': XS, 'Venter char fn': CHAR,
'Venter recursive': RECU})

for bs, log2 in [(500, 16), (100, 18), (20, 20), (5, 22)]:
o = venter(bs, log2)
out[f'agg bs={bs}'] = [o.density_df.loc[x, 'F'] for x in XS]
if bs == 500:

out['agg excess ratio'] = [1 - o.density_df.loc[x, 'lev'] / o.est_m
for x in XS]

out['Venter excess ratio'] = XR
out['Venter transf gamma'] = TG
out['gengamma cdf'] = [tg.cdf(x) for x in XS]
GT(out.set_index('aggregate loss').head(12), float_format=4)

Table 2.4.: The first twelve rows of Exhibit 3, Part 1, at four bucket sizes, with the excess ratio and
transformed gamma columns.

aggregate
loss

Venter
char
fn

Venter
recursive

agg
bs=500

agg
excess
ratio

agg
bs=100

agg
bs=20

agg
bs=5

Venter
excess
ratio

Venter
transf
gamma

gengamma
cdf

25,000 0.0508 0.0516 0.0516 0.9016 0.0509 0.0508 0.0508 0.9016 0.0621 0.0621
50,000 0.1291 0.1298 0.1298 0.8107 0.1293 0.1291 0.1291 0.8107 0.1260 0.1260
75,000 0.2009 0.2015 0.2015 0.7273 0.2010 0.2009 0.2009 0.7273 0.1895 0.1895
100,000 0.2676 0.2683 0.2683 0.6507 0.2678 0.2677 0.2677 0.6507 0.2520 0.2520
125,000 0.3289 0.3295 0.3295 0.5806 0.3290 0.3289 0.3289 0.5806 0.3129 0.3129
150,000 0.3843 0.3848 0.3848 0.5163 0.3844 0.3843 0.3843 0.5163 0.3717 0.3717
175,000 0.4341 0.4346 0.4346 0.4573 0.4342 0.4341 0.4341 0.4573 0.4280 0.4280
200,000 0.4788 0.4793 0.4792 0.4030 0.4789 0.4788 0.4788 0.4030 0.4817 0.4817
225,000 0.5189 0.5193 0.5193 0.3529 0.5190 0.5189 0.5189 0.3529 0.5324 0.5324
250,000 0.5548 0.5552 0.5552 0.3066 0.5549 0.5549 0.5548 0.3066 0.5801 0.5801
275,000 0.6034 0.6040 0.6040 0.2642 0.6035 0.6034 0.6034 0.2642 0.6245 0.6245
300,000 0.6556 0.6561 0.6561 0.2273 0.6557 0.6556 0.6556 0.2273 0.6658 0.6658

2.4. Comments

2.4.1. The bucket size selects which of Venter’s exact columns you get

GT(pd.DataFrame([
{'bucket size': bs,
'max abs diff vs characteristic function':

float(np.abs(out[f'agg bs={bs}'] - out['Venter char fn']).max()),
'max abs diff vs recursive':

float(np.abs(out[f'agg bs={bs}'] - out['Venter recursive']).max())}
for bs in [500, 100, 20, 5]]).set_index('bucket size'),
float_format=5)
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Table 2.5.: Largest absolute difference from each of Venter’s two exact columns, as the bucket is
refined.

bucket
size

max abs diff vs
characteristic
function

max abs
diff vs

recursive
500 0.00082 0.00005
100 0.00019 0.00067
20 0.00009 0.00081
5 0.00007 0.00084

Table 2.5 is the whole argument of this chapter. At Venter’s $500 discretization, aggregate agrees
with his recursive column to 5 × 10−5 over all 34 rows, which is exact at the four decimal places
printed, and differs from his characteristic function column by up to 8.2×10−4. Refine the bucket
and the two allegiances swap: by bs = 5 the agreement with the characteristic function column is
7 × 10−5 and the disagreement with the recursive column has grown to 8.4 × 10−4.
Venter presents twomethods but we can reproduce both using FFTs at two resolutions. aggregate’s
FFT with a $500 bucket agrees with the Adelson and Panjer recursion, and FFT with a $5 bucket
agrees with the characteristic function inversion. The 0.0008 that Venter reports as the gap between
his two exact methods is not a difference between characteristic functions and recursion at all. It is
the discretization error of a $500 bucket, and it is the same error aggregate incurs when asked for
the same bucket.

2.4.2. The excess ratio and the transformed gamma

GT(pd.DataFrame([
{'comparison': 'agg excess ratio at bs=500 vs Venter',
'max abs diff': float(np.abs(out['agg excess ratio']

- out['Venter excess ratio']).max())},
{'comparison': 'scipy gengamma vs Venter transformed gamma column',
'max abs diff': float(np.abs(out['gengamma cdf']

- out['Venter transf gamma']).max())},
]).set_index('comparison'), float_format=6)

Table 2.6.: The excess ratio and transformed gamma columns, each against its published counter-
part.

comparison max abs diff
agg excess ratio at bs=500 vs Venter 0.000052
scipy gengamma vs Venter transformed
gamma column

0.000049

Table 2.6 puts both at 5 × 10−5, so both columns reproduce exactly at the printed precision. The
excess ratio comes straight off density_df['lev'], since 𝑅(𝑎) = 1 − 𝖤[𝐿 ∧ 𝑎]/𝖤[𝐿].
The transformed gamma check is worth doing for its own sake. Venter’s Appendix A solves two non-
linear equations in Γ functions by Newton iteration in APL, then Exhibit 1 evaluates the incomplete
gamma by a 30 to 200 term series expansion. scipy.stats.gengamma(0.5613125, 1.8300318,
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scale=417896.414) returns the same 34 values. The identification is exact rather than approxi-
mate: the transformed gamma with parameters (𝑟, 𝛼, 𝜆) is gengamma with shape 𝑎 = 𝑟, shape 𝑐 = 𝛼
and scale 1/𝜆.

2.4.3. On the approximation Venter was testing

Venter’s own verdict, that the transformed gamma is “reasonably close over a wide range of loss
sizes”, reads generously with the exact answer beside it.

err = 100 * (np.array(TG) - np.array(CHAR))
inside = [x for i, x in enumerate(XS) if np.all(np.abs(err[i:]) < 0.1)]
GT(pd.DataFrame([

{'statistic': 'largest overstatement, points of probability',
'value': err.max(), 'at': XS[err.argmax()]},
{'statistic': 'largest understatement, points of probability',
'value': err.min(), 'at': XS[err.argmin()]},
{'statistic': 'first loss size beyond which the error stays under 0.1 points',
'value': np.nan, 'at': inside[0]},

]).set_index('statistic'), formatters={'value': 2, 'at': '{x:,.0f}'})

Table 2.7.: How far the three-moment transformed gamma strays from the exact distribution, in
points of probability.

statistic value at
largest overstatement, points of probability 2.53 250,000
largest understatement, points of
probability

-1.60 125,000

first loss size beyond which the error stays
under 0.1 points

— 725,000

By Table 2.7 the three-moment fit crosses the exact distribution four times over the range, running
1.1 points of probability high at $25,000, 1.6 points low at $125,000, and 2.5 points high at $250,000,
its worst single row. It does not settle inside a tenth of a point until $725,000. The excess ratio
column holds up better where it matters commercially, within 2% of the ratio through $650,000,
before degrading to 10% at $850,000 where the ratio itself is down to 0.0039.

That is a fair result for a three-parameter fit and a poor substitute for the exact calculation, which
is precisely the trade Venter names in his summary: the exact methods “require more input infor-
mation … and they also require substantially more computation”, and he predicts they will become
“increasingly viable” as computing gets cheaper. The four builds in this document take a few seconds
each.

2.4.4. What did not transcribe

Figure 2.1 also prints Venter’s $500 discrete PDF, and I could not decode its first five rows. The
rule stated for the body of that column, that the probability at 𝑁 is the piecewise linear probability
from 𝑁 −250 to 𝑁 +250, reproduces the tabulated 0.04866875 for the $1,500 to $4,000 block exactly,
but does not give the printed values at $500, $1,000, $4,500 or $5,000, and the printed $500 entry is
more than twice what any nearest-bucket rule allows. Nothing here depends on it: aggregate does
its own discretization from the piecewise linear CDF, and the CDF is verified independently by the
three severity moments.
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3. Mack and Fackler’s test of Riebesell’s rule

Reproducing Mack and Fackler (2003)

3.1. Context and problem

German liability insurers price increased limits by a rule Paul Riebesell published in 1936: doubling
the sum insured multiplies the net premium by a constant factor 1 + 𝑧, typically 𝑧 = 20%. Written
out,

𝑏(𝑣) = 𝑏0(1 + 𝑧)ld(𝑣/𝑣0) = 𝑏0 (
𝑣
𝑣0
)
ld(1+𝑧)

,

a pure power law in the sum insured, and so invariant to inflation and to currency. That invariance
is why it survives: unlike a property exposure curve it never needs re-basing.

Mack and Fackler (2003) asks whether the rule is consistent with the collective risk model, where
𝑏(𝑣) = 𝖤[𝑁] 𝖤[𝑋 ∧ 𝑣]. Differentiating gives 𝑆(𝑣) = 𝑏′(𝑣)/𝖤[𝑁], and a power law premium forces a
power law survival function, that is a Pareto with

𝛼 = 1 − ld(1 + 𝑧) ∈ (0, 1).

An 𝛼 below one means an infinite mean, so the implied claim size law cannot be Pareto everywhere.
The paper’s contribution is to show it does not have to be. There is a threshold 𝑢 such that any re-
alistic claim size law, fitted with a Pareto tail above 𝑢, satisfies Riebesell’s rule exactly for all sums
insured above 𝑢, and the threshold turns out to sit below the range of sums insured actually writ-
ten.

3.2. Paper solution and gold standard

The condition on the threshold is that

𝛼𝐹(𝑢) ∶= 1 − 𝑢𝑆(𝑢)
∫𝑢
0 𝑆(𝑥) d𝑥

= 1 − 𝑢𝑆(𝑢)
𝖤[𝑋 ∧ 𝑢]

equals 𝛼. The quantity 𝛼𝐹(𝑢) runs from 0 at 𝑢 = 0 to 1 as 𝑢 → ∞ for any continuous 𝐹 with a
finite mean, so a solution always exists. Table 1, Figure 3.1, tabulates it for four severities at seven
multiples of the mean, and it is the paper’s one block of numbers.

The formulation is convenient for aggregate: 𝛼𝐹 is built froma limited expected value and a survival
function, both of which come straight out of a build.
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%xmode minimal
import numpy as np
import pandas as pd
from bookstyle import GT, build

US = [0.01, 0.1, 1, 3, 10, 30, 100]
CV18 = float(np.sqrt(np.exp(1.8 ** 2) - 1))
SEVS = { # all normalized to E(X) = 1

'Exponential': 'sev 1 * expon',
'Gamma a=0.1': 'sev 10 * gamma 0.1',
'Lognormal s=1.8': f'sev lognorm 1 cv {CV18}',
'American Pareto a=1.5': 'sev 0.5 * lomax 1.5',

}
PAPER = {

'Exponential': [0.005, 0.049, 0.418, 0.842, 0.9996, None, None],
'Gamma a=0.1': [0.092, 0.151, 0.294, 0.442, 0.709, 0.952, 0.9999],
'Lognormal s=1.8': [0.028, 0.185, 0.5, 0.663, 0.815, 0.914, 0.972],
'American Pareto a=1.5': [0.0147, 0.127, 0.545, 0.740, 0.867, 0.928, 0.962],

}

Exception reporting mode: Minimal

Two readings had to be settled first. “American Pareto” is the two parameter Pareto 𝑆(𝑥) = (𝜃/(𝜃+
𝑥))𝛼, lomax in DecL, as against the European single parameter form; with 𝛼 = 1.5 the scale 𝜃 = 0.5
gives mean 1. “Gamma 𝛼 = 0.1” is the shape, so scale 10 for a unit mean. Both are confirmed by
Table 3.1 reproducing.

3.3. The aggregate reproduction

Figure 3.1.: Mack and Fackler (2003), Table 1.

def lev(prog, u, log2=20):
"""E[X and u]: one fixed claim in the layer u xs 0."""
return build(f'agg S 1 claim {u} xs 0 {prog} fixed',

log2=log2, bs=u / 2 ** (log2 - 2), normalize=False).est_m

def sf(prog, u, log2=20):
"""S(u) read off an unlimited build on a grid reaching well past u."""
obj = build(f'agg S 1 claim {prog} fixed', log2=log2,

bs=4 * u / 2 ** log2, normalize=False)
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return float(obj.density_df.loc[u, 'S'])

rows = []
for name, prog in SEVS.items():

for i, u in enumerate(US):
L, S = lev(prog, u), sf(prog, u)
rows.append({'F': name, 'u / E(X)': u, 'agg E[X and u]': L,

'agg S(u)': S, 'alpha_F(u)': 1 - u * S / L,
'Table 1': PAPER[name][i]})

t1 = pd.DataFrame(rows)
t1['abs diff'] = (t1['alpha_F(u)'] - t1['Table 1']).abs()
GT(t1.set_index(['F', 'u / E(X)']),

formatters={'agg E[X and u]': 6, 'agg S(u)': 6, 'alpha_F(u)': 6,
'Table 1': 4, 'abs diff': '{x:.2e}'})

V:\worktrees\aggregate_REFACTOR\src\aggregate\_aggregate.py:4481: DefectiveDistributionWarning:
S: aggregate PMF deficit 9.608e-01 (Σp = 1 − 9.608e-01 < 1); forwards and backwards S diverge by
the deficit (forwards > backwards). Further occurrences this session are suppressed; each object
records its own verdict in validation.
rv = self.update_work(xs, debug=debug, x_min=x_min, x_max=x_max,

Table 3.1.: 𝛼𝐹(𝑢) for the four severities at seven multiples of the mean, against Table 1.

F
u /
E(X)

agg E[X
and u] agg S(u) alpha_F(u)

Table
1 abs diff

Exponential 0.01 0.009950 0.990050 0.004992 0.0050 8.31e-06
0.10 0.095163 0.904837 0.049167 0.0490 1.67e-04
1.00 0.632121 0.367879 0.418024 0.4180 2.44e-05
3.00 0.950213 0.049787 0.842814 0.8420 8.14e-04
10.00 0.999955 0.000045 0.999546 0.9996 5.40e-05
30.00 1.000000 0.000000 1.000000 — —
100.00 1.000000 0.000000 1.000000 — —

Gamma a=0.1 0.01 0.005211 0.473231 0.091859 0.0920 1.41e-04
0.10 0.039736 0.337379 0.150943 0.1510 5.68e-05
1.00 0.244508 0.172448 0.294714 0.2940 7.14e-04
3.00 0.492912 0.091642 0.442242 0.4420 2.42e-04
10.00 0.830454 0.024127 0.709469 0.7090 4.69e-04
30.00 0.986982 0.001565 0.952423 0.9520 4.23e-04
100.00 0.999991 0.000001 0.999945 0.9999 4.45e-05

Lognormal s=1.8 0.01 0.009786 0.951384 0.027762 0.0280 2.38e-04
0.10 0.079431 0.647735 0.184536 0.1850 4.64e-04
1.00 0.368120 0.184060 0.500001 0.5000 7.66e-07
3.00 0.582473 0.065478 0.662758 0.6630 2.42e-04
10.00 0.794314 0.014658 0.815465 0.8150 4.65e-04
30.00 0.917975 0.002639 0.913755 0.9140 2.45e-04
100.00 0.978551 0.000272 0.972238 0.9720 2.38e-04

American Pareto a=1.5 0.01 0.009852 0.970733 0.014730 0.0147 3.02e-05
0.10 0.087129 0.760725 0.126898 0.1270 1.02e-04
1.00 0.422650 0.192450 0.544659 0.5450 3.41e-04
3.00 0.622036 0.053995 0.739590 0.7400 4.10e-04
10.00 0.781782 0.010391 0.867082 0.8670 8.19e-05
30.00 0.871963 0.002099 0.927785 0.9280 2.15e-04
100.00 0.929465 0.000351 0.962245 0.9620 2.45e-04
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GT(pd.DataFrame([{'cells compared': int(t1['abs diff'].notna().sum()),
'largest absolute difference': float(t1['abs diff'].max())}]),

formatters={'largest absolute difference': '{x:.2e}'})

Table 3.2.: Worst cell error over the whole of Table 1.

cells
compared

largest absolute
difference

26 8.14e-04

By Table 3.2 all 26 cells land within 8 × 10−4, inside the paper’s three decimal rounding. The two
blank cells are the exponential at 𝑢 = 30 and 𝑢 = 100, where 𝛼𝐹 is 1 to more places than the table
prints and Mack and Fackler leave the entries empty.

Three exact statements in the text follow directly, in Table 3.3.

Z = 0.20
ALPHA = 1 - np.log(1 + Z) / np.log(2)
GT(pd.DataFrame([

{'quantity': 'alpha = 1 - ld(1+z), z = 20%', 'recomputed': ALPHA,
'paper': 0.737},
{'quantity': 'exposure exponent 1 - alpha', 'recomputed': 1 - ALPHA,
'paper': 0.263},
{'quantity': 'mixed tail index alpha + beta, beta = 1.3',
'recomputed': ALPHA + 1.3, 'paper': 2.037},

]).set_index('quantity'), float_format=6)

Table 3.3.: The three constants the text quotes for 𝑧 = 20, recomputed.

quantity recomputed paper
alpha = 1 - ld(1+z), z = 20% 0.736966 0.737000
exposure exponent 1 - alpha 0.263034 0.263000
mixed tail index alpha + beta, beta = 1.3 2.036966 2.037000

The last row of Table 3.3 is the paper’s resolution of an apparent contradiction. Riebesell forces 𝛼 < 1
on the claim size law of a single risk, whereas observed portfolio tails in liability run near 2. Section 8
shows the two are compatible: mixing the individual laws over a Pareto distribution of sums insured
with index 𝛽 gives a portfolio tail of index 𝛼 + 𝛽, and with 𝛽 = 1.3 that is 2.037.

3.4. Theorem 2, end to end

The theorem says: take any realistic 𝐹, find the 𝑢 solving 𝛼𝐹(𝑢) = 𝛼, replace the tail above 𝑢 with
a Pareto, and Riebesell’s rule holds exactly from 𝑢 upward. The worked instance in the text is the
lognormal with 𝜎 = 1.8, for which the paper reads off Table 1 that “we replace the lognormal above
𝑢 ≈ 5 ⋅ 𝖤(𝑋)”.
Scale to the paper’s own liability context, 𝖤(𝑋) below €50,000 and sums insured from about €500,000;
Table 3.4 solves for the threshold.
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import scipy.stats as ss
from scipy.integrate import quad
from scipy.optimize import brentq

SIGMA, EX = 1.8, 50_000.0
LN_SCALE = EX * np.exp(-SIGMA ** 2 / 2)
FZ = ss.lognorm(SIGMA, scale=LN_SCALE)
U = brentq(lambda u: 1 - u * FZ.sf(u) / quad(FZ.sf, 0, u, limit=300)[0] - ALPHA,

EX, 20 * EX, xtol=1e-6)
SU = float(FZ.sf(U))

GT(pd.DataFrame([{'E(X)': EX, 'threshold u*': U, 'u* / E(X)': U / EX,
'paper': 'u ~ 5 E(X)', 'S(u*)': SU}]),

formatters={'E(X)': '{x:,.0f}', 'threshold u*': '{x:,.1f}',
'u* / E(X)': 4, 'S(u*)': 8})

Table 3.4.: The threshold 𝑢∗ solving 𝛼𝐹(𝑢) = 𝛼 for the lognormal with 𝜎 = 1.8, against the paper’s
reading of Table 1.

E(X)
threshold

u*
u* /
E(X) paper S(u*)

50,000 259,286.7 5.1857 u ~ 5 E(X) 0.03480845

The splice is a DecL clause, so Theorem 2’s construction can be written rather than tabulated. Two
components, each conditioned to its own interval: the lognormal below 𝑢∗ and a single parameter
Pareto with the Riebesell index above it, weighted 1 − 𝑆(𝑢∗) and 𝑆(𝑢∗) so the survival function is
continuous at the join.

SPLICE = (f'sev [{LN_SCALE:.10g} {U:.10g}] * [lognorm pareto] '
f'[{SIGMA:g} {ALPHA:.10g}] '
f'wts [{1 - SU:.12g} {SU:.12g}] '
f'splice [0 {U:.10g}] [{U:.10g} inf]')

print(SPLICE)

sev [9894.934954 259286.6924] * [lognorm pareto] [1.8 0.7369655942] wts [0.965191548087
0.034808451913] splice [0 259286.6924] [259286.6924 inf]

Every limited expected value in Table 3.5 is read off one grid, which matters: a limited expected
value computed on a grid tuned to its own limit is not comparable with one computed on a different
grid when the severity has structure far below the limit, and this severity has all its density three
orders of magnitude below the largest sum insured.

LOG2, BS = 22, 5.0 # x_max = 21.0M, covers every a below

def lev_spliced(a):
return build(f'agg Riebesell 1 claim {a:.10g} xs 0 {SPLICE} fixed',

log2=LOG2, bs=BS, normalize=False).est_m

v = 5_000_000.0
lev_v = lev_spliced(v)
rows = []
for a in [50_000., 100_000., 250_000., U, 500_000., 1e6, 2e6, 5e6]:

ra = lev_spliced(a) / lev_v
rows.append({'a': a, 'a >= u*': a >= U - 1, 'agg E[X and a]': lev_spliced(a),

'agg r(a)': ra, 'Riebesell (a/v)^0.263': (a / v) ** (1 - ALPHA),
'ratio': ra / (a / v) ** (1 - ALPHA)})
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GT(pd.DataFrame(rows).set_index('a'),
formatters={'agg E[X and a]': '{x:,.2f}', 'agg r(a)': 9,

'Riebesell (a/v)^0.263': 9, 'ratio': 9})

Table 3.5.: The loss elimination ratio off the spliced severity against Riebesell’s (𝑎/𝑣)1−𝛼, above and
below the threshold.

a
a >=
u*

agg E[X
and a] agg r(a)

Riebesell
(a/v)^0.263 ratio

50.000k False 18,406.01 0.246296481 0.297804454 0.827040960
100.000k False 25,103.44 0.335916800 0.357365344 0.939981466
250.000k False 33,981.96 0.454723048 0.454762189 0.999913931
259.287k True 34,312.44 0.459145281 0.459146069 0.999998283
500.000k True 40,781.87 0.545714627 0.545714627 1.000000000
1.000M True 48,938.24 0.654857552 0.654857552 1.000000000
2.000M True 58,725.89 0.785829062 0.785829062 1.000000000
5.000M True 74,731.12 1.000000000 1.000000000 1.000000000

In Table 3.5, above the threshold the loss elimination ratio matches Riebesell’s (𝑎/𝑣)1−𝛼 to nine
significant figures. Below it the agreement fails, and fails hard: at 𝑎 = 𝖤(𝑋) the true ratio is 17%
under the Riebesell value. That is not a numerical artifact, it is Theorem 2 being tight. The rule is
not asymptotic or approximate above 𝑢, and it is simply wrong below it.

The premium form of the same statement, Table 3.6, is sharper still, because the rule was stated as
a premium rule in the first place.

GT(pd.DataFrame([{'sum insured v': v0, 'v >= u*': v0 >= U,
'b(2v)/b(v) = E[X and 2v] / E[X and v]':

lev_spliced(2 * v0) / lev_spliced(v0),
"Riebesell's 1 + z": 1.20}

for v0 in [300_000., 600_000., 1_200_000., 100_000.]]
).set_index('sum insured v'),

formatters={'b(2v)/b(v) = E[X and 2v] / E[X and v]': 6,
"Riebesell's 1 + z": 2})

Table 3.6.: The premium ratio on doubling the sum insured, at three sums insured above the thresh-
old and one below.

sum
insured
v

v >=
u*

b(2v)/b(v) =
E[X and 2v]
/ E[X and v]

Riebesell’s
1 + z

300,000 True 1.200000 1.20
600,000 True 1.200000 1.20
1,200,000 True 1.200000 1.20
100,000 False 1.270985 1.20

In Table 3.6, doubling the sum insured multiplies the collective risk premium by exactly 1.200000 at
every sum insured above the threshold, and by 1.271 below it. A 1936 rating rule turns out to be an
exact consequence of the collective risk model on the range where it is used, and only there.
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3.5. Comments

3.5.1. What aggregate is doing here, and what it is not

This is a severity paper. There is no aggregate distribution anywhere in it: 𝖤[𝑁] enters every formula
and cancels out of every one. aggregate is being used as a limited expected value engine on a spliced
severity, which it does well, but the compound machinery is idle.

The reproduction is still worth having for two reasons. Mack and Fackler’s threshold condition is
stated entirely in terms of 𝖤[𝑋 ∧ 𝑢] and 𝑆(𝑢), which are the two things exposure rating is built from,
so the whole paper is one short expression away from quantities aggregate already reports. And
Theorem 2’s construction is a splice clause: two components, two conditioning windows and two
weights, which is the same shape as the theorem’s own statement. Mack2003.RiebesellPareto in
the library carries the Riebesell index on its own, ground up rather than spliced, and has no finite
mean, so it can only be used the way the paper uses it, inside a limit.

3.5.2. A grid caveat worth carrying forward

The first attempt at the exposure curve gave a clean power law with the wrong constant, off by 2.6%.
The cause was giving each limit its own bucket size, bs = a / 2**17. That is normally sensible, but
here the severity has essentially all its density below €300,000 while the largest limit is €5,000,000, so
a grid tuned to the top limit puts the entire lognormal body in its first few buckets. Limited expected
values that are going to be comparedwith eachotherhave to come off a common grid. The version
above uses one grid for all eight limits and the artifact disappears.

3.5.3. The far tail does not matter, and the paper says so

The Pareto tail with 𝛼 = 0.737 has an infinite mean, so it has no unconditional moments to report.
The splice clause carries it anyway, with no cutoff and no residual swept onto a last bin, because
every limited expected value on this page is taken inside a limit, which is the only way the paper
ever uses the curve. The paper says as much: “we can replace 𝐹𝑢 above some very high amount
𝑤 ≫ 𝑢 with something else, e.g. in order to ascertain a finite expectation”, because the behaviour of
the law above the range where Riebesell is applied does not enter equation (2). Useful licence, and
not needed here.

The construction is exact rather than approximate, which iswhy nine significant figures are available
to agree to. The weights 1 − 𝑆(𝑢∗) and 𝑆(𝑢∗) against the two conditioning windows reproduce 𝑆
continuously at the join by definition, so the spliced survival function is the theorem’s 𝐹𝑢, not a
discretization of it.

One diagnostic follows from the missing moments and is worth naming so it is not read as an error.
At some limits the Pareto component is capped to a point mass, its variance is zero to rounding
and so comes out very slightly negative, and aggregate reports that along with a nan skewness. It
reaches the moment diagnostics only. Limited expected values, which are all this page reads, are
unaffected.

44



4. Mata and Verheyen on trend by layer

Reproducing Mata and Verheyen (2005)

4.1. Context and problem

Two practical problems spoil excess of loss experience rating. Reinsurers often receive individual
claim detail only above a reporting threshold, so lower layers cannot be trended claim by claim; and
when the ceding company’s limits profile shifts during the experience period, averaging loss costs
across years compares things that are not comparable.

Mata and Verheyen (2005) fixes both with the mathematics of exposure rating. A trend factor for
a layer can be derived from the ground up trend, the severity curve and the limits profile, without
touching individual claims, by asking what the expected severity in the layer costs at two claim cost
levels:

(Excess Trend)𝑝 =
𝖤𝑌 [𝑌 ∧ 𝑇] − 𝖤𝑌 [𝑌 ∧ 𝐵]
𝖤𝑋[𝑋 ∧ 𝑇] − 𝖤𝑋[𝑋 ∧ 𝐵] ,

with 𝑇 and 𝐵 the top and bottom of the layer capped at the policy limit. The same apparatus, run
against two limits profiles instead of two cost levels, gives an exposure adjustment by layer. Both are
then split into frequency and severity components, since the count of claims reaching a layer moves
with ground up severity trend even when ground up frequency is flat.

Everything reduces to limited expected values, which makes it a clean aggregate exercise.

4.2. Paper solution and gold standard

The worked example runs through Tables 1 to 14, beginning with Figure 4.1. A ceding company
writes limits from $250,000 to $5,000,000, severity is lognormal with 𝜇 = 9.31 and 𝜎 = 2.29 in 2005
values, ground up severity trend is 8% a year, the expected gross loss ratio is 60%, and rates rose
a cumulative 50% between 2000 and 2005. Five layers are priced. The 2000 severity is the same
lognormal with 𝜇′ = 𝜇 − ln(1.085) = 8.93.
The headline results are that the $4MM xs $1MM layer trends at 9.59% a year against an unlimited
8%, that the same layer’s exposure has doubled while total limits exposure rose only 9%, and that
most of the excess trend is additional claims reaching the layer rather than larger claims within it.
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%xmode minimal
import numpy as np
import pandas as pd
from bookstyle import GT, build

MU, SIGMA, TREND, YEARS, ELR, OL = 9.31, 2.29, 1.08, 5, 0.60, 1.50
CV = float(np.sqrt(np.exp(SIGMA ** 2) - 1))
M05 = float(np.exp(MU + SIGMA ** 2 / 2))
M00 = M05 / TREND ** YEARS
PL = [250e3, 500e3, 750e3, 1e6, 5e6]
SP05 = [2_250_000, 5_400_000, 2_925_000, 6_300_000, 9_000_000]
SP00 = [2_250_000, 4_500_000, 2_925_000, 3_150_000, 3_000_000]
LAYERS = [(250e3, 0.), (250e3, 250e3), (500e3, 500e3), (4e6, 1e6), (5e6, 0.)]
LN = ['$250k xs 0', '$250k xs $250k', '$500k xs $500k', '$4MM xs $1MM',

'$5MM xs 0']
LOG2, BS = 20, 25.0 # one grid, x_max = 26.2M

Exception reporting mode: Minimal

The 2000mean uses the unrounded 𝜇′ = 8.925195. Using the printed 8.93 insteadmoves the limited
expected values by about half a percent, more than the effects the paper ismeasuring, and the paper’s
own Table 1 is consistent with the unrounded value.

4.3. The aggregate reproduction

Figure 4.1.: Mata and Verheyen (2005), Table 1.

def lev(a, mean):
if a == 0:

return 0.0
return build(f'agg M 1 claim {a} xs 0 sev lognorm {mean} cv {CV} fixed',

log2=LOG2, bs=BS, normalize=False).est_m

PTS = sorted({0.} | set(PL) | {min(p, t + l) for p in PL for l, t in LAYERS}
| {min(p, t) for p in PL for l, t in LAYERS})

AGG = {(a, y): lev(a, M05 if y == 2005 else M00)
for y in (2005, 2000) for a in PTS}

PAP = {(p, 2005): v for p, v in zip(PL, [48539, 64416, 74252, 81301, 117221])}
PAP.update({(p, 2000): v for p, v in zip(PL, [38900, 50191, 56947, 61681, 84401])})
PAP.update({(0., 2005): 0.0, (0., 2000): 0.0})
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t1 = pd.DataFrame({'policy limit': PL, 'premium 2005': SP05,
'agg EY[Y and PL]': [AGG[(p, 2005)] for p in PL],
'Table 1 2005': [PAP[(p, 2005)] for p in PL],
'agg EX[X and PL]': [AGG[(p, 2000)] for p in PL],
'Table 1 2000': [PAP[(p, 2000)] for p in PL]})

t1['2005 paper / agg'] = t1['Table 1 2005'] / t1['agg EY[Y and PL]']
t1['2000 paper / agg'] = t1['Table 1 2000'] / t1['agg EX[X and PL]']
GT(t1.set_index('policy limit'),

formatters={'premium 2005': '{x:,.0f}', 'agg EY[Y and PL]': '{x:,.2f}',
'Table 1 2005': '{x:,.0f}', 'agg EX[X and PL]': '{x:,.2f}',
'Table 1 2000': '{x:,.0f}', '2005 paper / agg': 6,
'2000 paper / agg': 6})

Table 4.1.: Limited expected values at the five policy limits in both years, against Table 1.

policy
limit

premium
2005

agg EY[Y
and PL]

Table 1
2005

agg
EX[X

and PL]
Table
1 2000

2005
paper /
agg

2000
paper /
agg

250,000 2,250,000 48,519.84 48,539 38,895.61 38,900 1.000395 1.000113
500,000 5,400,000 64,424.73 64,416 50,214.86 50,191 0.999864 0.999525
750,000 2,925,000 74,289.42 74,252 56,996.34 56,947 0.999496 0.999134
1,000,000 6,300,000 81,363.94 81,301 61,752.27 61,681 0.999226 0.998846
5,000,000 9,000,000 117,503.76 117,221 84,637.21 84,401 0.997594 0.997209

In Table 4.1 the limited expected values do not agree. The paper is 0.04% high at $250,000 and drifts
steadily to 0.24% low at $5,000,000, in both years. The discrepancy is small but it is systematic, and
it is worth settling before reading anything downstream.

aggregate is not the source. The lognormal limited expected value has a closed form, 𝖤[𝑋 ∧ 𝑎] =
𝑒𝜇+𝜎2/2Φ( ln𝑎−𝜇−𝜎

2

𝜎
) + 𝑎 𝑆(𝑎), and Table 4.2 arbitrates:

import scipy.stats as ss
FZ05 = ss.lognorm(SIGMA, scale=np.exp(MU))

def closed(a):
return (M05 * ss.norm.cdf((np.log(a) - MU - SIGMA ** 2) / SIGMA)

+ a * FZ05.sf(a))

chk = pd.DataFrame({'a': PL, 'aggregate': [AGG[(p, 2005)] for p in PL],
'closed form': [closed(p) for p in PL],
'Table 1': [PAP[(p, 2005)] for p in PL]})

chk['agg / closed form - 1'] = chk['aggregate'] / chk['closed form'] - 1
chk['Table 1 / closed form - 1'] = chk['Table 1'] / chk['closed form'] - 1
GT(chk.set_index('a'),

formatters={'aggregate': '{x:,.4f}', 'closed form': '{x:,.4f}',
'Table 1': '{x:,.0f}', 'agg / closed form - 1': '{x:.2e}',
'Table 1 / closed form - 1': '{x:.2e}'})
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Table 4.2.: The build and Table 1 eachmeasured against the closed form lognormal limited expected
value.

a aggregate closed form Table 1

agg /
closed
form - 1

Table 1 /
closed
form - 1

250,000 48,519.8355 48,519.8377 48,539 -4.54e-08 3.95e-04
500,000 64,424.7341 64,424.7363 64,416 -3.42e-08 -1.36e-04
750,000 74,289.4170 74,289.4192 74,252 -2.97e-08 -5.04e-04
1,000,000 81,363.9371 81,363.9393 81,301 -2.71e-08 -7.74e-04
5,000,000 117,503.7600 117,503.7622 117,221 -1.88e-08 -2.41e-03

In Table 4.2, aggregate reproduces the closed form to better than five parts in a hundred million at
every limit. Table 1 is out by up to twenty-four parts in ten thousand.

4.4. The decisive test

The question that matters is whether themethod reproduces, so run the entire pipeline twice: once
on aggregate’s limited expected values, once on the paper’s own Table 1 figures. The five policy
limits happen to include every layer boundary the example needs, so the second run is possible with
nothing but what the paper prints. The six published targets are Figure 4.2, Figure 4.3 and Figure 4.4
for the trend split, and Figure 4.5, Figure 4.7 and Figure 4.8 for the exposure split; Figure 4.6 carries
the limits profiles both runs use.

Figure 4.2.: Mata and Verheyen (2005), Table 3.
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Figure 4.3.: Mata and Verheyen (2005), Table 4.

Figure 4.4.: Mata and Verheyen (2005), Table 5.

Figure 4.5.: Mata and Verheyen (2005), Table 11.

Figure 4.6.: Mata and Verheyen (2005), Table 12.
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Figure 4.7.: Mata and Verheyen (2005), Table 13.

Figure 4.8.: Mata and Verheyen (2005), Table 14.

def sf(a, mean):
if a == 0:

return 1.0 # continuous severity, no atom at the origin
return float(build(f'agg M 1 claim sev lognorm {mean} cv {CV} fixed',

log2=LOG2, bs=BS, normalize=False).density_df.loc[a, 'S'])

def pipeline(L):
def lsev(p, limit, att, y):

return L[(min(p, att + limit), y)] - L[(min(p, att), y)]

pct = pd.DataFrame({n: [lsev(p, l, a, 2005) / L[(p, 2005)] for p in PL]
for n, (l, a) in zip(LN, LAYERS)},

index=[f'{p:,.0f}' for p in PL])
lc05 = pct.mul(np.array(SP05) * ELR, axis=0)
lc00 = pct.mul(np.array(SP00) * OL * ELR, axis=0)
tr = pd.DataFrame({n: [(lambda d: lsev(p, l, a, 2005) / d if d > 0 else np.nan)

(lsev(p, l, a, 2000)) for p in PL]
for n, (l, a) in zip(LN, LAYERS)},
index=[f'{p:,.0f}' for p in PL])

layer_trend = pd.Series({c: (tr[c] * lc05[c]).sum() / lc05[c].sum()
for c in tr.columns})

EN = {p: s * ELR / L[(p, 2005)] for p, s in zip(PL, SP05)}
EM = {p: s * OL * ELR / L[(p, 2005)] for p, s in zip(PL, SP00)}
ft = {n: (sum(EN[p] * sf(a, M05) for p in PL if p > a)

/ sum(EN[p] * sf(a, M00) for p in PL if p > a))
for n, (l, a) in zip(LN, LAYERS)}

fa = {n: (sum(EN[p] * sf(a, M05) for p in PL if p > a)
/ sum(EM[p] * sf(a, M05) for p in PL if p > a))

for n, (l, a) in zip(LN, LAYERS)}
ea = lc05.sum() / lc00.sum()
return pd.DataFrame({'T3 layer trend': layer_trend,

'T4 freq trend': pd.Series(ft),
'T5 sev trend': layer_trend / pd.Series(ft),
'T11 exposure adj': ea,
'T13 freq adj': pd.Series(fa),
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'T14 sev adj': ea / pd.Series(fa)}), lc05

from_agg, lc_agg = pipeline(AGG)
from_paper, lc_paper = pipeline(PAP)
PRINTED = pd.DataFrame(

{'T3 layer trend': [1.248, 1.406, 1.468, 1.581, 1.328],
'T4 freq trend': [1.00, 1.37, 1.44, 1.50, 1.00],
'T5 sev trend': [1.248, 1.023, 1.022, 1.053, 1.328],
'T11 exposure adj': [0.982, 1.066, 1.354, 2.000, 1.090],
'T13 freq adj': [0.982, 1.066, 1.245, 2.000, 0.982],
'T14 sev adj': [1.000, 1.000, 1.087, 1.000, 1.110]}, index=LN)

GT(from_paper.rename_axis('layer'), float_format=4)

V:\worktrees\aggregate_REFACTOR\src\aggregate\_bucket_window.py:1430: InfeasibleGridWarning: M:
severity 'lognorm' cannot be reproduced on this grid. The body needs bs <= 565.546 (7.5e-06% of
the mean is supplied below the first half bucket, and is placed at 0); the mean is not complete
until the grid reaches 15,491,470,518, so matching it to 0.0001 needs log2 = 25, and log2 = 20 was
used. A thick unlimited severity has this problem at any bucket size, because its mean is
furnished far above its median and a finer bs only shortens the reach. Add an occurrence limit, or
accept the reported moment errors. Further occurrences this session are suppressed; each object
records its own verdict in validation.
warn_infeasible_grid(agg)

V:\worktrees\aggregate_REFACTOR\src\aggregate\_aggregate.py:4481: DefectiveDistributionWarning:
M: aggregate PMF deficit 3.446e-04 (Σp = 1 − 3.446e-04 < 1); forwards and backwards S diverge by
the deficit (forwards > backwards). Further occurrences this session are suppressed; each object
records its own verdict in validation.
rv = self.update_work(xs, debug=debug, x_min=x_min, x_max=x_max,

V:\worktrees\aggregate_REFACTOR\src\aggregate\_bucket_window.py:1430: InfeasibleGridWarning: M:
severity 'lognorm' cannot be reproduced on this grid. The body needs bs <= 384.901 (1.843e-05% of
the mean is supplied below the first half bucket, and is placed at 0); the mean is not complete
until the grid reaches 10,543,234,532, so matching it to 0.0001 needs log2 = 25, and log2 = 20 was
used. A thick unlimited severity has this problem at any bucket size, because its mean is
furnished far above its median and a finer bs only shortens the reach. Add an occurrence limit, or
accept the reported moment errors. Further occurrences this session are suppressed; each object
records its own verdict in validation.
warn_infeasible_grid(agg)

Table 4.3.: Thewhole pipeline, Tables 3, 4, 5, 11, 13 and 14, driven by the paper’s own Table 1 figures.

layer

T3
layer
trend

T4
freq
trend

T5
sev
trend

T11
exposure

adj

T13
freq
adj

T14
sev
adj

$250k xs 0 1.2478 1.0000 1.2478 0.9816 0.9816 1.0000
$250k xs $250k 1.4062 1.3745 1.0230 1.0657 1.0657 1.0000
$500k xs $500k 1.4678 1.4358 1.0222 1.3535 1.2446 1.0875
$4MM xs $1MM 1.5810 1.5015 1.0529 2.0000 2.0000 1.0000
$5MM xs 0 1.3277 1.0000 1.3277 1.0900 0.9816 1.1105

GT(pd.DataFrame({"largest deviation, driven by the paper's Table 1":
(from_paper - PRINTED).abs().max(),

'largest deviation, driven by aggregate':
(from_agg - PRINTED).abs().max(),

'decimals the paper prints': [3, 2, 3, 3, 3, 3]}).rename_axis('quantity'),
formatters={"largest deviation, driven by the paper's Table 1": 6,

'largest deviation, driven by aggregate': 6,
'decimals the paper prints': 0})
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Table 4.4.: Largest deviation from the printed values under each of the two runs, beside the precision
the paper prints.

quantity

largest
deviation,

driven by the
paper’s Table 1

largest
deviation,
driven by
aggregate

decimals
the
paper
prints

T3 layer trend 0.000251 0.001804 3
T4 freq trend 0.004529 0.004529 2
T5 sev trend 0.000251 0.001268 3
T11 exposure adj 0.000463 0.000769 3
T13 freq adj 0.000398 0.000723 3
T14 sev adj 0.000492 0.000844 3

Table 4.3 is the answer and Table 4.4 scores it: driven by the paper’s own Table 1, every column
reproduces to the last digit printed. The T4 freq trend column looks worse only because the
paper prints it to two decimals, and it is identical in both runs since the frequency trend depends on
survival probabilities alone and never touches a limited expected value.

Table 2’s layer loss costs, Figure 4.9, come back within $60 on layers of up to $9.4 million in Ta-
ble 4.5.

Figure 4.9.: Mata and Verheyen (2005), Table 2.

GT(pd.DataFrame({'from paper Table 1': lc_paper.sum(),
'paper Table 2': [9_431_473, 2_643_382, 1_795_428, 1_654_717,

15_525_000],
'from aggregate': lc_agg.sum()}).rename_axis('layer'), float_format=0)

Table 4.5.: Layer loss costs from each run, against the printed Table 2.

layer
from paper
Table 1

paper
Table 2

from
aggregate

$250k xs 0 9,431,477 9,431,473 9,420,254
$250k xs $250k 2,643,433 2,643,382 2,645,445
$500k xs $500k 1,795,369 1,795,428 1,798,459
$4MM xs $1MM 1,654,721 1,654,717 1,660,841
$5MM xs 0 15,525,000 15,525,000 15,525,000
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So the implementation of the method is verified exactly, and the only discrepancy in the whole re-
production is Table 1. Driven by aggregate, the derived quantities move in the third decimal, as
Table 4.6 sets out: the $4MM xs $1MM layer trend is 1.5792 rather than 1.5810, an annualized 9.57%
rather than 9.59%.

GT(pd.DataFrame({'agg layer trend': from_agg['T3 layer trend'],
'agg annualized': from_agg['T3 layer trend'] ** (1 / YEARS) - 1,
'paper layer trend': PRINTED['T3 layer trend'],
'paper annualized': PRINTED['T3 layer trend'] ** (1 / YEARS) - 1,
'agg freq trend': from_agg['T4 freq trend'],
'agg freq annualized':

from_agg['T4 freq trend'] ** (1 / YEARS) - 1}).rename_axis('layer'),
formatters={'agg layer trend': 4, 'paper layer trend': 4,

'agg freq trend': 4, 'agg annualized': '{x:.2%}',
'paper annualized': '{x:.2%}', 'agg freq annualized': '{x:.2%}'})

Table 4.6.: Layer and frequency trend by layer, as multiples over five years and annualized, under
both runs.

layer

agg
layer
trend

agg
annualized

paper
layer
trend

paper
annualized

agg
freq
trend

agg freq
annualized

$250k xs 0 1.2474 4.52% 1.2480 4.53% 1.0000 0.00%
$250k xs $250k 1.4051 7.04% 1.4060 7.05% 1.3745 6.57%
$500k xs $500k 1.4664 7.96% 1.4680 7.98% 1.4358 7.50%
$4MM xs $1MM 1.5792 9.57% 1.5810 9.59% 1.5015 8.47%
$5MM xs 0 1.3273 5.83% 1.3280 5.84% 1.0000 0.00%

4.5. Comments

4.5.1. What is wrong with Table 1

The paper’s limited expected values are 0.04% high at the lowest limit and 0.24% low at the highest,
in a smooth progression, in both years. That shape is the signature of a numerical integration that
loses tail as the upper limit moves out, which is what a spreadsheet doing ∫𝑎

0 𝑥𝑓(𝑥) d𝑥 on a fixed
number of uniform steps would produce. A uniform-step trapezoid rule with roughly 900 to 1000
steps gets close to the pattern but does not match it at every limit, so the scheme is not identified
here, only its symptom.

Nothing about the paper’s conclusions depends on it. The published deltas are large, a 9.59% layer
trend against 8% unlimited, and a doubled exposure against a 9% total limits increase, and the third-
decimal correction leaves all of them intact. The finding is worth recording because it is exactly
the kind of thing a reproduction is for: two independent computations of the same quantity, one of
which turns out to be a numerical approximation nobody flagged as one.

4.5.2. Reading the survival function of a very heavy lognormal

The frequency trend needs 𝑆(𝐴) at each attachment, and 𝜎 = 2.29 gives a coefficient of variation of
13.7. On a grid reaching $26M the build reports a mass deficit of 3.4 × 10−4, which is severity mass
above the grid, and the survival values carry a relative error of about 4 × 10−5.
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Pushing the grid out does not help, it hurts. Reaching far enough tomake the deficit negligiblewould
need 𝑥max ≈ 4 × 109, and at any affordable bucket count the discretization error then dominates: at
bs = 3906 the survival error is 6 × 10−3, two orders of magnitude worse than at bs = 25. For
reading a survival function in the body of a distribution, resolution beats reach.

One related detail: the paper prints 1−𝐹𝑌 (𝐴) = 1.000 for the layers attaching at zero. A continuous
severity has no atom at the origin, so the exact value is 1, but aggregate returns 𝐹(0) = 𝑃(𝑋 ≤
bs/2) = 0.0015 at bs = 25. The code above returns 1 explicitly at 𝐴 = 0 rather than reading it off
the grid; without that the frequency trend for the two ground up layers comes out at 1.0011 instead
of the correct 1.

4.5.3. Where the compound machinery would come in

As with Mack and Fackler (2003), this is a severity and layer paper. aggregate supplies limited ex-
pected values and survival probabilities; the frequency in equation (3.3) is a derived count, 𝖤[𝑁𝑝] =
(SP)(ELR)𝛽𝑝/𝖤𝑌 [𝑆𝑌,𝑝], not a distribution. The natural extension, which the paper does not take, is
that once the layer expected loss and the claim count are both in hand, the layer’s aggregate distribu-
tion is one more DecL clause away, and with it the aggregate deductibles and reinstatements that a
real treaty carries.
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5. Bodoff and excess of policy limits losses

Reproducing Bodoff (2017), Exhibit 4

5.1. Context and problem

An excess of policy limits (XPL) loss is one where the insurer pays past the policy limit, usually
because a court finds it mishandled a claim it could have settled inside the limit. Exposure rating
looks unworkable for XPL: the method allocates loss to a layer using the limited expected value of a
severity curve capped at the policy limit, and XPL losses are by definition the ones the cap failed to
stop.

Bodoff (2017) makes the obstacle disappear with one change of view. Treat the effectiveness of the
policy limit as a Bernoulli random variable 𝑍: with probability 𝑝 the limit caps the loss, and with
probability 1 − 𝑝 it does not. Then the policy limited expected value is

𝖯𝖫𝖤𝖵(𝑋, 𝑘) = 𝑝𝖤[𝑋 ∧ 𝑘] + (1 − 𝑝) 𝖤[𝑋],

which is a mixture of two ordinary limited expected values, one at the policy limit and one unlim-
ited. Nothing new is needed: XPL is not a separate severity curve grafted on, it is the same curve
read without the cap. This is the paper’s stated departure from Braithwaite and Ware (1997), whose
approach required building a freestanding XPL size of loss curve.

5.2. Paper solution and gold standard

The reproduction target is Exhibit 4, Figure 5.2, the six-layer exposure rating. Its inputs are the three
short exhibits in Figure 5.1: a nine-point policy limits profile with premiumweights (Figure 5.1a), a
Pareto severity with 𝜃 = 50,000 and 𝛼 = 1.50 (Figure 5.1b), and 𝑝 = 99% for every policy limit below
$25M (Figure 5.1c).

The layer exposure factor, the paper’s equation (3.12), is

𝑝 [𝖤[𝑋 ∧min(PL, 𝑇)] − 𝖤[𝑋 ∧min(PL, 𝐵)]] + (1 − 𝑝) [𝖤[𝑋 ∧ 𝑇] − 𝖤[𝑋 ∧ 𝐵]]
𝖤[𝑋 ∧ PL]

with 𝑇 and 𝐵 the top and bottom of the reinsurance layer. Traditional exposure rating is the same
expression at 𝑝 = 1.
Two model choices in those three exhibits are not spelled out and have to be inferred.
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“Pareto, theta 50,000, alpha 1.50” means the two parameter Pareto, 𝑆(𝑥) = (𝜃/(𝜃 + 𝑥))𝛼, the
form inClark’s reinsurance study note that the paper cites, not the single parameter Pareto supported
on [𝜃,∞). In DecL this is lomax.
Exhibit 3’s row “Policy Limit = $25M, p = 100%” is a global cap, not a row of the limits
profile. No policy in Exhibit 1 has a $25M limit. The row is saying that the XPL branch is itself
capped at $25M, which is what makes the six layers a complete tower: they run 0 to $500k, $500k to
$1M, $1M to $2M, $2M to $5M, $5M to $10M, $10M to $25M, and the total of Figure 5.2 is the whole
tower.

(a) Exhibit 1, the policy limits distri-
bution.

(b) Exhibit 2, the severity curve. (c) Exhibit 3, the probabilities that
policy limits cap losses.

Figure 5.1.: Bodoff (2017), Exhibits 1 to 3, the three inputs to the exposure rating.

%xmode minimal
import numpy as np
import pandas as pd
from bookstyle import GT, build

LIMITS = [50e3, 100e3, 500e3, 1e6, 2e6, 3e6, 4e6, 5e6, 10e6]
WEIGHT = [.01, .01, .02, .80, .10, .01, .01, .03, .01]
LAYERS = [(500e3, 0), (500e3, 500e3), (1e6, 1e6), (3e6, 2e6),

(5e6, 5e6), (15e6, 10e6)]
P, CAP, THETA, ALPHA = 0.99, 25e6, 50e3, 1.5

Exception reporting mode: Minimal

5.3. The aggregate reproduction

Every quantity in Exhibit 4 is a limited expected value of the severity, and a limited expected value
is what a single fixed claim in the layer a xs 0 costs. That is one build call.

def lev(a, log2=20):
"""E[X and a] as the expected loss of one fixed claim in the layer a xs 0."""
return build(f'agg B 1 claim {a} xs 0 sev {THETA} * lomax {ALPHA} fixed',

log2=log2, bs=a / 2 ** (log2 - 2), normalize=False).est_m

def closed_form(a):
"""theta/(alpha-1) [1 - (theta/(theta+a))^(alpha-1)]."""
return THETA / (ALPHA - 1) * (1 - (THETA / (THETA + a)) ** (ALPHA - 1))
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pts = sorted(set(LIMITS) | {CAP} | {t + y for y, t in LAYERS}
| {t for y, t in LAYERS} - {0})

LEV = {a: lev(a) for a in pts}
chk = pd.DataFrame({'a': pts, 'aggregate': [LEV[a] for a in pts],

'closed form': [closed_form(a) for a in pts]})
chk['relative error'] = (chk['aggregate'] / chk['closed form'] - 1).abs()
GT(chk)

Table 5.1.: Limited expected values of the Pareto severity at every breakpoint the exhibit needs,
against the closed form.

a aggregate
closed
form

relative
error

50,000 29,289 29,289 1.28e-12
100,000 42,265 42,265 4.03e-12
500,000 69,849 69,849 6.49e-11

1,000,000 78,178 78,178 2.33e-10
2,000,000 84,383 84,383 8.62e-10
3,000,000 87,196 87,196 1.88e-09
4,000,000 88,889 88,889 3.27e-09
5,000,000 90,050 90,050 5.05e-09
10,000,000 92,947 92,947 1.96e-08
25,000,000 95,532 95,532 1.19e-07

In Table 5.1, aggregate agrees with the closed form to within 1.2 parts in ten million at every limit,
so the exposure rating rests on the severity and the arithmetic, not on the grid.

Figure 5.2.: Bodoff (2017), Exhibit 4.

LEV[0.0] = 0.0

def exposure_factor(pl, limit, att, p):
top, bot = att + limit, att
return (p * (LEV[min(pl, top)] - LEV[min(pl, bot)])

+ (1 - p) * (LEV[min(CAP, top)] - LEV[min(CAP, bot)])) / LEV[pl]

rows = []
for limit, att in LAYERS:

trad = sum(w * exposure_factor(pl, limit, att, 1.0)
for pl, w in zip(LIMITS, WEIGHT))

prop = sum(w * exposure_factor(pl, limit, att, P)
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for pl, w in zip(LIMITS, WEIGHT))
rows.append({'limit': limit, 'attachment': att,

'traditional %': 100 * trad, 'proposed %': 100 * prop,
'XPL loading %': 100 * (prop / trad - 1) if trad else np.nan})

ex4 = pd.DataFrame(rows)
ex4.loc['Total', ['traditional %', 'proposed %']] = ex4[

['traditional %', 'proposed %']].sum()
ex4.loc['Total', 'XPL loading %'] = 100 * (ex4.loc['Total', 'proposed %']

/ ex4.loc['Total', 'traditional %'] - 1)
ex4.index = [f'${l/1000:,.0f}k xs {a/1000:,.0f}k' for l, a in ex4[[

'limit', 'attachment']].values[:-1]] + ['Total']
ex4.index.name = 'Layer'
GT(ex4.iloc[:, 2:], float_format=3)

Table 5.2.: Exhibit 4 rebuilt, the six layer tower at 𝑝 = 1 and at 𝑝 = 99with the implied XPL loading.

Layer
traditional

%
proposed

%
XPL

loading %
$500k xs 0k 88.420 88.440 0.023
$500k xs 500k 10.067 10.074 0.072
$1,000k xs 1,000k 1.150 1.219 5.989
$3,000k xs 2,000k 0.333 0.403 21.057
$5,000k xs 5,000k 0.031 0.068 119.369
$15,000k xs 10,000k 0.000 0.033 —
Total 100.000 100.237 0.237

Table 5.3 transcribes what Exhibit 4 prints, for comparison with Table 5.2.

Table 5.3.: Bodoff (2017), Exhibit 4 as printed.
Layer Traditional Proposed Loading
$500k xs 0 88.420% 88.440% 0.023%
$500k xs $500k 10.067% 10.074% 0.072%
$1M xs $1M 1.150% 1.219% 5.989%
$3M xs $2M 0.333% 0.403% 21.057%
$5M xs $5M 0.031% 0.068% 119.369%
$15M xs $10M 0.000% 0.033% n/a
Total 100.000% 100.237% 0.237%

Every cell matches to the precision printed, including the 119.369% loading on $5M xs $5M and
the 0.237% total. The two inferred model choices are therefore confirmed: had either the Pareto
form or the $25M cap been read wrongly, the top two layers would have missed by far more than a
rounding.

5.4. Comments

5.4.1. The result the paper is selling

Bodoff’s point is not the total, which is a modest 0.237% load on the whole tower. It is the shape of
column 6, isolated in Table 5.4.
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sh = ex4.drop('Total')[['attachment', 'traditional %', 'proposed %',
'XPL loading %']].copy()

sh['share of gross loss'] = sh['proposed %'] / ex4.loc['Total', 'proposed %']
GT(sh.set_index('attachment'))

Table 5.4.: The XPL loading by attachment, beside each layer’s share of gross loss.

attachment
traditional

%
proposed

%

XPL
loading

%

share
of gross
loss

0 88.42 88.44 0.02 0.88231
500,000 10.07 10.07 0.07 0.10050
1,000,000 1.15 1.22 5.99 0.01216
2,000,000 0.33 0.40 21.06 0.00402
5,000,000 0.03 0.07 119.37 0.00068
10,000,000 0.00 0.03 — 0.00033

In Table 5.4 one parameter, a single flat 𝑝 = 99% applied to every policy, produces XPL loadings
that run from 2 basis points on the working layer to 119% on $5M xs $5M and to an infinite relative
load on $15M xs $10M, where traditional exposure rating returns exactly zero because no policy in
the profile has a limit above $10M. That last column is the practical payoff: a layer that traditional
exposure rating prices at zero is not in fact free, and the method gives a number for it rather than a
shrug.

The loadings also depend on the limits profile and not only on 𝑝, which is easy to miss. The 80%
concentration at the $1M limit is what drives the loading pattern; a book written mostly at $5M
limits would get a quite different column 6 from the same 𝑝.

5.4.2. Where this sits for aggregate

This is a severity and layer exercise, not a compound distribution exercise. There is no frequency in
the paper at all: Exhibit 4 is expressed in percentages of ground up loss, and the expected loss ratio
of 65% in Exhibit 1 cancels out of every ratio. aggregate is doing one job here, computing 𝖤[𝑋 ∧ 𝑎]
for a heavy Pareto, and doing it to eight figures.

That said, the paper’s section 3.1.1 sketches exactly the collective risk model aggregate is for: sim-
ulate a loss, simulate the policy limit attached to it, then simulate 𝑍 and cap or do not cap. In DecL
that whole construction is a mixed severity, since a Bernoulli mixture of a limited and an unlimited
curve is just a two point severity mixture, and the surrounding frequency comes free. Bodoff’s par-
simony argument, that XPL “is not a completely new entity” but the same size of loss distribution
read without a cap, is exactly what makes it expressible.

5.4.3. A caveat on the severity

Bodoff2017.Pareto is one of the curves already transcribed into actuarial-severity-
curves.agg. With 𝛼 = 1.5 it has infinite variance, so it raises InfiniteVarianceError if built
unlimited. Every use here is inside a layer, which bounds it. The mean is finite, 𝜃/(𝛼−1) = 100,000,
and the $25M cap in Exhibit 3 brings even the XPL branch down to 95,532.
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6. Homer and Clark’s bivariate FFT

Reproducing Homer and Clark (2003)

6.1. Context and problem

The collective risk model gives the distribution of a sum of claims. It does not, on its own, give the
joint distribution of two quantities that both depend on the same claims. Homer and Clark (2003)
gives three examples where the joint distribution is needed.

1. An insured retains the first $600,000 of each occurrence and buys a stop loss on the total reten-
tion. The insurer thus writes two covers: a per occurrence excess of $600,000 and an aggregate
stop loss on the retention, a “specific and agg”. It can price either cover alone, but not their sum,
because the two are dependent: an excess loss can only happen if the retention was breached.

2. A general liability policy caps indemnity but pays defense costs in addition, so the aggregate is
loss capped at a policy aggregate plus uncapped expense, with the two correlated at the claim
level.

3. A dynamic financial analysis model simulates small losses in aggregate and large losses indi-
vidually, and treating them as independent understates the tail, because a high claim count
raises both.

Their answer is the 2-d analog of our standard FFT-convolution algorithm: build a bivariate per-
claim severity matrix𝑀𝑥 whose (𝑗, 𝑘) entry is the joint probability of the two components, then

𝑀𝑧 = IFFT (PGF (FFT(𝑀𝑥)))

with a two-dimensional transform and the claim count probability generating function applied ele-
mentwise. The frequency couples the two axes; the severitymatrix carries the per-claimdependence;
and one transform delivers the joint aggregate.

Mildenhall (2005) describes a second approach with a bivariate frequency distribution, but that is
not considered here.

6.2. Paper solution and gold standard

The paper provides three fully specified examples, each with the input and output matrices, as Ta-
ble 6.1 sets out.
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Table 6.1.: The three worked examples, their axes, their frequencies and what each publishes.
Section Axes Frequency Published
2 retained loss, excess

loss
NB mean 5, variance 6 Tables 2.3 to 2.6 plus

five statistics
3 indemnity loss, ALAE NB mean 4, variance 8 Tables 3.3 to 3.6
4 small loss dollars,

large loss counts
NB mean 10, variance
20

Tables 4.2 to 4.4

Appendix A provides an R code doing a 3×3 two-dimensional FFT by hand, and Appendix B derives
a closed-form covariance between small and large aggregate losses. Both are checkable.

The negative binomial enters through its probability generating function, which the paper writes in
terms of mean𝑀 and variance 𝑉 as

𝜙(𝑡) = (𝑉/𝑀 − (𝑉/𝑀 − 1)𝑡)−𝑀2/(𝑉−𝑀).

Note that for over-dispersed distributions 𝑉 > 𝑀, with the Poisson lower limit 𝑉 = 𝑀. aggregate
describes the same law as a gamma-mixed Poisson: matching 𝑛 + 𝑛2𝑐2 = 𝑉 at 𝑛 = 𝑀 gives mixing
coefficient of variation

𝑐 = √(𝑉 −𝑀)/𝑀2 = √(𝜈 − 1)/𝑛
where 𝜈 = 𝑉/𝑀 is the variance-to-mean ratio. Table 6.2 translates the paper’s three probability
generating functions into the mixing CV each build needs.

%xmode minimal
import numpy as np
import pandas as pd
from bookstyle import GT, build

K = 200_000.0

def nb_cv(mean, var):
"""Gamma mixing CV reproducing a negative binomial with this mean and variance."""
return float(np.sqrt((var - mean) / mean ** 2))

GT(pd.DataFrame([
{'section': 2, 'NB mean': 5, 'NB variance': 6, 'paper PGF': '$(1.2 - 0.2t)^{-25}$',
'mixed gamma cv': nb_cv(5, 6)},
{'section': 3, 'NB mean': 4, 'NB variance': 8, 'paper PGF': '$(2 - t)^{-4}$',
'mixed gamma cv': nb_cv(4, 8)},
{'section': 4, 'NB mean': 10, 'NB variance': 20, 'paper PGF': '$(2 - t)^{-10}$',
'mixed gamma cv': nb_cv(10, 20)},

]))

Exception reporting mode: Minimal

Table 6.2.: The paper’s three negative binomial frequencies, and the gamma mixing CV that repro-
duces each.

section
NB
mean

NB
variance paper PGF

mixed
gamma cv

2 5 6 (1.2 − 0.2𝑡)−25 0.20000
3 4 8 (2 − 𝑡)−4 0.50000
4 10 20 (2 − 𝑡)−10 0.31623

61



Before introducing the insurance examples, we provide an arithmetic check. Appendix A
convolves

𝑀𝑥 = (
.4 0 0
.3 .3 0
0 0 0

)

with itself and prints the answer. In DecL that is a fixed count of two against a discrete bivariate
severity, computed in Table 6.3.

toy = build('bivariate A dfreq [2] dbvsev [0 1 2] [0 1 2] '
'[[.4 0 0] [.3 .3 0] [0 0 0]]', bs=(1., 1.), log2=(3, 3))

GT(pd.DataFrame(toy.density[:3, :3], index=[0, 1, 2], columns=[0, 1, 2]),
float_format=6)

Table 6.3.: The Appendix A 3 × 3matrix convolved with itself.

level_0 0 1 2
0 0.160000 0.000000 0.000000
1 0.240000 0.240000 0.000000
2 0.090000 0.180000 0.090000

The paper’s R session returns 0.16, 0.24, 0.09 down the first column and 0.24, 0.18, 0.09
for the rest, which is what Table 6.3 came back with.

6.3. Section 2: Per‐Occurrence And Stop Loss

Dietrichson Drilling retains $600,000 per occurrence and buys $400,000 xs $600,000 per occurrence
plus $5,000,000 xs $3,000,000 on the aggregate retention. Severity is the five point discrete law of
Figure 6.1; frequency is negative binomial with mean 5 and variance 6.

Figure 6.1.: Homer and Clark (2003), Table 2.2.

The paper builds Table 2.3, Figure 6.2, the joint per-claim law of retained and ceded, by hand.
aggregate does not need it built: retained and ceded are the net and ceded views of an oc-
currence layer, so the bivariate severity is the cession map applied to the gross severity. That is
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occ_bivariate, and the DecL keyword is netceded. The remaining targets for this section are
Figure 6.3, Figure 6.4 and Figure 6.5.

Figure 6.2.: Homer and Clark (2003), Table 2.3.
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Figure 6.3.: Homer and Clark (2003), Table 2.4.
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Figure 6.4.: Homer and Clark (2003), Table 2.5.

Figure 6.5.: Homer and Clark (2003), Table 2.6.

Table 6.4 records the grid the build lands on and checks the severity mean against the paper’s.
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SEV = 'dsev [200000 400000 600000 800000 1000000] [.378 .235 .146 .091 .15]'
a = build(f'agg HC 5 claims {SEV} occurrence net of 400000 xs 600000 '

f'mixed gamma {nb_cv(5, 6)}', bs=K, log2=8)
bd = a.occ_bivariate(views=('net', 'ceded'), bs=K, log2_x=7, log2_y=5)
gx, gy = bd.axis_xs
d = bd.density
GT(pd.DataFrame([{'grid': str(d.shape), 'bs': str(bd.bs),

'deficit': bd.deficit, 'total mass': d.sum(),
'severity mean': (np.arange(5) + 1) @ np.array(

[.378, .235, .146, .091, .15]) * K,
'paper severity mean': 480_000}]))

Table 6.4.: The section 2 bivariate grid, its mass deficit, and the severity mean against the paper’s
$480,000.

grid bs deficit
total
mass

severity
mean

paper severity
mean

(128, 32) [200000.0, 200000.0] 93.703f 1.00000 480,000 480,000

The single claim joint law is a by-product, and it is Table 2.3: compare Table 6.5 with Figure 6.2.

S = np.asarray(bd._S.todense()) if hasattr(bd._S, 'todense') else bd._S
GT(pd.DataFrame(100 * S[:6, :4], index=[f'{v:,.0f}' for v in gx[:6]],

columns=[f'{v:,.0f}' for v in gy[:4]]), float_format=2)

Table 6.5.: The joint per-claim law of retained and ceded, as percentages, read off the cession map.

level_0 0 200,000 400,000 600,000
0 0.00 0.00 0 0
200,000 37.80 0.00 0 0
400,000 23.50 0.00 0 0
600,000 14.60 9.10 15 0
800,000 0.00 0.00 0 0
1,000,000 0.00 0.00 0 0

Table 2.4 is the aggregate joint. The paper prints a 26 × 7 block of it to two decimals, reproduced in
Table 6.6 and scored in Table 6.7.

T24 = {0: [1.05, 0, 0, 0, 0, 0, 0], 200_000: [1.65, 0, 0, 0, 0, 0, 0],
400_000: [2.38, 0, 0, 0, 0, 0, 0],
600_000: [3.09, .40, .66, 0, 0, 0, 0],
800_000: [3.34, .65, 1.07, 0, 0, 0, 0],
1_000_000: [3.39, .96, 1.58, 0, 0, 0, 0],
1_200_000: [3.22, 1.27, 2.16, .26, .21, 0, 0],
1_400_000: [2.86, 1.40, 2.44, .44, .36, 0, 0],
1_600_000: [2.43, 1.45, 2.59, .66, .54, 0, 0],
1_800_000: [1.97, 1.40, 2.57, .90, .78, .09, .05],
2_000_000: [1.54, 1.26, 2.38, 1.02, .92, .15, .08],
2_200_000: [1.17, 1.09, 2.12, 1.08, 1.01, .24, .13],
2_400_000: [.86, .90, 1.80, 1.08, 1.05, .33, .20],
2_600_000: [.62, .72, 1.47, 1.00, 1.01, .38, .24],
2_800_000: [.43, .55, 1.16, .88, .93, .42, .27],
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3_000_000: [.29, .41, .89, .75, .82, .43, .29],
3_200_000: [.20, .30, .66, .61, .70, .41, .29],
3_400_000: [.13, .21, .48, .48, .57, .37, .28],
3_600_000: [.08, .15, .34, .37, .45, .32, .25],
3_800_000: [.05, .10, .24, .27, .35, .27, .22],
4_000_000: [.03, .07, .16, .20, .26, .22, .19],
4_200_000: [.02, .04, .11, .14, .19, .17, .15],
4_400_000: [.01, .03, .07, .10, .14, .13, .12],
4_600_000: [.01, .02, .05, .07, .10, .10, .09],
4_800_000: [0, .01, .03, .04, .07, .07, .07],
5_000_000: [0, .01, .02, .03, .04, .05, .05]}

got24 = np.array([100 * d[int(round(r / K)), :7] for r in T24])
pap24 = np.array(list(T24.values()))
GT(pd.DataFrame(got24, index=[f'{r:,.0f}' for r in T24],

columns=[f'{int(j * K):,.0f}' for j in range(7)]),
float_format=2)

Table 6.6.: The aggregate joint distribution of net and ceded, the 26 × 7 block Table 2.4 prints, as
percentages.

level_0 0 200,000 400,000 600,000 800,000 1,000,000 1,200,000
0 1.05 0.00 0.00 0.00 0.00 0.00 0.00
200,000 1.65 0.00 0.00 0.00 0.00 0.00 0.00
400,000 2.38 0.00 0.00 0.00 0.00 0.00 0.00
600,000 3.09 0.40 0.66 0.00 0.00 0.00 0.00
800,000 3.34 0.65 1.07 0.00 0.00 0.00 0.00
1,000,000 3.39 0.96 1.58 0.00 0.00 0.00 0.00
1,200,000 3.22 1.27 2.16 0.26 0.21 0.00 0.00
1,400,000 2.86 1.40 2.44 0.44 0.36 0.00 0.00
1,600,000 2.43 1.45 2.59 0.66 0.54 0.00 0.00
1,800,000 1.97 1.40 2.57 0.90 0.78 0.09 0.05
2,000,000 1.54 1.26 2.38 1.02 0.92 0.15 0.08
2,200,000 1.17 1.09 2.12 1.08 1.01 0.24 0.13
2,400,000 0.86 0.90 1.80 1.08 1.05 0.33 0.20
2,600,000 0.62 0.72 1.47 1.00 1.01 0.38 0.24
2,800,000 0.43 0.55 1.16 0.88 0.93 0.42 0.27
3,000,000 0.29 0.41 0.89 0.75 0.82 0.43 0.29
3,200,000 0.20 0.30 0.66 0.61 0.70 0.41 0.29
3,400,000 0.13 0.21 0.48 0.48 0.57 0.37 0.28
3,600,000 0.08 0.15 0.34 0.37 0.45 0.32 0.25
3,800,000 0.05 0.10 0.24 0.27 0.35 0.27 0.22
4,000,000 0.03 0.07 0.16 0.20 0.26 0.22 0.19
4,200,000 0.02 0.04 0.11 0.14 0.19 0.17 0.15
4,400,000 0.01 0.03 0.07 0.10 0.14 0.13 0.12
4,600,000 0.01 0.02 0.05 0.07 0.10 0.10 0.09
4,800,000 0.00 0.01 0.03 0.04 0.07 0.07 0.07
5,000,000 0.00 0.01 0.02 0.03 0.04 0.05 0.05

GT(pd.DataFrame([{'cells compared': got24.size,
'worst absolute difference, points of probability':

float(np.abs(got24 - pap24).max())}]))
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Table 6.7.: Worst cell error over the whole published block of Table 2.4.

cells
compared

worst absolute difference,
points of probability

182 0.00497

Table 2.5, Figure 6.4, applies the stop loss: collapse every net outcome at or below $3,000,000 into
one row and relabel the rest. Then the five statistics the paper quotes fall straight out of the joint, in
Table 6.8.

k = int(round(3_000_000 / K))
d25 = np.vstack([d[:k + 1].sum(axis=0)[None, :], d[k + 1:]])
g25 = np.arange(d25.shape[0]) * K
hit = 1 - d25.sum(axis=1)[0]
GT(pd.DataFrame([

{'statistic': 'expected loss to the stop loss layer',
'aggregate': (d25.sum(axis=1) * g25).sum(), 'paper': 123_529},
{'statistic': 'probability the stop loss is hit',
'aggregate': hit, 'paper': 0.1508},
{'statistic': 'mean stop loss given it is hit',
'aggregate': (d25[1:].sum(axis=1) * g25[1:]).sum() / hit, 'paper': 819_210},
{'statistic': 'expected loss to the per-occurrence layer',
'aggregate': (d25.sum(axis=0) * gy).sum(), 'paper': 391_000},
{'statistic': 'expected per-occurrence loss given the stop loss is hit',
'aggregate': (d25[1:].sum(axis=0) * gy).sum() / hit, 'paper': 830_334},

]), float_format=4)

Table 6.8.: The five statistics the paper quotes off Table 2.5, taken from the joint distribution.

statistic aggregate paper
expected loss to the stop loss layer 123,529.2639 123,529.0000
probability the stop loss is hit 0.1508 0.1508
mean stop loss given it is hit 819,209.9260 819,210.0000
expected loss to the per-occurrence layer 391,000.0000 391,000.0000
expected per-occurrence loss given the
stop loss is hit

830,334.0247 830,334.0000

Table 6.8 has all five to the digit. The last two are the paper’s punchline: the per-occurrence layer
costs $391,000 on average, but $830,334 in the scenarios where the stop loss also pays. Writing both
covers is more than twice as bad as the two expected values suggest, and that is invisible to anyone
pricing the covers separately.

Table 2.6 sums the antidiagonals to get the distribution of the two covers combined, Table 6.9.

n = 5
tot = np.zeros(n)
for i in range(d25.shape[0]):

for j in range(min(d25.shape[1], n)):
if i + j < n:

tot[i + j] += d25[i, j]
GT(pd.DataFrame({'combined loss': [f'{i * K:,.0f}' for i in range(n)],

'aggregate %': 100 * tot,
'Table 2.6 %': [30.28, 12.64, 23.31, 9.02, 8.94]}),

float_format=2)
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Table 6.9.: The distribution of the two covers combined, against the five cells Table 2.6 prints.

combined
loss

aggregate
%

Table
2.6 %

0 30.28 30.28
200,000 12.64 12.64
400,000 23.31 23.31
600,000 9.02 9.02
800,000 8.94 8.94

6.4. Section 3: loss subject to an aggregate, plus unlimited ALAE

Here the bivariate severity is given rather than derived, so DecL takes the matrix directly with dbv-
sev.

Figure 6.6.: Homer and Clark (2003), Table 3.2.

One transcription note. Table 3.3, Figure 6.7, is printed to two decimals and its row sums are 10.00%,
45.00%, 9.00%, 9.00%, 9.00% and 17.97%, against the loss marginal of Figure 6.6 which requires
18.00% on the last. The printed matrix therefore carries 99.97% of the mass. Scaling each row to
its Table 3.2 marginal is the correction the paper’s own inputs dictate. The outputs to match are
Figure 6.8, Figure 6.9 and Figure 6.10.
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Figure 6.7.: Homer and Clark (2003), Table 3.3.

Figure 6.8.: Homer and Clark (2003), Table 3.4.
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Figure 6.9.: Homer and Clark (2003), Table 3.5.

Figure 6.10.: Homer and Clark (2003), Table 3.6.

Table 6.10 records the grid and checks both marginal means, and Table 6.11 is the published block
itself.

XS3 = [0, 200e3, 400e3, 600e3, 800e3, 1000e3]
YS3 = [0, 200e3, 400e3, 600e3, 800e3, 1000e3, 1200e3]
M3 = np.array([

[.0839, .0147, .0013, .0001, .0000, .0000, .0000],
[.2798, .1329, .0316, .0050, .0006, .0001, .0000],
[.0415, .0321, .0125, .0032, .0006, .0001, .0000],
[.0307, .0330, .0177, .0064, .0017, .0004, .0001],
[.0228, .0313, .0215, .0099, .0034, .0009, .0002],
[.0337, .0565, .0473, .0264, .0111, .0037, .0010]])

TARGET = np.array([.10, .45, .09, .09, .09, .18]) # Table 3.2
M3 = M3 * (TARGET / M3.sum(axis=1))[:, None]
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def dbvsev(name, xs, ys, M, count, cv):
rows = ' '.join('[' + ' '.join(f'{float(v):.12g}' for v in r) + ']'

for r in M)
return (f'bivariate {name} {count} claims '

f'dbvsev [{" ".join(f"{float(v):.0f}" for v in xs)}] '
f'[{" ".join(f"{float(v):.0f}" for v in ys)}] [{rows}] '
f'mixed gamma {cv}')

b3 = build(dbvsev('HC3', XS3, YS3, M3, 4, nb_cv(4, 8)), bs=(K, K), log2=(7, 6))
d3 = b3.density
GT(pd.DataFrame([{'grid': str(d3.shape), 'deficit': b3.deficit,

'loss mean': (d3.sum(axis=1) * b3.axis_xs[0]).sum(),
'paper 4 x 432,000': 4 * 432_000,
'ALAE mean': (d3.sum(axis=0) * b3.axis_xs[1]).sum()}]))

Table 6.10.: The section 3 bivariate grid, its mass deficit, and the loss and ALAE means.

grid deficit
loss
mean

paper 4
x 432,000

ALAE
mean

(128, 64) 1.906p 1.728M 1,728,000 656,960

T34 = {0: [7.42, .23, .02, 0, 0, 0, 0],
200_000: [4.33, 2.23, .59, .11, .02, 0, 0],
400_000: [2.22, 2.10, 1.01, .33, .08, .02, 0],
600_000: [1.41, 1.82, 1.20, .54, .18, .05, .01],
800_000: [1.06, 1.71, 1.40, .77, .33, .11, .03],
1_000_000: [1.11, 2.09, 1.98, 1.27, .62, .25, .08],
1_200_000: [.69, 1.59, 1.84, 1.42, .83, .39, .16],
1_400_000: [.40, 1.07, 1.45, 1.32, .90, .50, .23],
1_600_000: [.25, .75, 1.15, 1.19, .92, .57, .30],
1_800_000: [.16, .56, .95, 1.08, .93, .64, .37],
2_000_000: [.12, .44, .82, 1.02, .96, .72, .46],
2_200_000: [.07, .30, .61, .84, .87, .72, .50],
2_400_000: [.04, .19, .43, .65, .73, .66, .50],
2_600_000: [.03, .13, .31, .50, .60, .59, .48],
2_800_000: [.02, .09, .22, .38, .50, .52, .45],
3_000_000: [.01, .06, .16, .30, .41, .46, .42],
3_200_000: [.01, .04, .11, .22, .32, .38, .37],
3_400_000: [0, .02, .07, .15, .24, .30, .32],
3_600_000: [0, .01, .05, .11, .18, .24, .27],
3_800_000: [0, .01, .03, .08, .13, .19, .22],
4_000_000: [0, .01, .02, .05, .10, .14, .18]}

got34 = np.array([100 * d3[int(round(r / K)), :7] for r in T34])
GT(pd.DataFrame(got34, index=[f'{r:,.0f}' for r in T34],

columns=[f'{int(j * K):,.0f}' for j in range(7)]),
float_format=2)
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Table 6.11.: The aggregate joint distribution of capped loss and ALAE, the 21 × 7 block Table 3.4
prints, as percentages.

level_0 0 200,000 400,000 600,000 800,000 1,000,000 1,200,000
0 7.42 0.23 0.02 0.00 0.00 0.00 0.00
200,000 4.33 2.22 0.59 0.11 0.02 0.00 0.00
400,000 2.22 2.10 1.01 0.33 0.08 0.02 0.00
600,000 1.41 1.82 1.20 0.54 0.18 0.05 0.01
800,000 1.06 1.70 1.39 0.77 0.33 0.11 0.03
1,000,000 1.11 2.09 1.98 1.27 0.62 0.25 0.08
1,200,000 0.69 1.59 1.84 1.42 0.84 0.40 0.16
1,400,000 0.40 1.07 1.45 1.32 0.90 0.50 0.23
1,600,000 0.25 0.75 1.15 1.19 0.92 0.57 0.30
1,800,000 0.17 0.56 0.95 1.08 0.93 0.64 0.37
2,000,000 0.12 0.44 0.82 1.02 0.96 0.72 0.46
2,200,000 0.07 0.30 0.62 0.84 0.87 0.72 0.50
2,400,000 0.04 0.19 0.43 0.65 0.73 0.66 0.50
2,600,000 0.03 0.13 0.31 0.50 0.61 0.59 0.48
2,800,000 0.02 0.09 0.22 0.38 0.50 0.52 0.46
3,000,000 0.01 0.06 0.16 0.30 0.41 0.46 0.42
3,200,000 0.01 0.04 0.11 0.22 0.32 0.38 0.38
3,400,000 0.00 0.02 0.07 0.15 0.24 0.30 0.32
3,600,000 0.00 0.01 0.05 0.11 0.18 0.24 0.27
3,800,000 0.00 0.01 0.03 0.08 0.13 0.19 0.22
4,000,000 0.00 0.01 0.02 0.05 0.10 0.15 0.18

CAP = 2_000_000
kc = int(round(CAP / K))
d35 = np.vstack([d3[:kc], d3[kc:].sum(axis=0)[None, :]])
n = 5
tot3 = np.zeros(n)
for i in range(d35.shape[0]):

for j in range(min(d35.shape[1], n)):
if i + j < n:

tot3[i + j] += d35[i, j]
GT(pd.DataFrame([

{'check': 'Table 3.4, worst of the 21 x 7 published cells, points',
'value': float(np.abs(got34 - np.array(list(T34.values()))).max())},
{'check': 'Table 3.6, worst of the 5 published cells, points',
'value': float(np.abs(100 * tot3

- np.array([7.42, 4.56, 4.47, 4.09, 3.99])).max())},
]), float_format=4)

Table 6.12.: Worst published cell error for Tables 3.4 and 3.6.

check value
Table 3.4, worst of the 21 x 7 published
cells, points

0.0061

Table 3.6, worst of the 5 published cells,
points

0.0036
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GT(pd.DataFrame({'loss (capped) + ALAE': [f'{i * K:,.0f}' for i in range(n)],
'aggregate %': 100 * tot3,
'Table 3.6 %': [7.42, 4.56, 4.47, 4.09, 3.99]}),

float_format=2)

Table 6.13.: Capped loss plus ALAE combined, against the five cells Table 3.6 prints.

loss (capped)
+ ALAE

aggregate
%

Table
3.6 %

0 7.42 7.42
200,000 4.56 4.56
400,000 4.47 4.47
600,000 4.09 4.09
800,000 3.99 3.99

Table 6.12 scores both, and Table 6.13 prints the combined distribution itself. The $2,000,000 general
aggregate applies to indemnity only, so the cap is a row collapse on the loss axis with the ALAE axis
untouched. That asymmetry is the whole reason the example needs a joint distribution: cap the sum
and you have the wrong contract.

6.5. Section 4: dollars against counts

The third example puts aggregate small loss dollars on one axis and large loss counts on the other.
The bivariate severity is degenerate by construction: a claim is either small, contributing dollars and
no count, or large, contributing one count and no dollars. The inputs are Figure 6.11 and Figure 6.12,
and the targets Figure 6.13 and Figure 6.14.

Figure 6.11.: Homer and Clark (2003), Table 4.1.
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Figure 6.12.: Homer and Clark (2003), Table 4.2.
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Figure 6.13.: Homer and Clark (2003), Table 4.3.
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Figure 6.14.: Homer and Clark (2003), Table 4.4.

XS4 = [0, 200e3, 400e3, 600e3, 800e3]
YS4 = [0, 1, 2, 3, 4, 5]
M4 = np.array([[.000, .100, 0, 0, 0, 0],

[.438, .000, 0, 0, 0, 0],
[.246, .000, 0, 0, 0, 0],
[.138, .000, 0, 0, 0, 0],
[.078, .000, 0, 0, 0, 0]])

b4 = build(dbvsev('HC4', XS4, YS4, M4, 10, nb_cv(10, 20)),
bs=(K, 1.0), log2=(7, 5))

d4 = b4.density
gx4, gy4 = b4.axis_xs
T43 = {0: [.10, .05, .01, 0, 0, 0, 0], 200_000: [.21, .12, .04, .01, 0, 0, 0],

400_000: [.38, .22, .07, .02, 0, 0, 0],
600_000: [.58, .36, .12, .03, .01, 0, 0],
800_000: [.82, .53, .18, .05, .01, 0, 0],
1_000_000: [1.07, .71, .26, .07, .01, 0, 0],
2_000_000: [2.02, 1.60, .68, .20, .05, .01, 0],
3_000_000: [1.98, 1.81, .87, .30, .08, .02, 0],
4_000_000: [1.34, 1.38, .74, .28, .08, .02, 0],
5_000_000: [.71, .81, .48, .20, .07, .02, 0]}

got43 = np.array([100 * d4[int(round(r / K)), :7] for r in T43])
GT(pd.DataFrame(got43, index=[f'{r:,.0f}' for r in T43],
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columns=[f'{j} large' for j in range(7)]), float_format=2)

Table 6.14.: The joint distribution of aggregate small loss dollars against large loss counts, the block
Table 4.3 prints, as percentages.

level_0
0

large
1

large
2

large
3

large
4

large
5

large
6

large
0 0.10 0.05 0.01 0.00 0.00 0.00 0.00
200,000 0.21 0.12 0.04 0.01 0.00 0.00 0.00
400,000 0.38 0.22 0.07 0.02 0.00 0.00 0.00
600,000 0.58 0.36 0.12 0.03 0.01 0.00 0.00
800,000 0.82 0.53 0.18 0.05 0.01 0.00 0.00
1,000,000 1.07 0.71 0.26 0.07 0.01 0.00 0.00
2,000,000 2.02 1.60 0.68 0.20 0.05 0.01 0.00
3,000,000 1.98 1.81 0.87 0.30 0.08 0.02 0.00
4,000,000 1.34 1.38 0.74 0.28 0.08 0.02 0.00
5,000,000 0.71 0.81 0.48 0.20 0.07 0.02 0.00

Table 4.4 rescales each row of Table 6.14 to 100%, giving in Table 6.15 the conditional law of large
claim counts given the aggregate small loss, which is what the simulation actually needs.

cond = d4 / d4.sum(axis=1, keepdims=True)
T44 = {0: [59.87, 29.94, 8.23, 1.65, .27, .04, 0],

1_000_000: [50.37, 33.62, 12.11, 3.12, .64, .11, .02],
3_000_000: [39.16, 35.69, 17.25, 5.88, 1.58, .36, .07],
5_000_000: [30.88, 35.25, 21.12, 8.83, 2.90, .79, .19]}

got44 = np.array([100 * cond[int(round(r / K)), :7] for r in T44])
GT(pd.DataFrame(got44, index=[f'{r:,.0f}' for r in T44],

columns=[f'{j} large' for j in range(7)]), float_format=2)

Table 6.15.: Large loss counts conditional on the aggregate small loss, against the four rows Table 4.4
prints.

level_0
0

large
1

large
2

large
3

large
4

large
5

large
6

large
0 59.87 29.94 8.23 1.65 0.27 0.04 0.00
1,000,000 50.37 33.62 12.11 3.12 0.64 0.11 0.02
3,000,000 39.16 35.69 17.25 5.88 1.58 0.36 0.07
5,000,000 30.88 35.25 21.12 8.83 2.90 0.79 0.19

GT(pd.DataFrame([
{'check': 'Table 4.3, worst published cell, points',
'value': float(np.abs(got43 - np.array(list(T43.values()))).max())},
{'check': 'Table 4.4, worst published cell, points',
'value': float(np.abs(got44 - np.array(list(T44.values()))).max())},

]), float_format=4)
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Table 6.16.: Worst published cell error for Tables 4.3 and 4.4.

check value
Table 4.3, worst published cell, points 0.0050
Table 4.4, worst published cell, points 0.0050

The paper’s Appendix B derives the covariance of small and large aggregate losses in closed form,

Cov(𝑆, 𝐿) = 𝑝𝜇𝑆(1 − 𝑝)𝜇𝐿(𝜎2𝑁 − 𝜇𝑁).

Table 6.16 scores both tables. Since every large loss in this example is exactly $1,000,000, the count
axis converts to dollars by a scale factor and the identity can be checked against the joint directly, in
Table 6.17.

p = 0.90
muS = (43.8 * 200 + 24.6 * 400 + 13.8 * 600 + 7.8 * 800) / 90 * 1e3
muL, sig2N, muN = 1e6, 20.0, 10.0
ES = (d4.sum(axis=1) * gx4).sum()
EL = (d4.sum(axis=0) * gy4).sum() * muL
ESL = (d4 * gx4[:, None] * (gy4[None, :] * muL)).sum()
GT(pd.DataFrame([

{'source': 'Appendix B closed form',
'Cov(S, L)': p * muS * (1 - p) * muL * (sig2N - muN)},
{'source': 'from the joint density', 'Cov(S, L)': ESL - ES * EL},

]).set_index('source'), formatters={'Cov(S, L)': '{x:,.2f}'})

Table 6.17.: The Appendix B closed form covariance of small and large aggregate loss, against the
same quantity taken from the joint density.

source Cov(S, L)
Appendix B closed form 331,200,000,000.00
from the joint density 331,199,999,961.86

Table 6.17 agrees to better than two parts in ten billion, and the sign is positive because 𝜎2𝑁 > 𝜇𝑁
for the negative binomial. The paper’s observation that the covariance vanishes under a Poisson
count is immediate from the same formula, and is the reason its early DFAmodel got away with the
independence assumption for as long as it did.

6.6. Comments

6.6.1. This is the paper aggregate was waiting for

Every construction in it maps onto a shipped DecL form, as Table 6.18 shows.
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Table 6.18.: Each construction in the paper and the DecL form that expresses it.
Paper DecL
Section 2, retained against ceded netceded agg ... occurrence net of

400000 xs 600000, or
Aggregate.occ_bivariate

Sections 3 and 4, a given joint severity bivariate ... dbvsev [xs] [ys] [[rows]]
Different units on the two axes bs=(200000, 1)
Appendix A, a bare two-dimensional
convolution

bivariate ... dfreq [2] dbvsev ...

Section 2 is the sharpest of the three, because aggregate does not need Table 2.3 at all. The retained
and ceded amounts are the net and ceded views of one occurrence layer, so the joint per-claim sever-
ity is the cession map pushed forward along the gross severity, and the object computes it. The
paper spends a page constructing a matrix that is now a consequence of writing occurrence net
of 400000 xs 600000.

The contrast with Jin et al. (2016), assessed on its own page, is worth drawing. That paper is depen-
dence through a common shock on the claim counts, which aggregate cannot express. This
one is dependence through a joint severity under a shared count, which is exactly what aggre-
gate’s bivariate is. Jin and coauthors cite Clark and Homer for their FFT benchmark, so the two sit
adjacent in the literature; they are on opposite sides of the feature boundary.

6.6.2. What the reproduction cost

Table 6.19 scores every published block at once.

def score(got, paper):
p = np.array(paper if isinstance(paper, np.ndarray) else list(paper.values()))
return (got.size, int((np.round(got, 2) != np.round(p, 2)).sum()),

float(np.abs(got - p).max()))

rows = []
for tag, got, pap in [('Appendix A, 3x3 convolution', None, None),

('Section 2, Table 2.4', got24, pap24),
('Section 3, Table 3.4', got34, T34),
('Section 4, Table 4.3', got43, T43),
('Section 4, Table 4.4', got44, T44)]:

if got is None:
rows.append({'target': tag, 'published cells': 9,

'cells differing at 2 dp': 0, 'worst raw difference': 0.0})
else:

n, diff, worst = score(got, pap)
rows.append({'target': tag, 'published cells': n,

'cells differing at 2 dp': diff,
'worst raw difference': worst})

GT(pd.DataFrame(rows), float_format=4)
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Table 6.19.: Every published block, its cell count, how many differ at the two decimals printed, and
the worst raw difference.

target
published

cells
cells differing

at 2 dp
worst raw
difference

Appendix A, 3x3 convolution 9 0 0.0000
Section 2, Table 2.4 182 0 0.0050
Section 3, Table 3.4 147 11 0.0061
Section 4, Table 4.3 70 0 0.0050
Section 4, Table 4.4 28 0 0.0050

In Table 6.19, section 2 and section 4 reproduce every published cell at the two decimals printed,
and the five section 2 statistics reproduce to the digit. Section 3 reproduces 136 of its 147 cells exactly
and misses the other eleven by one unit in the last printed place.

Those eleven are the price of the input matrix. Table 3.3 is itself printed to two decimals, so each
of its 42 entries carries up to 0.005% of unstated error, and a four-fold convolution compounds that.
Sections 2 and 4 do not have the problem because their inputs are exact: section 2’s severity matrix
is derived from a five point severity by the cession map, and section 4’s is a five point severity with a
single 10% atom. Where the paper gives an exact input, aggregate returns its exact output; where
the paper gives a rounded input, the rounding survives.

6.6.3. Grid sizing is the one thing to get right

The first attempt at sections 3 and 4 used a 26 loss axis and returned garbage: two thirds of the mass
missing in section 4 and nine tenths in section 3, and rows that looked like the paper’s but displaced
several million dollars up the grid. The cause is that the pinned bucket size and log2 did not cover
the measured window, so the window was clipped, and the object says so in Table 6.20.

small = build(dbvsev('HC4b', XS4, YS4, M4, 10, nb_cv(10, 20)),
bs=(K, 1.0), log2=(6, 5))

GT(pd.DataFrame([
{'log2 per axis': '(6, 5)', 'x reach': small.axis_xs[0][-1],
'deficit': small.deficit},
{'log2 per axis': '(7, 5)', 'x reach': gx4[-1], 'deficit': b4.deficit},

]))

V:\worktrees\aggregate_REFACTOR\src\aggregate\bivariate.py:1907: DefectiveDistributionWarning:
bivariate HC4b: pinned (bs, log2) does not cover the measured window on an axis, so the joint
loses mass off the grid -- raise log2, coarsen bs, or unpin one of them. Further occurrences this
session are suppressed; each object records its own verdict in validation.
bss, log2s, x_mins, his, clipped = self._size_axes(

Table 6.20.: The section 4 build at two loss axis sizes, showing the reach and the mass deficit each
gives.

log2 per axis x reach deficit
(6, 5) 16,600,000 678.958m
(7, 5) 25,400,000 529.132f
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Adeficit near 1, as in the first row of Table 6.20, is not a subtle warning, and it is the first thing to read
off a bivariate build. Doubling one axis fixed it. This is the two-dimensional version of the padding
discussion in the paper’s own Appendix C, where the error bound on the wrapped convolution is
‖𝑅‖ ≤ ∑𝑗>𝑀 𝖯(𝑁 = 𝑗): run out of room and the mass does not disappear, it wraps.

6.6.4. Two blemishes in the paper

Table 3.3 does not sum to one. Printed to two decimals its rows give 10, 45, 9, 9, 9 and 17.97 per-
cent against the 18 percent that Table 3.2 requires, so the matrix as published carries 99.97% of the
mass. Scaling each row onto its Table 3.2 marginal is the correction, and with it Table 3.6 reproduces
exactly; normalizing the whole matrix instead leaves Table 3.6 off by 0.01 in three of five cells.

Table 2.6 is captioned “Loss & ALAE Probability Calculation” although it belongs to section 2 and
concerns aggregate primary excess plus aggregate excess loss. The heading is a leftover from section
3.
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7. Bear and Nemlick on adjustable treaty features

Reproducing Bear and Nemlick (1990), Table I

7.1. Context and problem

An excess of loss treaty is rarely a flat exchange of premium for cover. It carries provisions that make
themoney depend on the loss: an annual aggregate deductible, a limited number of reinstatements, a
loss corridor the cedant takes back, a retrospective rating plan on the premium, a profit commission,
a sliding scale commission. Bear and Nemlick (1990) is the standard treatment of the family, and its
organizing observation is that all six are the sameobject. Each is a deterministic function of a realized
loss quantity, so each is priced by pushing that function forward over the aggregate loss distribution.
Nothing about the treaty changes except which line of the statement the function writes into.

That reduces pricing to one question: where does the aggregate loss distribution come from? The
paper answers it twice. The lognormal model fits a lognormal to the aggregate mean and coeffi-
cient of variation and reads the answer out of a printed table of excess pure premium ratios. The
collective risk model builds the distribution properly, by characteristic function inversion, using
the Heckman-Meyers algorithm. The paper’s purpose is to find out how much the cheap method
costs, and its conclusion is that for these six treaties it costs very little.

Both models are what aggregate computes directly, and the six features are now six DecL clauses.
This page reproduces the paper’s Table I: the lognormal column by rebuilding the paper’s own arith-
metic, and the collective risk column by FFT. Table 7.1 is the whole mapping.

Table 7.1.: The six adjustable features and the DecL clause that carries each.
Treaty Feature The clause
I aggregate deductible aggregate net of 360 xs 0
II three free reinstatements occurrence net of 700 xs

0 deposit 1172
reinstatements 3 free

III loss corridor corridor 100% po 100% xs
100%

IV retrospective rating retro basic 0 lcm 1.3333
min 360 max 1200 premium

V profit commission pc 25% after 20%
VI sliding scale commission slide 40% at 35% and 25%

at 55% and 20% at 65%
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7.2. Paper solution and gold standard

Table I on page 75, Figure 7.6, is the target. It gives, for each treaty, the item the feature is priced for,
under the lognormal model and under four runs of the collective risk model indexed by a contagion
parameter 𝑐 and a mixing parameter 𝑏. Table 7.2 transcribes it.

Table 7.2.: Bear and Nemlick (1990), Table I as printed.

Example
Unadjusted

rate

Item
com-
pared Lognormal

𝑐 = 0,
𝑏 = 0

𝑐 = .05,
𝑏 = .05

𝑐 = .05,
𝑏 = .10

𝑐 = .10,
𝑏 = .10

I Aggre-
gate
de-
ductible

5.00% adjusted
rate

1.47% 1.58 1.68 1.73 1.77

II
Limited
rein-
state-
ment

25.00 adjusted
rate

19.53 19.89 19.72 19.55 19.52

III Loss
corri-
dor

5.00 adjusted
rate

4.02 3.67 3.71 3.74 3.73

IV
Retro
rating
plan

5.00 expected
rate
after
retro

5.02 5.20 5.18 5.14 5.14

V Profit
com-
mission

expected
profit
com-
mission

8.37 8.24 8.50 8.69 8.75

VI
Sliding
scale
com-
mission

expected
sliding
scale
com-
mission

31.04 30.31 30.90 31.22 31.33

The two parameters are Heckman-Meyers uncertainty loadings. Appendix C defines 𝑐 as the vari-
ance of a gamma variablewithmean onemultiplying the Poisson claim countmean, which is exactly
aggregate’s gamma mixed Poisson: DecL mixed gamma {sqrt(c)}, since the clause takes the co-
efficient of variation of a mixing distribution whose mean is one. It defines 𝑏 as the variance of an
inverse gamma variable with mean one dividing the severity. There is no analog of 𝑏 in DecL, so
only the 𝑐 = 0, 𝑏 = 0 column is a like for like comparison. The other three are shown throughout,
and the contagion only counterpart beside them.

Two more exhibits are needed, and both are reproducible in their own right. Appendix F Exhibit 1
and Appendix J Exhibit 1, Figure 7.1 and Figure 7.2, derive the aggregate coefficient of variation for
the two subject books from a single parameter Pareto severity and an excess claim count variance to
mean ratio. Appendix B prints the lognormal excess pure premium ratio tables the whole lognormal
method reads from.
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7.2.1. The two subject books

All amounts on this page are in $000.

Treaties I and IV sit on the same book: $160 excess of $40 per occurrence, subject premium $12,000
split $9,000 and $3,000 between two classes with layer loss costs of 4.00% and 3.00% of subject pre-
mium, and single parameter Pareto severity with shape 𝑞 of 0.90 and 0.95.
Treaties II and V sit on the other: $700 excess of $300 per occurrence, subject premium $6,000 split
equally between three classes with layer loss costs of 10%, 14% and 21%, and Pareto shapes 1.5, 1.3
and 1.1. Treaty V runs the same book for three years.

Treaty III is $400 excess of $100 on $10,000 of subject premium in three classes at 3.20%, 3.80% and
3.50%, all with 𝑞 = 1.1. Treaty VI is $900 excess of $100 on $25,000 of subject premium, and the
paper gives nothing about it beyond a 10% layer loss cost and a coefficient of variation of 0.485.

The single parameter Pareto with truncation 𝑘 and shape 𝑞 has 𝑆(𝑤) = (𝑘/𝑤)𝑞 on 𝑤 ≥ 𝑘, so a loss
excess of 𝑘 is a two parameter Pareto with scale 𝑘 and shape 𝑞: DecL {k} * pareto {q} - {k},
supported on [0,∞). Layered at the treaty limit it gives the excess claim size distribution Figure 7.1
and Figure 7.2 tabulate.

%xmode minimal
import warnings

import numpy as np
import pandas as pd
from aggregate import lognorm_fit, lognorm_lev
from bookstyle import GT, build

# Treaty II cedes its whole severity, so the net severity is a point mass at
# zero whose empirical variance lands a rounding below it and trips numpy on
# the square root. Cosmetic, and it reaches nothing on this page.
warnings.filterwarnings('ignore', 'invalid value encountered in sqrt')

def mixing_cv(vmr, claims):
"""Gamma mixing CV giving an excess claim count variance to mean ratio.

A gamma mixed Poisson with mixing CV c and mean n has variance
n + n^2 c^2, so the variance to mean ratio is 1 + n c^2.
"""
return float(np.sqrt((vmr - 1) / claims))

def exhibit_1(port, printed):
"""Compare a book's per class parameters with the paper's Exhibit 1."""
rows = [{'class': a.name, 'claims': a.n, 'severity mean': a.sev_m,

'severity sd': a.sev_m * a.sev_cv, 'aggregate mean': a.actual_m,
'aggregate sd': a.actual_m * a.actual_cv,
'aggregate cv': a.actual_cv} for a in port]

rows.append({'class': 'all classes', 'claims': sum(a.n for a in port),
'severity mean': np.nan, 'severity sd': np.nan,
'aggregate mean': port.est_m,
'aggregate sd': port.est_m * port.est_cv,
'aggregate cv': port.est_cv})

got = pd.DataFrame(rows).set_index('class')
out = pd.concat({'aggregate': got, 'paper': printed.reindex(got.index)},

axis=1).swaplevel(axis=1).sort_index(axis=1)
return out[got.columns]
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Exception reporting mode: Minimal

Appendix F Exhibit 1, Figure 7.1, in full. The excess claim count variance to mean ratios in line 8
come from ISO increased limits parameters and are the paper’s own inputs, so they are given to the
build rather than derived. Table 7.3 is the comparison.

Figure 7.1.: Bear and Nemlick (1990), Appendix F, Exhibit 1.

book_1 = build(f'''
port BearNemlick.One

agg Class1 9000 exposure at 0.04 rate 160 xs 0
sev 40 * pareto 0.90 - 40 mixed gamma {mixing_cv(1.032, 5.154)}

agg Class2 3000 exposure at 0.03 rate 160 xs 0
sev 40 * pareto 0.95 - 40 mixed gamma {mixing_cv(1.067, 1.343)}

''')

printed_1 = pd.DataFrame(
[[5.154, 69_848, 60_908, 360_000, 212_298, 0.590],
[1.343, 67_039, 60_084, 90_000, 106_228, 1.180],
[6.497, np.nan, np.nan, 450_000, 237_391, 0.528]],
index=['Class1', 'Class2', 'all classes'],
columns=['claims', 'severity mean', 'severity sd', 'aggregate mean',

'aggregate sd', 'aggregate cv']) / [1, 1e3, 1e3, 1e3, 1e3, 1]
GT(exhibit_1(book_1, printed_1), float_format=3)

Table 7.3.: The first subject book, class by class, against Appendix F Exhibit 1.
claims severity mean severity sd aggregate mean aggregate sd aggregate cv

class aggregate paper aggregate paper aggregate paper aggregate paper aggregate paper aggregate paper
Class1 5.154 5.154 69.848 69.848 60.908 60.908 360.000 360 212.298 212.298 0.590 0.590
Class2 1.343 1.343 67.039 67.039 60.084 60.084 90.000 90 106.227 106.228 1.180 1.180
all classes 6.497 6.497 — — — — 450.000 450 237.391 237.391 0.528 0.528
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Appendix J Exhibit 1, Figure 7.2, the same for the second book, compared in Table 7.4.

Figure 7.2.: Bear and Nemlick (1990), Appendix J, Exhibit 1.

book_2 = build(f'''
port BearNemlick.Two

agg Class1 2000 exposure at 0.10 rate 700 xs 0
sev 300 * pareto 1.5 - 300 mixed gamma {mixing_cv(1.006, 0.737)}

agg Class2 2000 exposure at 0.14 rate 700 xs 0
sev 300 * pareto 1.3 - 300 mixed gamma {mixing_cv(1.009, 0.924)}

agg Class3 2000 exposure at 0.21 rate 700 xs 0
sev 300 * pareto 1.1 - 300 mixed gamma {mixing_cv(1.019, 1.234)}

''')

printed_2 = pd.DataFrame(
[[0.737, 271_395, 246_596, 200_000, 315_301, 1.577],
[0.924, 303_133, 257_600, 280_000, 383_323, 1.369],
[1.234, 340_296, 266_584, 420_000, 483_065, 1.150],
[2.895, np.nan, np.nan, 900_000, 692_606, 0.770]],
index=['Class1', 'Class2', 'Class3', 'all classes'],
columns=['claims', 'severity mean', 'severity sd', 'aggregate mean',

'aggregate sd', 'aggregate cv']) / [1, 1e3, 1e3, 1e3, 1e3, 1]
GT(exhibit_1(book_2, printed_2), float_format=3)

Table 7.4.: The second subject book, class by class, against Appendix J Exhibit 1.
claims severity mean severity sd aggregate mean aggregate sd aggregate cv

class aggregate paper aggregate paper aggregate paper aggregate paper aggregate paper aggregate paper
Class1 0.737 0.737 271.366 271.395 246.592 246.596 200.000 200 315.301 315.301 1.577 1.577
Class2 0.924 0.924 303.155 303.133 257.600 257.600 280.000 280 383.323 383.323 1.369 1.369
Class3 1.234 1.234 340.296 340.296 266.584 266.584 420.000 420 483.066 483.065 1.150 1.150
all classes 2.895 2.895 — — — — 900.000 900 692.606 692.606 0.770 0.770

Across Table 7.3 and Table 7.4, every claim count, every excess claim size moment and every aggre-
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gate standard deviation comes back at the paper’s printed precision, and with it the two coefficients
of variation the lognormal method needs, 0.528 and 0.770. The two severity means in the second
book differ in the fifth figure, 271.37 against 271.395 and 303.15 against 303.133, which is rounding
in Appendix J Exhibit 1 rather than a difference of model.

7.2.2. The lognormal tables

The lognormal method needs the excess pure premium ratio 𝑃2(𝑟), the expected loss above an attach-
ment at entry ratio 𝑟 divided by the expected loss, for a unit mean lognormal with a given coefficient
of variation. The paper prints it in Tables B1 to B3, Figure 7.3 and Figure 7.4, and interpolates lin-
early in both arguments. Reproducing Table I therefore means reproducing the interpolation, not
the exact lognormal: the two differ by up to seven basis points at the entry ratios these treaties use,
which is enough to move a printed answer. Table 7.5 checks the transcribed cells.

Figure 7.3.: Bear and Nemlick (1990), Appendix B, Table B1.
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Figure 7.4.: Bear and Nemlick (1990), Appendix B, Table B2.

# The cells of Tables B1 and B2 the six exhibits reach into, printed excess pure
# premium ratio by entry ratio then coefficient of variation.
B = {

0.0: {0.4: 1.000, 0.5: 1.000},
0.6: {0.5: 0.426, 0.6: 0.441},
0.7: {0.4: 0.331, 0.5: 0.351},
0.8: {0.5: 0.286, 0.6: 0.312},
1.0: {0.9: 0.300, 1.0: 0.323},
1.1: {0.4: 0.115, 0.5: 0.150},
1.3: {0.4: 0.064, 0.5: 0.096},
1.6: {0.4: 0.026, 0.5: 0.049},
1.7: {0.4: 0.019, 0.5: 0.040},
2.0: {0.5: 0.021, 0.6: 0.039, 0.9: 0.105, 1.0: 0.127},
3.0: {0.7: 0.017, 0.8: 0.030},
3.2: {0.7: 0.014, 0.8: 0.025},

}

def _interp(row, cv):
lo, hi = max(c for c in row if c <= cv), min(c for c in row if c >= cv)
if lo == hi:

return row[lo]
return row[lo] + (cv - lo) / (hi - lo) * (row[hi] - row[lo])

def charge(cv, r):
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"""Insurance charge P2(r), by linear interpolation in Tables B1 to B3."""
lo = max(x for x in B if x <= r)
hi = min(x for x in B if x >= r)
if lo == hi:

return _interp(B[lo], cv)
a, b = _interp(B[lo], cv), _interp(B[hi], cv)
return a + (r - lo) / (hi - lo) * (b - a)

def exact_charge(cv, r):
"""P2(r) for the lognormal itself, with no table in the way."""
if r == 0:

return 1.0
mu, sigma = lognorm_fit(1, cv)
return 1 - lognorm_lev(mu, sigma, 1, r)

cells = pd.DataFrame([{'entry ratio': r, 'cv': cv, 'printed': v,
'exact lognormal': exact_charge(cv, r),
'difference': v - exact_charge(cv, r)}
for r, row in sorted(B.items()) for cv, v in sorted(row.items())])

GT(cells, float_format=5)

Table 7.5.: Every cell of Tables B1 and B2 the six exhibits reach into, against the exact lognormal.

entry
ratio cv printed

exact
lognormal difference

0.00000 0.40000 1.00000 1.00000 0.00000
0.00000 0.50000 1.00000 1.00000 0.00000
0.60000 0.50000 0.42600 0.42558 0.00042
0.60000 0.60000 0.44100 0.44051 0.00049
0.70000 0.40000 0.33100 0.33052 0.00048
0.70000 0.50000 0.35100 0.35057 0.00043
0.80000 0.50000 0.28600 0.28602 -0.00002
0.80000 0.60000 0.31200 0.31180 0.00020
1.00000 0.90000 0.30000 0.29987 0.00013
1.00000 1.00000 0.32300 0.32279 0.00021
1.10000 0.40000 0.11500 0.11520 -0.00020
1.10000 0.50000 0.15000 0.14995 0.00005
1.30000 0.40000 0.06400 0.06413 -0.00013
1.30000 0.50000 0.09600 0.09619 -0.00019
1.60000 0.40000 0.02600 0.02591 0.00009
1.60000 0.50000 0.04900 0.04938 -0.00038
1.70000 0.40000 0.01900 0.01911 -0.00011
1.70000 0.50000 0.04000 0.03962 0.00038
2.00000 0.50000 0.02100 0.02066 0.00034
2.00000 0.60000 0.03900 0.03864 0.00036
2.00000 0.90000 0.10500 0.10458 0.00042
2.00000 1.00000 0.12700 0.12688 0.00012
3.00000 0.70000 0.01700 0.01748 -0.00048
3.00000 0.80000 0.03000 0.02958 0.00042
3.20000 0.70000 0.01400 0.01396 0.00004
3.20000 0.80000 0.02500 0.02458 0.00042
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In Table 7.5 no transcribed cell is more than 5 in the fourth decimal from the exact lognormal, which
is the rounding of a three decimal table, so the transcription is sound and the B tables are what they
claim to be.

7.3. The aggregate reproduction

Each treaty is one program. The subject book is an agg, the feature is a clause on it, and the answer
is amean read off the resulting PnL. Every treaty is built at all three contagion levels, so the functions
below take the frequency clause as an argument.

Five of the six use xpnl, the walk face, which books each cession as its own step and so gives the
ceded recovery, the ceded premium and any commission as separate legs. Treaty IV uses pnl, the
consolidated net view, because a retro plan varies the gross premium and there is no cession to
walk.

FREQ = {'c = 0': 'poisson',
'c = .05': 'mixed gamma 0.05**0.5',
'c = .10': 'mixed gamma 0.1**0.5'}

def leg(pnl, label):
"""One ledger leg's expected value, off the PnL's own economic_df."""
return float(pnl.economic_df.xs(label, level='Label').iloc[0]['EX'])

7.3.1. Treaty I: aggregate deductible

The treaty carries an annual aggregate deductible of 3% of subject premium, $360 against $450 of
expected layer loss, an entry ratio of 0.800. The rate is the loss cost surviving the deductible, loaded
100/75.

An aggregate deductible is an aggregate layer the cedant keeps, so the recovery is the aggregate net
of it. Table 7.6 prices it.

BOOK_1 = ('agg BN.One [9000 3000] exposure at [0.04 0.03] rate 160 xs 0 '
'sev 40 * pareto [0.90 0.95] - 40 {freq} ')

def treaty_1(freq):
gross = build(BOOK_1.format(freq=freq))
net = build(BOOK_1.format(freq=freq) + 'aggregate net of 360 xs 0')
return {'cv': gross.actual_cv, 'charge': net.est_m / gross.actual_m,

'key': 100 / 75 * 3.75 * net.est_m / gross.actual_m}

one = treaty_1(FREQ['c = 0'])
GT(pd.DataFrame([{'insurance charge, aggregate': one['charge'],

'insurance charge, lognormal': charge(0.528, 360 / 450),
'adjusted rate %, aggregate': one['key'],
'adjusted rate %, paper c = 0': 1.58,
'adjusted rate %, paper lognormal': 1.47}]), float_format=4)
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Table 7.6.: Treaty I, the insurance charge and adjusted rate under both models, against Table I.

insurance
charge,
aggregate

insurance
charge,

lognormal

adjusted
rate %,

aggregate

adjusted
rate %,
paper c
= 0

adjusted
rate %,
paper

lognormal
0.3151 0.2933 1.5755 1.5800 1.4700

The paper’s Appendix F Exhibit 2 puts the insurance charge at 29.33% and the indicated rate at
1.4664%, against 1.47% printed in Table I. In Table 7.6 the exact distribution puts the charge two and
a fifth points higher, which is the whole story of the treaty: the lognormal fitted to amean of 450 and
a coefficient of variation of 0.528 is more skewed than the real aggregate, so it leaves too little mass
in the body and overstates what a deductible at 0.8 times the mean eliminates.

7.3.2. Treaty II: three free reinstatements

Three free reinstatements plus the original limit give total annual capacity of 4×700 = 2800, against
$900 of expected layer loss, an entry ratio of 3.111. Then 20% of layer losses are coinsured without a
share of premium, and the result is loaded 100/60.

This is where the reinstatement clause earns its place. The treaty language is three free reinstate-
ments, and that is what goes in the program. The annual cap follows from it rather than being
computed by hand and entered as an aggregate limit.

The schedule needs a base premium to price reinstatements against, and the deposit of $1,172 is
the paper’s own indicated treaty premium, 19.53% of $6,000. Free reinstatements charge nothing, so
it does not reach the recovery. Table 7.7 is the resulting ledger.

BOOK_2 = ('agg BN.Two [2000 2000 2000] exposure at [0.10 0.14 0.21] rate 700 xs 0 '
'sev 300 * pareto [1.5 1.3 1.1] - 300 '
'occurrence net of 700 xs 0 deposit 1172 reinstatements 3 free '
'as "Layer" {freq} ')

def treaty_2(freq):
x = build('xpnl BN.TreatyII 1172 premium less ' + BOOK_2.format(freq=freq))
recovery = leg(x, 'Layer recovery')
composite = 1 - 0.80 * recovery / x.engine.actual_m
return {'cv': x.engine.actual_cv, 'recovery': recovery,

'charge': 1 - recovery / x.engine.actual_m,
'key': 100 / 60 * 15 * (1 - composite), 'x': x}

two = treaty_2(FREQ['c = 0'])
print(two['x'].engine.reinstatement_terms)

ReinstatementTerms(limit=700, rates=(0.0, 0.0, 0.0), deposit=1172, rol=1.674, m=3, Y=2800)

GT(two['x'].economic_df[['EX', 'SD', 'CV']], float_format=3)
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Table 7.7.: Treaty II, the P&L legs of the layer with three free reinstatements.

Step Side Label EX SD CV
Gross Consideration Premium 1,172.000 0.000 0.000

Obligation Loss -900.000 689.879 -0.767
Margin Gross 272.000 689.879 2.536

Layer Consideration Layer premium -1,172.000 0.000 0.000
Obligation Layer recovery 894.878 672.732 0.752
Margin Total -277.122 672.732 -2.428

Net -5.122 62.576 -12.218
All Consideration Net 0.000 0.000 —

Obligation Net -5.122 62.576 -12.218
Margin Net -5.122 62.576 -12.218

Impact -277.122 672.732 -2.428

The severity is already the loss to the layer, so the occurrence clause 700 xs 0 is the identity on each
claim and the reinstatement schedule supplies the only binding term, the annual cap. The paper’s
own reading of the same provision is an aggregate limit of 2800, and Table 7.8 shows the two agree.

alt = build('agg BN.TwoAlt [2000 2000 2000] exposure at [0.10 0.14 0.21] rate '
'700 xs 0 sev 300 * pareto [1.5 1.3 1.1] - 300 poisson '
'aggregate ceded to 2800 xs 0')

GT(pd.DataFrame([{'reinstatements 3 free': two['recovery'],
'aggregate ceded to 2800 xs 0': alt.est_m,
'relative difference': abs(two['recovery'] / alt.est_m - 1),
'insurance charge, aggregate': two['charge'],
'insurance charge, lognormal': charge(0.770, 2800 / 900),
'adjusted rate %, aggregate': two['key'],
'adjusted rate %, paper c = 0': 19.89}]), float_format=6)

Table 7.8.: Treaty II, the reinstatement schedule against the equivalent aggregate limit, and the ad-
justed rate under both models.

reinstatements
3 free

aggregate
ceded to
2800 xs 0

relative
difference

insurance
charge,
aggregate

insurance
charge,

lognormal

adjusted
rate %,

aggregate

adjusted
rate %,

paper c = 0
894.878258 894.880498 0.000003 0.005691 0.023656 19.886184 19.890000

7.3.3. Treaty III: loss corridor

The reinsurer stops paying once layer losses reach 100% of expected and resumes above 200%. Ex-
pressed as entry ratios the band is one mean wide attaching at one mean, and the cedant takes all of
it. Writing the base ceded premium as the expected layer loss of $350 makes the ceded loss ratio the
entry ratio, so the corridor clause reads exactly as the slip does.

A corridor decorates an aggregate layer, and here thewhole aggregate is ceded, so the layer is $10,000
excess of nothing: a limit far above anything the aggregate reaches, present only to give the corridor
something to sit on. Table 7.9 prices it.
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BOOK_3 = ('agg BN.Three [4500 4500 1000] exposure at [0.032 0.038 0.035] rate '
'400 xs 0 sev 100 * pareto 1.1 - 100 {freq} '
'aggregate net of 10000 xs 0 deposit 350 '
'corridor 100% po 100% xs 100% as "Corridor" ')

def treaty_3(freq):
x = build('xpnl BN.TreatyIII 10000 premium less ' + BOOK_3.format(freq=freq))
recovery = leg(x, 'Corridor recovery')
return {'cv': x.engine.actual_cv, 'recovery': recovery,

'eliminated': 1 - recovery / 350,
'key': 100 / 70 * 100 * recovery / 10000}

three = treaty_3(FREQ['c = 0'])
GT(pd.DataFrame([{

'expected layer loss': 350.0,
'after corridor, aggregate': three['recovery'],
'eliminated, aggregate': three['eliminated'],
'eliminated, lognormal': charge(0.905, 1.0) - charge(0.905, 2.0),
'adjusted rate %, aggregate': three['key'],
'adjusted rate %, paper c = 0': 3.67}]), float_format=4)

Table 7.9.: Treaty III, the loss eliminated by the corridor under both models, and the adjusted rate
against Table I.

expected
layer
loss

after
corridor,
aggregate

eliminated,
aggregate

eliminated,
lognormal

adjusted
rate %,

aggregate

adjusted
rate %,

paper c = 0
350 256.8761 0.2661 0.1950 3.6697 3.6700

The corridor reads a loss ratio, so its parameterization depends on what the ceded premium is called.
Restating the same band against the indicated treaty premium, which is a different number, has to
give the same recovery, and in Table 7.10 it does.

premium = 100 / 70 * three['recovery']
band = 350 / premium
restated = build(

f'xpnl BN.TreatyIIIb 10000 premium less '
+ BOOK_3.format(freq=FREQ['c = 0'])
.replace('deposit 350', f'deposit {premium}')
.replace('po 100% xs 100%', f'po {band} xs {band}'))

GT(pd.DataFrame([{'indicated treaty premium': premium,
'band in loss ratio points': band,
'recovery, expected loss basis': three['recovery'],
'recovery, premium basis': leg(restated, 'Corridor recovery')}]),

float_format=6)

Table 7.10.: Treaty III’s corridor recovery on an expected loss basis and on a premium basis, which
must agree.

indicated
treaty

premium

band in
loss ratio
points

recovery,
expected
loss basis

recovery,
premium
basis

366.965864 0.953767 256.876105 256.876105
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7.3.4. Treaty IV: retrospective rating

The same book as Treaty I, flat rated at 5%, with a one year retro plan: the adjusted premium is
100/75 times incurred layer loss, subject to a maximum of 10% and a minimum of 3% of $12,000
subject premium. There is no basic premium and no flat margin, so the collar is the whole plan.

Retro varies the account premium rather than a cession, so in DecL it replaces the fixed premium at
the head of the program. Table 7.11 is the resulting ledger.

def treaty_4(freq):
p = build('pnl BN.TreatyIV '

'retro basic 0 lcm 1.3333333333 min 360 max 1200 premium '
'less ' + BOOK_1.format(freq=freq).replace('BN.One', 'BN.Four'))

return {'cv': p.engine.actual_cv, 'premium': leg(p, 'Premium'),
'key': 100 * leg(p, 'Premium') / 12000, 'p': p}

four = treaty_4(FREQ['c = 0'])
GT(four['p'].economic_df[['EX', 'SD', 'CV']], float_format=3)

Table 7.11.: Treaty IV, the P&L legs under the retrospective rating plan.

Side Label EX SD CV
Consideration Premium 624.510 253.880 0.407
Obligation Loss -450.000 234.831 -0.522
Margin Total 174.510 62.482 0.358

In Table 7.11 the premium leg is now a distribution with a standard deviation, which is the point of
a retro plan, and its mean divided by subject premium is the expected rate after all retro adjustments,
in Table 7.12.

r_max, r_min = (10 / (100 / 75)) / 3.75, (3 / (100 / 75)) / 3.75
net_charge = charge(0.528, r_max) - (r_min + charge(0.528, r_min) - 1)
GT(pd.DataFrame([{

'entry ratio at maximum': r_max, 'entry ratio at minimum': r_min,
'net insurance charge, lognormal': net_charge,
'expected rate %, lognormal': 100 / 75 * 3.75 * (1 - net_charge),
'expected rate %, aggregate': four['key'],
'expected rate %, paper c = 0': 5.20,
'off balance factor, aggregate': 5.0 / four['key']}]), float_format=4)

Table 7.12.: Treaty IV, the collar as entry ratios, the net insurance charge, and the expected rate after
retro under both models.

entry
ratio at

maximum

entry
ratio at

minimum

net
insurance
charge,

lognormal

expected
rate %,

lognormal

expected
rate %,

aggregate

expected
rate %,
paper c
= 0

off
balance
factor,

aggregate
2 0.6000 -0.0042 5.0208 5.2042 5.2000 0.9608
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7.3.5. Treaty V: three year profit commission

The second book run for three years, $18,000 of subject premium, treaty rate 25%, so $4,500 of treaty
premium against $2,700 of expected layer loss. A 20% coinsurance leaves the reinsurer with $2,160,
an expected ceded loss ratio of 48%. The profit commission returns 25% of the reinsurer’s profit after
a 20% overhead allowance, a put on the ceded loss ratio struck at 80%.

The coinsurance is a share of the loss with no corresponding share of premium. In DecL that is a
placement: premium clauses are quoted at 100% and scaled by the fraction placed, so a slip premium
of $4,500 on an 80% placement is a deposit of $5,625. The layer it is placed on is again nominal,
wide enough to reach everything the three year aggregate does. Table 7.13 is the resulting ledger.

BOOK_5 = ('agg BN.Five [6000 6000 6000] exposure at [0.10 0.14 0.21] rate '
'700 xs 0 sev 300 * pareto [1.5 1.3 1.1] - 300 {freq} '
'aggregate net of 80% po 100000 xs 0 deposit 5625 '
'pc 25% after 20% as "PC layer" ')

def treaty_5(freq):
x = build('xpnl BN.TreatyV 18000 premium less ' + BOOK_5.format(freq=freq))
return {'cv': x.engine.actual_cv, 'pc': leg(x, 'profit commission'),

'key': 100 * leg(x, 'profit commission') / 4500, 'x': x}

five = treaty_5(FREQ['c = 0'])
GT(five['x'].economic_df[['EX', 'SD', 'CV']], float_format=3)

Table 7.13.: Treaty V, the P&L legs of the three year book carrying the profit commission.

Step Side Label EX SD CV
Gross Consideration Premium 18,000.000 0.000 0.000

Obligation Loss -2,700.000 1,194.862 -0.443
Margin Gross 15,300.000 1,194.862 0.078

PC layer Consideration PC layer premium -4,500.000 0.000 0.000
Obligation PC layer recovery 2,160.000 955.889 0.443

profit commission 370.725 215.746 0.582
Total 2,530.725 745.716 0.295

Margin Total -1,969.275 745.716 -0.379
Net 13,330.725 452.437 0.034

All Consideration Net 13,500.000 0.000 0.000
Obligation Net -169.275 452.437 -2.673
Margin Net 13,330.725 452.437 0.034

Impact -1,969.275 745.716 -0.379

elr = 0.15 * 0.80 / 0.25
GT(pd.DataFrame([{

'expected ceded loss ratio': elr,
'entry ratio at breakeven': 0.80 / elr,
'net insurance charge, lognormal': charge(0.444, 0.80 / elr),
'simplistic view %': 100 * 0.25 * (1 - elr - 0.20),
'expected pc %, lognormal': 100 * 0.25 * (1 - elr * (1 - charge(0.444, 0.80 / elr)) - 0.20),
'expected pc %, aggregate': five['key'],
'expected pc %, paper c = 0': 8.24}]), float_format=4)
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Table 7.14.: Treaty V, the expected profit commission under both models and under the simplistic
view, against Table I.

expected
ceded

loss ratio

entry ratio
at

breakeven

net
insurance
charge,

lognormal
simplistic
view %

expected
pc %,

lognormal

expected
pc %,

aggregate

expected
pc %,
paper c
= 0

0.4800 1.6667 0.0309 8 8.3704 8.2383 8.2400

In Table 7.14 the simplistic view plugs the expected loss ratio into the formula and gets 8.00%. Both
models return more, because the profit commission is a positive part and therefore convex, so its
expected value exceeds its value at the mean. The paper calls the difference the actuarial view; it is
Jensen’s inequality, and it is a property of the whole distribution rather than of any moment of it.

7.3.6. Treaty VI: sliding scale commission

$900 excess of $100 on $25,000 of subject premium, layer loss cost 10%, treaty rate 20%, so an expected
treaty loss ratio of 50%. The commission is 20% at a loss ratio of 65% and above, slides up half a point
per point down to 25% at 55%, then three quarters of a point per point up to 40% at 35%, and is flat
at 40% below that. The plan is exactly the anchor form the slide clause takes.

Nothing else about the book is published, only its coefficient of variation of 0.485. The Pareto shape
is therefore a free parameter, fixed here by solving for the value that reproduces the stated coefficient
of variation under Poisson counts. Table 7.15 is the resulting ledger.

BOOK_6 = ('agg BN.Six 25000 exposure at 0.10 rate 900 xs 0 '
'sev 100 * pareto {q} - 100 {freq} '
'aggregate net of 100000 xs 0 deposit 5000 '
'slide 40% at 35% and 25% at 55% and 20% at 65% as "Slide" ')

Q6 = 0.98

def treaty_6(freq, q=Q6):
x = build('xpnl BN.TreatyVI 25000 premium less '

+ BOOK_6.format(freq=freq, q=q))
return {'cv': x.engine.actual_cv, 'slide': leg(x, 'sliding commission'),

'key': 100 * leg(x, 'sliding commission') / 5000, 'x': x}

six = treaty_6(FREQ['c = 0'])
GT(six['x'].economic_df[['EX', 'SD', 'CV']], float_format=3)
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Table 7.15.: Treaty VI, the P&L legs of the book carrying the sliding scale commission.

Step Side Label EX SD CV
Gross Consideration Premium 25,000.000 0.000 0.000

Obligation Loss -2,499.999 1,212.545 -0.485
Margin Gross 22,500.001 1,212.545 0.054

Slide Consideration Slide premium -5,000.000 0.000 0.000
Obligation Slide recovery 2,499.999 1,212.545 0.485

sliding commission 1,515.866 417.931 0.276
Total 4,015.865 856.660 0.213

Margin Total -984.135 856.660 -0.870
Net 21,515.866 417.931 0.019

All Consideration Net 20,000.000 0.000 0.000
Obligation Net 1,515.866 417.931 0.276
Margin Net 21,515.866 417.931 0.019

Impact -984.135 856.660 -0.870

The paper’s own calculationwalks the four loss ratio intervals, weights each by the expected loss ratio
points falling in it, and subtracts the commission given up from the maximum. That is Appendix K
Exhibit 1, Figure 7.5, and Table 7.16 reproduces it line by line.

Figure 7.5.: Bear and Nemlick (1990), Appendix K, Exhibit 1.

SLIDE = [('65% and above', 0.65, 0.00, 0.20), ('55% to 65%', 0.55, 0.50, 0.25),
('35% to 55%', 0.35, 0.75, 0.40), ('0% to 35%', 0.00, 0.00, 0.40)]

elr6 = 0.10 / 0.20
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rows, prev = [], 0.0
for band, lower, slope, commission in SLIDE:

p2 = charge(0.485, lower / elr6)
points = elr6 * (p2 - prev)
rows.append({'loss ratio interval': band, 'commission': commission,

'slide per point': slope, 'entry ratio': lower / elr6,
'insurance charge': p2, 'loss ratio points': points,
'reduction from maximum': slope * points})

prev = p2
k1 = pd.DataFrame(rows).set_index('loss ratio interval')
k1.loc['total'] = k1[['loss ratio points', 'reduction from maximum']].sum()
GT(k1, float_format=4)

Table 7.16.: Appendix K Exhibit 1 rebuilt, the four loss ratio intervals and the commission given up
in each.

loss ratio
interval commission

slide
per
point

entry
ratio

insurance
charge

loss
ratio
points

reduction
from

maximum
65% and above 0.2000 0.0000 1.3000 0.0912 0.0456 0.0000
55% to 65% 0.2500 0.5000 1.1000 0.1447 0.0268 0.0134
35% to 55% 0.4000 0.7500 0.7000 0.3480 0.1016 0.0762
0% to 35% 0.4000 0.0000 0.0000 1.0000 0.3260 0.0000
total — — — — 0.5000 0.0896

GT(pd.DataFrame([{
'aggregate cv': six['cv'], 'paper cv': 0.485,
'simplistic view %': 100 * (0.25 + 0.75 * (0.55 - elr6)),
'expected commission %, lognormal': 100 * (0.40 - k1.loc['total', 'reduction from maximum']),
'expected commission %, aggregate': six['key'],
'expected commission %, paper c = 0': 30.31}]), float_format=4)

Table 7.17.: Treaty VI, the expected sliding scale commission under both models and under the sim-
plistic view, against Table I.

aggregate
cv

paper
cv

simplistic
view %

expected
commission

%,
lognormal

expected
commission
%, aggregate

expected
commission
%, paper c =

0
0.4850 0.4850 28.7500 31.0394 30.3173 30.3100

Table 7.17 prices the feature. The Pareto shape was chosen to hit the published coefficient of varia-
tion, and it is worth checking how much that choice matters. In Table 7.18, over a range of shapes
wide enough to move the coefficient of variation by three points, the expected commission moves
by three basis points.

import warnings

# The q = 1.00 row divides by (i - alpha) in the library's analytic Pareto
# moment formula, which is 0/0 at an integer shape, so numpy warns. The sum
# converges anyway and the row lands smoothly between its neighbours; the
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# warning is about the route, not the answer.
with warnings.catch_warnings():

warnings.simplefilter('ignore', RuntimeWarning)
sens = pd.DataFrame([{'pareto q': q, 'aggregate cv': r['cv'],

'expected commission %': r['key']}
for q in (0.95, Q6, 1.00, 1.05, 1.10, 1.20)
for r in [treaty_6(FREQ['c = 0'], q)]]

).set_index('pareto q')
GT(sens, float_format=4)

Table 7.18.: Treaty VI’s expected commission against the Pareto shape, which the paper never pub-
lished.

pareto
q

aggregate
cv

expected
commission %

0.9500 0.4890 30.3206
0.9800 0.4850 30.3173
1.0000 0.4824 30.3150
1.0500 0.4758 30.3089
1.1000 0.4691 30.3023
1.2000 0.4558 30.2875

7.3.7. Table I

Figure 7.6.: Bear and Nemlick (1990), Table I.
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TREATIES = {'I': treaty_1, 'II': treaty_2, 'III': treaty_3,
'IV': treaty_4, 'V': treaty_5, 'VI': treaty_6}

computed = pd.DataFrame({col: {k: f(freq)['key'] for k, f in TREATIES.items()}
for col, freq in FREQ.items()})

cvs = pd.DataFrame({col: {k: f(freq)['cv'] for k, f in TREATIES.items()}
for col, freq in FREQ.items()})

lognormal = {
'I': 100 / 75 * 3.75 * charge(0.528, 360 / 450),
'II': 100 / 60 * 15 * 0.80 * (1 - charge(0.770, 2800 / 900)),
'III': 100 / 70 * 3.5 * (1 - (charge(0.905, 1.0) - charge(0.905, 2.0))),
'IV': 100 / 75 * 3.75 * (1 - net_charge),
'V': 100 * 0.25 * (1 - elr * (1 - charge(0.444, 0.80 / elr)) - 0.20),
'VI': 100 * (0.40 - k1.loc['total', 'reduction from maximum']),

}

table_1 = pd.DataFrame({
'paper lognormal': [1.47, 19.53, 4.02, 5.02, 8.37, 31.04],
'aggregate lognormal': pd.Series(lognormal),
'paper c = 0': [1.58, 19.89, 3.67, 5.20, 8.24, 30.31],
'aggregate c = 0': computed['c = 0'],
'paper c = .05, b = .05': [1.68, 19.72, 3.71, 5.18, 8.50, 30.90],
'aggregate c = .05': computed['c = .05'],
'paper c = .10, b = .10': [1.77, 19.52, 3.73, 5.14, 8.75, 31.33],
'aggregate c = .10': computed['c = .10'],

}, index=['I', 'II', 'III', 'IV', 'V', 'VI'])
table_1.index.name = 'Treaty'
GT(table_1, float_format=4)

Table 7.19.: Table I rebuilt, all six treaties under the lognormal model and at three contagion levels,
beside the printed figures.

Treaty
paper

lognormal
aggregate
lognormal

paper
c = 0

aggregate
c = 0

paper
c = .05,
b = .05

aggregate
c = .05

paper
c = .10,
b = .10

aggregate
c = .10

I 1.4700 1.4664 1.5800 1.5755 1.6800 1.6490 1.7700 1.7167
II 19.5300 19.5269 19.8900 19.8862 19.7200 19.8373 19.5200 19.7809
III 4.0200 4.0248 3.6700 3.6697 3.7100 3.6662 3.7300 3.6639
IV 5.0200 5.0208 5.2000 5.2042 5.1800 5.2202 5.1400 5.2296
V 8.3700 8.3704 8.2400 8.2383 8.5000 8.3771 8.7500 8.5215
VI 31.0400 31.0394 30.3100 30.3173 30.9000 30.4943 31.3300 30.6569

In Table 7.19 both reproducible columns come back.

The lognormal column is exact at every printed digit: 1.4664, 19.5269, 4.0248, 5.0208, 8.3704 and
31.0394 against 1.47, 19.53, 4.02, 5.02, 8.37 and 31.04. That is a reproduction of the paper’s arithmetic
rather than of aggregate, and it matters because it fixes every convention in the six exhibits. Had
any entry ratio, coinsurance order or loading been read wrongly, one of the six would havemissed.

The collective risk column at 𝑐 = 0, 𝑏 = 0 comes back to the printed two decimals in five of six
treaties and within one basis point in the sixth: 1.5755, 19.8862, 3.6697, 5.2042, 8.2383 and 30.3173
against 1.58, 19.89, 3.67, 5.20, 8.24 and 30.31. The sixth is Treaty VI, the one whose subject book the
paper never published.

The remaining two columns are not comparable, since they carry a severity parameter uncertainty
loading aggregate has no analog for. The contagion only figures beside them show what the fre-
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quency half of the loading does on its own. Table 7.20 sets the two frequency assumptions side by
side.

all_cvs = pd.concat([cvs, pd.Series([0.528, 0.770, 0.905, 0.528, 0.444, 0.485],
index=cvs.index, name='paper lognormal model')],

axis=1)
all_cvs.index.name = 'Treaty'
GT(all_cvs, float_format=4)

Table 7.20.: Aggregate coefficient of variation by treaty at three contagion levels, against the figure
the paper’s lognormal model uses.

Treaty c = 0
c =
.05

c =
.10

paper lognormal
model

I 0.5218 0.5677 0.6102 0.5280
II 0.7665 0.7985 0.8292 0.7700
III 0.9053 0.9325 0.9589 0.9050
IV 0.5218 0.5677 0.6102 0.5280
V 0.4425 0.4958 0.5439 0.4440
VI 0.4850 0.5341 0.5790 0.4850

The coefficients of variation in Table 7.20 say where the two frequency assumptions sit relative to
each other. The paper’s lognormal model loads the excess claim count with the variance to mean
ratios of Appendix D rather than with a contagion parameter, and the result lands at or a little above
the Poisson figure and well short of 𝑐 = 0.05. Treaty III’s loading is negligible and Treaty VI’s shape
was chosen to match, so those two agree by construction.

Twomodeling differences sit underneath the 𝑐 > 0 columns and not the 𝑐 = 0 one. aggregate draws
a single gammamixing variable for a whole program, so the classes of a multi class book share their
parameter error, and Treaty V’s three years share it too. The paper adds class variances and year
variances as though they were independent. Under Poisson counts there is no draw to share and the
two constructions coincide, which is the column that carries the reproduction. Arguably the shared
draw is the better model of the thing being described, since parameter error in an account’s expected
claim count does not resample itself between that account’s classes or from one year of the same
account to the next.

7.4. Comments

7.4.1. Which model is wrong, and about what

The paper set out to ask how much accuracy the lognormal shortcut costs, and answered that for
these six treaties it costs little. The reproduction agrees with the answer and sharpens the reason.

The error is not where the rate column makes it look. On rate the lognormal is within 4% of the
exact answer on four of the six treaties, and out by 7% on Treaty I and by 9.5% on Treaty III. On
the insurance charge, which is the quantity the method actually produces, it is worst by a long way
on Treaty II: 2.37% of layer losses eliminated by the annual limit against a true 0.57%, a factor of
four. The difference between the two readings is dilution. Treaty II’s charge is multiplied by an 80%
coinsurance and shifts the rate by a third of a point, while Treaty I’s charge is the answer and carries
straight through.
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The direction of the error is consistent, and it follows from one number. A lognormal matched to a
mean and a coefficient of variation of 𝜈 = 0.528 has skewness 3𝜈 + 𝜈3 = 1.73, where the aggregate
it is standing in for has 0.62. It is far too skewed for a compound Poisson with six and a half claims,
so it holds too little mass in the body and too much in the tail. Every charge read below the mean
therefore comes out low and every charge read far above it comes out high, which is exactly the
pattern: 29.33% against 31.51% at an entry ratio of 0.8, and 2.37% against 0.57% at an entry ratio of
3.1.

The two treaties the lognormalmisses on rate are the two that read the body. An aggregate deductible
at 0.8 times themean eliminates about 70% of expected losses, and a corridor spanning entry ratios 1
to 2 sits astride themode. Neither is a tail calculation, and neither is the kind of thing a twomoment
fit is good at.

7.4.2. What the reinstatement clause changes

The paper prices three free reinstatements by converting them to an aggregate limit of $2,800 and
reading an entry ratio, which is correct here and agrees to six figures in Table 7.8. It is correct because
the reinstatements are free. Once they are paid the conversion stops working, because the treaty no
longer has a single loss transform: it has a recovery 𝐴(𝑅) = 𝑅 ∧ (𝑚+ 1)𝑦 and a premium ℎ(𝑅), both
driven by the same 𝑅, and the two are comonotone.
The clause carries both. Repricing Treaty II with three reinstatements at 100% rather than free
changes nothing about the recovery and turns the ceded premium into a distribution, as Table 7.21
shows.

paid = build('xpnl BN.TreatyIIp 1172 premium less '
+ BOOK_2.format(freq=FREQ['c = 0'])
.replace('reinstatements 3 free', 'reinstatements 3 at 100%'))

GT(pd.concat({'3 free': two['x'].economic_df[['EX', 'SD']],
'3 at 100%': paid.economic_df[['EX', 'SD']]},
axis=1), float_format=3)

Table 7.21.: Treaty II with three free reinstatements against three at 100%, leg by leg.

3 free 3 at 100%

Step Side Label EX SD EX SD
Gross Consideration Premium 1,172.000 0.000 1,172.000 0.000

Obligation Loss -900.000 689.879 -900.000 689.879
Margin Gross 272.000 689.879 272.000 689.879

Layer Consideration Layer premium -1,172.000 0.000 -2,633.611 1,042.487
Obligation Layer recovery 894.878 672.732 894.878 672.732
Margin Total -277.122 672.732 -1,738.732 388.784

Net -5.122 62.576 -1,466.732 1,054.343
All Consideration Net 0.000 0.000 -1,461.611 1,042.487

Obligation Net -5.122 62.576 -5.122 62.576
Margin Net -5.122 62.576 -1,466.732 1,054.343

Impact -277.122 672.732 -1,738.732 388.784

In Table 7.21 the recovery leg is identical in both, at 894.878. The premium leg goes from a fixed
1,172 to a mean of 2,634 with a standard deviation of 1,042. That second number is not available
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from any one dimensional calculation on the aggregate, and it is the number a reinsurer needs in
order to know what it is actually being paid.

7.4.3. One feature per program, and why

Each of the six treaties carries exactly one adjustable feature, which is also the constraint the imple-
mentation imposes. It is not arbitrary. Three of the features read a ceded loss ratio, and the ratio is
only a deterministic rescaling of the ceded loss while the denominator is a fixed number. Put two
features on one program and the second one reads a random denominator, and every map stops
being a function of one argument.

The paper’s own section 5, under treaties carrying both coinsurance provisions and adjustable fea-
tures, reaches the same conclusion from the other side. It observes that a treaty carrying both a
nonproportional coinsurance clause and an adjustable feature needs the distribution of aggregate
losses after the coinsurance in order to price the feature, and proposes running the collective risk
model a second time on that distribution. That is a two stage construction, not a single decorated
layer, and it is the honest way to stack.

7.4.4. What the paper still gets to teach

Two of the appendices carry results that survive the change of method.

Appendix D derives the excess claim count variance to mean ratio, 𝑉𝑀𝑅𝐸 = (1 − 𝑝) + 𝑝𝑉𝑀𝑅𝐺,
where 𝑝 is the probability a claim exceeds the retention. Since 𝑝 is small in an excess layer, 𝑉𝑀𝑅𝐸 is
close to onewhatever the ground up count does, so the excess count is close to Poisson evenwhen the
ground up count is not. That is the paper’s own justification for treating an excess count as Poisson,
and it is what makes the 𝑐 = 0 column the natural base case rather than an idealization. It is a fact
about excess layers, not about any particular software.

Appendix E’s change in layer factor, (𝑐1−𝑞 − 𝑑1−𝑞)/(𝑎1−𝑞 − 𝑏1−𝑞), moves an expected loss from one
layer to another under a single parameter Pareto, and its leveraged inflation factor (1 + 𝑖)𝑡𝑞 scales
excess frequency after 𝑡 years of inflation at rate 𝑖. Both are still the right way to move a burning cost
across a tower, and neither is superseded by having the aggregate distribution.

7.4.5. Where this sits for aggregate

Six treaties, six clauses, and no arithmetic outside the loading factors the slips specify. That is the
difference between this page and an earlier treatment of the same examples, which built each feature
by hand from density_df: a column of losses, a column of probabilities, a numpy expression for the
payoff and a sum product. The hand built version gets the same means. What it does not get is the
rest of the ledger, because a mean computed by sum product is not attached to anything. Here the
profit commission, the sliding commission, the retro premium and the reinstatement premium are
legs of a P&L with their own standard deviations and their own percentiles, and they foot.

The theory behind the five decorators, the maps they write and the reason at most one may decorate
a program, is in the variable rating technical guide; the reinstatement schedule and its twomaps are
in the reinstatements guide beside it.
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Part III.

Distortion pricing
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8. Wang and risk loads by layer

Reproducing Wang (2000), Table 1

8.1. Context and problem

Wang (2000) introduces the distortion operator now known as the Wang transform,

𝑔𝛼(𝑢) = Φ(Φ−1(𝑢) + 𝛼) ,

and argues for it against the proportional hazard transform of Wang (1995), 𝑔𝑟(𝑢) = 𝑢𝑟, which had
been the actuarial default for pricing by layer. Both are distortions, so both price a layer by integrating
the distorted survival function over it, and both give a risk load that growswith the layer. The paper’s
case is about how fast.

The criterion comes fromVenter (1991): market prices by layer imply a distortion, and the distortion
has to produce a relative loading that increaseswith the layer, since that iswhat observed reinsurance
prices do. The PH transform does that. The paper’s complaint is that it does it too fast at high layers,
and Table 1 is the demonstration.

This is a reproduction of a pricing exhibit rather than a numerical method, so what is being tested is
aggregate’s distortion machinery and its layer decomposition: lev for the expected loss and exag
for the distorted equivalent, differenced across a tower.

8.2. Paper solution and gold standard

Example 1 takes a ground-up liability risk with a Pareto survival function

𝑆𝑋(𝑥) = ( 2000
2000 + 𝑥)

1.2
, 𝑥 > 0,

which is a Lomax with shape 1.2 and scale 2000, and assumes exactly one claim. The Wang loading
is 𝛼 = 0.1. The PH index is then chosen as 𝑟 = 0.9245 “to yield the same relative loading (14.5
percent) for the basic limit layer ($0, $50,000]”, which makes the first row a calibration rather than
a result.

Table 1, Figure 8.1, gives, for ten layers, the expected loss, the PH premium and loading, and the
Wang premium and loading. Table 8.1 transcribes it.
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Figure 8.1.: Wang (2000), Table 1.

%xmode minimal
import numpy as np
import pandas as pd
from bookstyle import GT, build, show

ALPHA, THETA = 1.2, 2000.0
LAYERS = [0, 50e3, 100e3, 200e3, 300e3, 400e3, 500e3, 1000e3, 2000e3, 5000e3, 10000e3]
NAMES = [f'({int(a/1000)}, {int(b/1000)}]' for a, b in zip(LAYERS[:-1], LAYERS[1:])]
PAPER = pd.DataFrame(

{'expected loss': [4793, 657, 582, 307, 204, 150, 428, 373, 420, 271],
'PH premium': [5487, 910, 857, 475, 325, 246, 728, 675, 819, 567],
'PH loading %': [14.5, 38.4, 47.2, 54.7, 59.6, 63.3, 70.1, 81.1, 94.7, 109.5],
'Wang premium': [5487, 845, 769, 414, 278, 207, 598, 533, 616, 406],
'Wang loading %': [14.5, 28.6, 32.2, 34.9, 36.6, 37.8, 39.9, 43.0, 46.5, 49.9]},
index=NAMES)

GT(PAPER, float_format=1)

Exception reporting mode: Minimal

Table 8.1.: Wang (2000), Table 1 as printed.

level_0
expected
loss

PH
premium

PH
loading

%
Wang

premium

Wang
loading

%
(0, 50] 4,793 5,487 14.5 5,487 14.5
(50, 100] 657 910 38.4 845 28.6
(100, 200] 582 857 47.2 769 32.2
(200, 300] 307 475 54.7 414 34.9
(300, 400] 204 325 59.6 278 36.6
(400, 500] 150 246 63.3 207 37.8
(500, 1000] 428 728 70.1 598 39.9
(1000, 2000] 373 675 81.1 533 43.0
(2000, 5000] 420 819 94.7 616 46.5
(5000, 10000] 271 567 109.5 406 49.9
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The expected loss column has a closed form, which is what makes Table 8.1 worth checking rather
than merely reproducing. A Lomax has

𝖤[𝑋 ∧ 𝑎] = 𝜃
𝛼 − 1 (1 − ( 𝜃

𝜃 + 𝑎)
𝛼−1

) ,

so every layer expected loss is a difference of two elementary expressions, checked in Table 8.2.

def lev(a):
return THETA / (ALPHA - 1) * (1 - (THETA / (THETA + a)) ** (ALPHA - 1))

cl = np.diff([lev(a) for a in LAYERS])
chk = pd.DataFrame({'closed form': cl, 'Table 1': PAPER['expected loss'].to_numpy()},

index=NAMES)
chk['difference'] = chk['closed form'] - chk['Table 1']
chk['rounding explains it'] = chk['difference'].abs() < 0.5
GT(chk, formatters={'closed form': 2, 'Table 1': 0,

# GT format sugar has no sign flag, so the signed column
# goes through a callable; `formatters` takes one, and
# `float_format` deliberately does not.
'difference': lambda x: f'{x:+.2f}'})

Table 8.2.: The ten layer expected losses in closed form, against the column Table 1 prints.

level_0
closed
form

Table
1 difference

rounding
explains it

(0, 50] 4,787.99 4,793 -5.01 False
(50, 100] 657.04 657 +0.04 True
(100, 200] 581.82 582 -0.18 True
(200, 300] 307.05 307 +0.05 True
(300, 400] 203.83 204 -0.17 True
(400, 500] 150.46 150 +0.46 True
(500, 1000] 427.56 428 -0.44 True
(1000, 2000] 372.86 373 -0.14 True
(2000, 5000] 420.27 420 +0.27 True
(5000, 10000] 270.62 271 -0.38 True

In Table 8.2, nine of the ten layers agree with the closed form to within half a dollar, which
is exactly what rounding to the nearest dollar allows. The basic limit layer does not: the closed form
gives 4,787.99 and the paper prints 4,793, a difference of 5.01. That cannot be rounding, and it is the
same row the technical guides flagged as looking wrong without pinning it down.

8.3. The aggregate reproduction

The tower goes in as an occurrence cession, and the distortions as their own objects. Table 8.3 con-
firms the grid before any pricing is read off it.

108



a1 = build('agg Wang.Layers 1 claim 10000e3 xs 0 sev 2000 * lomax 1.2 '
f'occurrence ceded to tower {LAYERS} fixed', bs=20, log2=20)

show(a1)
d_wang = build(f'distortion wang_a wang 0.1')
d_ph = build(f'distortion ph_r ph 0.9245')
show(d_wang)
show(d_ph)

agg Wang.Layers
1 claim
10000000 xs 0
sev 2000 * lomax 1.2
occurrence ceded to
50000 xs 0 and
50000 xs 50000 and
100000 xs 100000 and
100000 xs 200000 and
100000 xs 300000 and
100000 xs 400000 and
500000 xs 500000 and
1000000 xs 1000000 and
3000000 xs 2000000 and
5000000 xs 5000000

fixed

distortion wang_a wang 0.1

distortion ph_r ph 0.9245

GT(pd.DataFrame([
{'quantity': 'E[X and 10M], aggregate', 'value': a1.est_m},
{'quantity': 'E[X and 10M], closed form', 'value': lev(10e6)},
{'quantity': 'relative difference',
'value': abs(a1.est_m / lev(10e6) - 1)},

]).set_index('quantity'), formatters={'value': '{x:.6g}'})

Table 8.3.: The limited expected value at the top of the tower, against the closed form.

quantity value
E[X and 10M], aggregate 8179.5
E[X and 10M], closed form 8179.51
relative difference 1.22254e-06

def by_layer(dist):
a1.apply_distortion(dist)
d = a1.density_df.loc[LAYERS, ['lev', 'exag']]
return np.diff(d.lev.to_numpy()), np.diff(d.exag.to_numpy())

el_w, pr_w = by_layer(d_wang)
el_p, pr_p = by_layer(d_ph)
got = pd.DataFrame({'expected loss': el_w, 'PH premium': pr_p,

'PH loading %': 100 * (pr_p / el_p - 1),
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'Wang premium': pr_w,
'Wang loading %': 100 * (pr_w / el_w - 1)}, index=NAMES)

GT(pd.concat({'paper': PAPER, 'aggregate': got}, axis=1), float_format=1)

Table 8.4.: Table 1 rebuilt, all five columns over the ten layer tower, beside the printed figures.
paper aggregate

level_0
expected
loss

PH
premium

PH
loading

%
Wang

premium

Wang
loading

%
expected
loss

PH
premium

PH
loading

%
Wang

premium

Wang
loading

%
(0, 50] 4,793 5,487 14.5 5,487 14.5 4,788.0 5,481.4 14.5 5,481.8 14.5
(50, 100] 657 910 38.4 845 28.6 657.0 909.5 38.4 845.0 28.6
(100, 200] 582 857 47.2 769 32.2 581.8 856.4 47.2 768.9 32.2
(200, 300] 307 475 54.7 414 34.9 307.1 474.9 54.7 414.2 34.9
(300, 400] 204 325 59.6 278 36.6 203.8 325.3 59.6 278.4 36.6
(400, 500] 150 246 63.3 207 37.8 150.5 245.7 63.3 207.3 37.8
(500, 1000] 428 728 70.1 598 39.9 427.6 727.4 70.1 598.0 39.9
(1000, 2000] 373 675 81.1 533 43.0 372.9 675.3 81.1 533.2 43.0
(2000, 5000] 420 819 94.7 616 46.5 420.3 818.4 94.7 615.6 46.5
(5000, 10000] 271 567 109.5 406 49.9 270.6 567.0 109.5 405.7 49.9

rel = (got / PAPER - 1).abs()
GT(pd.DataFrame([

{'column': c, 'worst relative difference': float(rel[c].max()),
'worst layer': rel[c].idxmax()} for c in PAPER.columns]
+ [{'column': 'all fifty', 'worst relative difference': float(rel.max().max()),

'worst layer': ''}]).set_index('column'),
formatters={'worst relative difference': '{x:.2e}'})

Table 8.5.: Worst relative difference from the printed table, column by column and over all fifty en-
tries.

column
worst relative
difference

worst
layer

expected loss 3.07e-03 (400, 500]
PH premium 1.15e-03 (400, 500]
PH loading % 1.22e-03 (0, 50]
Wang premium 1.48e-03 (400, 500]
Wang loading % 1.16e-03 (100, 200]
all fifty 3.07e-03

Table 8.4 and Table 8.5 have all fifty published entries reproducing towithin 0.31% relative, and every
loading percentage matching to the tenth of a point printed. The paper’s qualitative claim is the one
it cares about and it comes back clearly: the PH loading runs from 14.5% to 109.5% across the tower
while the Wang loading runs from 14.5% to 49.9%, so at the top layer the PH transform is charging
more than twice the relative load for the same risk.

8.4. Comments

8.4.1. The basic limit entry is misprinted, and the loading column proves it

Two independent arguments say the 4,793 is wrong and 4,788 is right.
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The closed form gives 4,787.99, and the other nine layers all agree with the closed form to within
rounding, so the method of computing the column was sound everywhere else.

And the paper’s own construction pins the row. The PH index 𝑟 = 0.9245was chosen to give the same
14.5% loading on this layer as the Wang transform does, and both premium columns print 5,487 for
it. Table 8.6 checks what loading 5,487 implies against each candidate expected loss.

for_el = [4787.99, 4793]
GT(pd.DataFrame([

{'expected loss used': e,
'implied loading from a premium of 5487 %': 100 * (5487 / e - 1),
'paper prints': 14.5} for e in for_el]).set_index('expected loss used'),

float_format=3)

Table 8.6.: The loading a premium of 5,487 implies against each candidate basic limit expected loss.

expected
loss used

implied loading
from a premium

of 5487 %
paper
prints

4,787.990 14.599 14.500
4,793.000 14.479 14.500

In Table 8.6, against 4,788 a premium of 5,487 is a 14.6% loading; against 4,793 it is 14.5%. So the
printed premium and the printed loading are consistent with each other and with 4,793, which says
the error is upstream of the table: the expected loss was computed as 4,793 and then everything in
the row was derived from it. It is a single wrong input, not a typo in one cell.

Nothing downstreamdepends on it. The row is a calibration, so its only job is to fix 𝑟, and by Table 8.7
𝑟 would move in the fourth decimal.

from scipy.optimize import brentq

def ph_loading(r):
d = build(f'distortion tmp ph {r}')
a1.apply_distortion(d)
dd = a1.density_df.loc[[0, 50e3], ['lev', 'exag']]
el = dd.lev.iloc[1] - dd.lev.iloc[0]
pr = dd.exag.iloc[1] - dd.exag.iloc[0]
return pr / el - 1

r_star = brentq(lambda r: ph_loading(r) - (5487 / 4787.99 - 1), 0.90, 0.95,
xtol=1e-7)

GT(pd.DataFrame([
{'quantity': "paper's PH index", 'value': 0.9245},
{'quantity': 'index matching the closed-form loading', 'value': r_star},
{'quantity': 'difference', 'value': r_star - 0.9245},

]).set_index('quantity'), float_format=7)

Table 8.7.: The PH index recalibrated against the closed form basic limit loss, beside the paper’s.

quantity value
paper’s PH index 0.9245000
index matching the closed-form loading 0.9239451
difference -0.0005549
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8.4.2. The tower is a cession, not ten builds

Worth noting how little code Table 8.4 needs. occurrence ceded to tower [...] declares all ten
layers in one clause, and the layer expected losses and distorted premiums are then differences of
two density_df columns, lev and exag, read at the layer boundaries. There is no loop over layers
and no per-layer object.

That works because a distortion price is an integral of the distorted survival function, so it is additive
across layers in exactly the way the expected loss is. That additivity is the mathematical content of
Venter (1991)’s observation and the reason a distortion is the right object for layer pricing in the first
place: a risk measure without it would not let a tower be priced consistently layer by layer.

8.4.3. Where the two transforms actually differ

Table 8.8 puts the two loading columns side by side with their ratio.

GT(pd.DataFrame([
{'layer': n, 'PH loading %': got.loc[n, 'PH loading %'],
'Wang loading %': got.loc[n, 'Wang loading %'],
'ratio': got.loc[n, 'PH loading %'] / got.loc[n, 'Wang loading %']}
for n in NAMES]).set_index('layer'), float_format=3)

Table 8.8.: The PH and Wang relative loadings layer by layer, and the ratio between them.

layer

PH
loading

%

Wang
loading

% ratio
(0, 50] 14.482 14.491 0.999
(50, 100] 38.427 28.611 1.343
(100, 200] 47.201 32.163 1.468
(200, 300] 54.675 34.900 1.567
(300, 400] 59.588 36.572 1.629
(400, 500] 63.311 37.782 1.676
(500, 1000] 70.124 39.869 1.759
(1000, 2000] 81.125 42.995 1.887
(2000, 5000] 94.728 46.479 2.038
(5000, 10000] 109.536 49.911 2.195

In Table 8.8 the ratio starts at 1 by construction and reaches 2.2 at the top layer. The paper’s objection
is that the PH transform’s unbounded relative loading grows too quickly to match observed prices,
while the Wang transform’s also grows without bound but far more slowly.

That is a claim about the market rather than about mathematics, and the reproduction cannot settle
it. What the reproduction does establish is that both operators are implemented here in a way that
recovers the paper’s numbers to a tenth of a point, so the comparison can be run on any other severity
and tower without re-deriving anything.
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9. Wang and the pricing of weather options

Reproducing Wang (2002), Table 2

9.1. Context and problem

Wang (2002) proposes the Wang transform as a single pricing framework covering financial and
insurance risks. The transform distorts the survival function by

𝑆∗(𝑥) = Φ(Φ−1(𝑆(𝑥)) + 𝜆) ,

with 𝜆 a market price of risk. On a lognormal it reproduces Black-Scholes; on an insurance loss
it produces the kind of loading actuaries recognize; and the paper’s argument is that this is not a
coincidence but the point.

Theweather derivative example is the interesting one for a reproduction, because it is the case where
no parametricmodel is used at all. The underlying isHeatingDegreeDays forDecember at aweather
station, and the only thing available is 22 years of history. There is no lognormal to transform, no
fitted severity, and nothing to estimate beyond the empirical distribution itself. The transform is
applied directly to 22 equally weighted observations.

That makes it a good test of a specific thing: whether aggregate can carry a purely empirical distri-
bution through a distortion and price a derivative on it, with no parametric step anywhere.

9.2. Paper solution and gold standard

Table 1, Figure 9.1, lists the December HDD totals for 1979 to 2000, 22 observations. Table 2, Fig-
ure 9.2, prices call options on Dec-2001 HDDs at six strikes with 𝜆 = 0.25, reporting the objective
expected payoff, the transformed price, and the implied loading; Table 9.1 transcribes it.
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Figure 9.1.: Wang (2002), Table 1.

%xmode minimal
import numpy as np
import pandas as pd
from bookstyle import GT, build, show

HDD = [972.5, 1147.0, 1244.0, 901.0, 1573.0, 1055.0, 1488.0, 1065.5,
1018.5, 1155.0, 1474.5, 1129.5, 1077.5, 1129.5, 1090.5, 938.5,
1199.5, 1156.0, 1040.0, 940.5, 1090.5, 1517.5]

LAMBDA = 0.25
PAPER = pd.DataFrame(

{'expected payoff': [47.86, 38.77, 29.68, 20.59, 11.50, 4.11],
'price': [68.21, 55.45, 42.70, 29.94, 17.18, 6.59],
'loading %': [43, 43, 44, 45, 49, 60]},
index=[1250, 1300, 1350, 1400, 1450, 1500])

PAPER.index.name = 'strike'
GT(PAPER, float_format=2)

Exception reporting mode: Minimal

Table 9.1.: Wang (2002), Table 2 as printed.

strike
expected
payoff price

loading
%

1,250 47.86 68.21 43
1,300 38.77 55.45 43
1,350 29.68 42.70 44
1,400 20.59 29.94 45
1,450 11.50 17.18 49
1,500 4.11 6.59 60

The data transcription has an acceptance test that does not involve the transform at all. The objective
expected payoff of a call struck at 𝐾 is just 1

22
∑𝑖(𝑥𝑖−𝐾)+, so if the 22 numbers are right, six of Table

2’s eighteen entries follow by arithmetic, as Table 9.2 confirms.

h = np.array(HDD)
emp = pd.DataFrame({'strike': PAPER.index,

'empirical (x - K)+ mean': [np.maximum(h - k, 0).mean()
for k in PAPER.index],

'Table 2': PAPER['expected payoff'].to_numpy()})
emp['difference'] = emp['empirical (x - K)+ mean'] - emp['Table 2']
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GT(emp.set_index('strike'),
formatters={'empirical (x - K)+ mean': 4, 'Table 2': 2, 'difference': '{x:.4f}'})

Table 9.2.: The objective expected payoff at each strike straight from the 22 observations, against
Table 2.

strike
empirical (x
- K)+mean

Table
2 difference

1,250 47.8636 47.86 0.0036
1,300 38.7727 38.77 0.0027
1,350 29.6818 29.68 0.0018
1,400 20.5909 20.59 0.0009
1,450 11.5000 11.50 0.0000
1,500 4.1136 4.11 0.0036

All six agree to within 0.004, which is the paper’s rounding to two decimals. The 22 observations
are transcribed correctly, and the paper’s mean of 1,154.70 and standard deviation of 193.37 follow
in Table 9.3.

GT(pd.DataFrame([
{'quantity': 'observations', 'value': len(HDD)},
{'quantity': 'mean HDD', 'value': float(np.mean(h))},
{'quantity': 'standard deviation', 'value': float(np.std(h, ddof=1))},

]).set_index('quantity'), float_format=4)

Table 9.3.: The two summary statistics the paper quotes for the December HDD record.

quantity value
observations 22.0000
mean HDD 1,154.7045
standard deviation 193.3740

9.3. The aggregate reproduction

The empirical distribution goes in as a dsev, a discrete severity with one atom per observation, car-
ried by a single certain claim so the aggregate is the empirical law.

hdd = build(f'agg HDD 1 claim dsev {HDD} fixed', bs=1 / 32, log2=16)
show(hdd)
d = build(f'distortion wang{int(LAMBDA*100)} wang {LAMBDA}')
show(d)

agg HDD
1 claim
dsev [972.5 1147 1244 901 1573 1055 1488 1065.5 1018.5 1155 1474.5 1129.5 1077.5 1129.5 1090.5
938.5 1199.5 1156 1040 940.5 1090.5 1517.5]
fixed
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distortion wang25 wang 0.25

Figure 9.2.: Wang (2002), Table 2.

bit = hdd.density_df.query('p_total > 0')[['p_total']]
rows = []
for k in PAPER.index:

# push the atoms forward through the payoff map, then price the result
payoff = bit.groupby(by=lambda x: np.maximum(0.0, x - k)).p_total.sum()
p = d.price(payoff, kind='both')
rows.append({'strike': k, 'expected payoff': p.el, 'price': p.ask,

'loading %': 100 * (p.ask / p.el - 1), 'bid': p.bid})
got = pd.DataFrame(rows).set_index('strike')
GT(pd.concat({'paper': PAPER, 'aggregate': got[PAPER.columns]}, axis=1),

float_format=2)

Table 9.4.: Table 2 rebuilt, the expected payoff, transformed price and loading at all six strikes, beside
the printed figures.

paper aggregate

strike
expected
payoff price

loading
%

expected
payoff price

loading
%

1,250 47.86 68.21 43 47.86 68.21 42.50
1,300 38.77 55.45 43 38.77 55.45 43.02
1,350 29.68 42.70 44 29.68 42.70 43.84
1,400 20.59 29.94 45 20.59 29.94 45.40
1,450 11.50 17.18 49 11.50 17.18 49.42
1,500 4.11 6.59 60 4.11 6.59 60.08

rel = (got[PAPER.columns] / PAPER - 1).abs()
GT(pd.DataFrame([

{'column': c, 'worst absolute difference':
float((got[c] - PAPER[c]).abs().max()),

'worst relative difference': float(rel[c].max())}
for c in PAPER.columns]).set_index('column'),
formatters={'worst absolute difference': '{x:.4f}',

'worst relative difference': '{x:.2e}'})
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Table 9.5.: Worst absolute and relative difference from Table 2, column by column.

column

worst
absolute
difference

worst
relative
difference

expected payoff 0.0036 8.85e-04
price 0.0049 7.48e-04
loading % 0.4963 1.15e-02

In Table 9.4 and Table 9.5 all eighteen published entries reproduce to the precision printed. The
expected payoffs agree to 0.004, within the paper’s two decimals. The six transformed prices, which
depend on the whole machinery rather than on the data alone, agree to under half a cent: 68.21,
55.45, 42.70, 29.94, 17.18 and 6.59.

The loading row is printed as whole percentages and is the loosest of the three, since 42.50% at a
strike of 1250 rounds to the paper’s 43% only just. That is a consequence of rounding a ratio of two
rounded quantities rather than a disagreement: the price and the payoff it is formed frombothmatch
to four decimals.

9.4. Comments

9.4.1. The loading rises with the strike, and that is the interesting part

Table 9.6 puts the payoff probability beside the loading it earns.

GT(pd.DataFrame([
{'strike': k,
'probability of payoff': float((h > k).mean()),
'expected payoff': got.loc[k, 'expected payoff'],
'price': got.loc[k, 'price'],
'loading %': got.loc[k, 'loading %']}
for k in PAPER.index]).set_index('strike'),
formatters={'probability of payoff': 4, 'expected payoff': 3, 'price': 3,

'loading %': 1})

Table 9.6.: How often each strike pays, and the relative loading the transform puts on it.

strike
probability
of payoff

expected
payoff price

loading
%

1,250 0.1818 47.864 68.207 42.5
1,300 0.1818 38.773 55.451 43.0
1,350 0.1818 29.682 42.695 43.8
1,400 0.1818 20.591 29.939 45.4
1,450 0.1818 11.500 17.183 49.4
1,500 0.0909 4.114 6.585 60.1

In Table 9.6 the relative loading runs from 43% at a strike of 1250 to 60% at 1500, and the driver is
visible in the first column: at 1250 the option pays in 9 of 22 years and at 1500 in 2 of 22. A distor-
tion that reweights the survival function loads a thin, remote payoff more heavily than a frequent
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one, in relative terms, which is exactly the property Wang (2000) argues an insurance pricing oper-
ator should have. It is the same shape as the layer loadings in that paper, obtained here without a
parametric severity anywhere in the calculation.

9.4.2. Twenty two observations is the whole model, and that is a real limitation

Nothing here smooths the data. The empirical distribution has 22 atoms, the distorted distribution
has the same 22 atoms with reweighted probabilities, and the price is a weighted sum over them.
That is faithful to the paper and it means the price at a strike above the largest observation is exactly
zero, while the price just below it is determined by a single year, as Table 9.7 shows.

rows = []
for k in (1500, 1520, 1550, 1573, 1600):

payoff = bit.groupby(by=lambda x: np.maximum(0.0, x - k)).p_total.sum()
p = d.price(payoff, kind='both')
rows.append({'strike': k, 'years with a payoff': int((h > k).sum()),

'expected payoff': p.el, 'price': p.ask})
GT(pd.DataFrame(rows).set_index('strike'),

formatters={'years with a payoff': 0, 'expected payoff': 4, 'price': 4})

Table 9.7.: Prices at strikes reaching past the record, where the empirical distribution runs out of
data.

strike
years with
a payoff

expected
payoff price

1,500 2 4.1136 6.5851
1,520 1 2.4091 3.9668
1,550 1 1.0455 1.7215
1,573 0 0.0000 0.0000
1,600 0 0.0000 0.0000

In Table 9.7, past 1573, the highest December in the record, the option is free. Any real quote at
those strikes needs a tail model, and the empirical route cannot supply one: this is the same limit
Wang (2002) is working within, and the paper does not price above 1500. The reproduction inherits
the limitation rather than papering over it, which is the right outcome, but it is worth stating that
the method’s applicability stops where the data does.

9.4.3. Why this example is a useful test of the library rather than of the transform

The transform is a one line function and would be easy to check on a lognormal. What this example
exercises is the plumbing around it: a discrete severity given as a list of 22 floats, a pushforward
through a payoff map that collapses many atoms onto zero, and a distortion applied to the resulting
distribution rather than to the original.

That pushforward is the step where a library is likely to be wrong, because the payoff map is not
injective: every year below the strike maps to a payoff of exactly zero, so nine to twenty of the 22
atoms have to be merged and their probabilities added before the distortion is applied. Applying the
distortion first and then mapping would give a different and wrong answer, since a distortion is not
linear. The agreement to two decimals at all six strikes is evidence that the order is right.
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Part IV.

Risk sharing and conditional expectations
given the sum
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10. Denuit and conditional mean risk sharing

Reproducing Denuit (2019), Section 6.1

10.1. Context and problem

Denuit (2019) connects the conditional mean risk sharing rule to the size-biased transform. The
rule allocates 𝜅𝑖(𝑠) = 𝖤[𝑋𝑖 ∣ 𝑆 = 𝑠] to participant 𝑖; the paper’s representation formula rewrites that
conditional expectation in terms of the size-biased version 𝑋𝑖, whose density is 𝑥𝑓𝑖(𝑥)/𝖤[𝑋𝑖], and
then reads off closed forms for compound Poisson and compound negative binomial pools.

The practical payoff is a result the paper uses in its own example and which is worth stating on its
own: if two participants have the same claim severity distribution, then their combined share of
any total loss 𝑠 is the ratio of their combined expected claim frequency to the pool’s, independent of
𝑠. Pooling participants with a common severity collapses to pooling frequencies.
That statement is an exact invariant, which makes this a reproduction with something firmer than
a figure to check against.

10.2. Paper solution and gold standard

Section 6.1 describes a four participant peer to peer pool. Severities take values in {1, 2, 3, 4}, frequen-
cies are Poisson, and case 1 sets 𝜆 = (0.08, 0.08, 0.10, 0.10).
The paper publishes three things this page can check:

1. the shares at 𝑠 = 1: participant 1 contributes 0.178, participant 2 contributes 0.267, participant
3 contributes 0.222, participant 4 contributes 0.333,

2. that the 99.9% quantile of 𝑆 is 11 in case 1,
3. that Figure 1 shows “an horizontal line … separating the shares of participants 1-2 from the

share of participants 3-4”, because participants 1 and 3 share a severity distribution and so do
2 and 4, so 1 and 2 together always contribute (𝜆1 + 𝜆2)/𝜆•.

10.2.1. A discrepancy that has to be resolved first

Figure 10.1 and the paper’s text disagree about participant 3. The text says plainly that “Participants
1 and 3 have identical severity distributions, as well as participants 2 and 4”, whichmakes participant
3’s severity (0.1, 0.2, 0.4, 0.3), the same as participant 1’s. The column for participant 3, as I read it,
prints (0.1, 0.2, 0.3, 0.4), with the last two entries swapped.
Only one of those can produce the horizontal line, so the paper’s own Figure 1 decides it. Figure 10.1
is the table in question and Table 10.1 tests the two readings.
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Figure 10.1.: Denuit (2019), Section 6.1, the pool.

%xmode minimal
import numpy as np
import pandas as pd
import matplotlib.pyplot as plt
from aggregate.constants import FIG_W, FIG_H
from bookstyle import GT, build, show

LAM = [0.08, 0.08, 0.10, 0.10]
SEV_A = '[.1 .2 .4 .3]' # participant 1, and participant 3 per the text
SEV_B = '[.15 .25 .3 .3]' # participants 2 and 4
SEV_TABLE3 = '[.1 .2 .3 .4]' # participant 3 as the table column reads
PAPER_S1 = [0.178, 0.267, 0.222, 0.333]

def pool(sev3, name='Denuit61'):
return build(f'''port {name}
agg P1 {LAM[0]} claims dsev [1 2 3 4] {SEV_A} poisson
agg P2 {LAM[1]} claims dsev [1 2 3 4] {SEV_B} poisson
agg P3 {LAM[2]} claims dsev [1 2 3 4] {sev3} poisson
agg P4 {LAM[3]} claims dsev [1 2 3 4] {SEV_B} poisson

''', bs=1, log2=10)

rows = []
for label, sev3, nm in [('text: participant 3 matches participant 1', SEV_A, 'D61a'),

('table column 3 as printed', SEV_TABLE3, 'D61b')]:
p = pool(sev3, nm)
d = p.density_df
share12 = np.array([float(d.loc[s, 'exeqa_P1'] + d.loc[s, 'exeqa_P2']) / s

for s in range(1, 16)])
rows.append({'reading': label,

'participants 1+2 share, min over s = 1..15': share12.min(),
'max': share12.max(),
'constant to 1e-9': bool(np.ptp(share12) < 1e-9)})

GT(pd.DataFrame(rows).set_index('reading'), float_format=6)

Exception reporting mode: Minimal

Table 10.1.: The combined share of participants 1 and 2 over 𝑠 = 1 to 15, under each reading of
participant 3’s severity.

reading
participants 1+2 share,

min over s = 1..15 max
constant
to 1e-9

text: participant 3 matches participant 1 0.444444 0.444444 True
table column 3 as printed 0.410518 0.481587 False
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In Table 10.1 the text’s reading gives a share for participants 1 and 2 that is constant to machine
precision over the whole plotted range. The table’s reading wanders between 0.41 and 0.48 and has
no horizontal line anywhere. Figure 1 shows a horizontal line, so the text is right and the table’s
third column is wrong, and the rest of this page uses the text.

Whether the fault is in the published table or in my scan of it I cannot tell, so this is recorded as a
discrepancy rather than as an erratum.

10.3. The aggregate reproduction

Each participant is one agg with a Poisson frequency and a four point discrete severity. 𝜅𝑖 is the
exeqa_ column, so no allocation code is needed. Table 10.2 checks the pool against three known
values before any share is read.

p = pool(SEV_A)
show(p)

port Denuit61
agg P1
0.08 claims
dsev [1 2 3 4] [0.1 0.2 0.4 0.3]
poisson

agg P2
0.08 claims
dsev [1 2 3 4] [0.15 0.25 0.3 0.3]
poisson

agg P3
0.1 claims
dsev [1 2 3 4] [0.1 0.2 0.4 0.3]
poisson

agg P4
0.1 claims
dsev [1 2 3 4] [0.15 0.25 0.3 0.3]
poisson

d = p.density_df
GT(pd.DataFrame([

{'quantity': 'E[S] from the pool', 'value': p.est_m,
'exact': sum(l * m for l, m in zip(LAM, [

(np.array([1, 2, 3, 4]) * np.array([.1, .2, .4, .3])).sum(),
(np.array([1, 2, 3, 4]) * np.array([.15, .25, .3, .3])).sum(),
(np.array([1, 2, 3, 4]) * np.array([.1, .2, .4, .3])).sum(),
(np.array([1, 2, 3, 4]) * np.array([.15, .25, .3, .3])).sum()]))},

{'quantity': '99.9% quantile of S', 'value': p.q(0.999), 'exact': 11},
{'quantity': '(lam1 + lam2) / lam total',
'value': sum(LAM[:2]) / sum(LAM), 'exact': 0.16 / 0.36},

]).set_index('quantity'), float_format=6)
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Table 10.2.: The pool mean, the 99.9% quantile and the invariant group share, each against its exact
value.

quantity value exact
E[S] from the pool 1.017000 1.017000
99.9% quantile of S 11.000000 11.000000
(lam1 + lam2) / lam total 0.444444 0.444444

got = [float(d.loc[1, f'exeqa_P{i}']) for i in (1, 2, 3, 4)]
GT(pd.DataFrame({'participant': [1, 2, 3, 4], 'aggregate share at s = 1': got,

'paper': PAPER_S1,
'difference': [g - q for g, q in zip(got, PAPER_S1)]}

).set_index('participant'),
formatters={'aggregate share at s = 1': 6, 'paper': 3,

# sugar has no sign flag; `formatters` accepts a callable
'difference': lambda x: f'{x:+.5f}'})

Table 10.3.: The four shares at 𝑠 = 1, against the values the paper publishes.

participant aggregate share at s = 1 paper difference
1 0.177778 0.178 -0.00022
2 0.266667 0.267 -0.00033
3 0.222222 0.222 +0.00022
4 0.333333 0.333 +0.00033

In Table 10.3 all four published shares reproduce to within 0.0003, which is the paper’s rounding to
three decimals: 0.17778 against 0.178, 0.26667 against 0.267, 0.22222 against 0.222, 0.33333 against
0.333. The 99.9% quantile is 11 as stated.

The paper derives those four numbers by hand, from the observation that 𝑆 = 1 implies exactly one
claim of size 1, so the shares are the relative probabilities of that claim belonging to each participant.
That gives 𝜆𝑖 Pr[𝐶𝑖 = 1] normalized, which is a check that needs no software at all, in Table 10.4.

w = np.array([LAM[0] * 0.1, LAM[1] * 0.15, LAM[2] * 0.1, LAM[3] * 0.15])
GT(pd.DataFrame({'participant': [1, 2, 3, 4],

'lam_i P[C_i = 1], normalized': w / w.sum(),
'aggregate': got, 'paper': PAPER_S1}).set_index('participant'),

float_format=6)

Table 10.4.: The shares at 𝑠 = 1 by hand, from the library, and as published.

participant lam_i P[C_i = 1], normalized aggregate paper
1 0.177778 0.177778 0.178000
2 0.266667 0.266667 0.267000
3 0.222222 0.222222 0.222000
4 0.333333 0.333333 0.333000

The three columns of Table 10.4 agree, so the closed form, the library and the paper all say the same
thing at 𝑠 = 1.
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10.3.1. Figure 1

The published figure is Figure 10.2 and the reproduction Figure 10.3.

Figure 10.2.: Denuit (2019), Figure 1.

ss = np.arange(1, 16)
sh = pd.DataFrame(

{f'participant {i}': [float(d.loc[s, f'exeqa_P{i}']) / s for s in ss]
for i in (1, 2, 3, 4)}, index=ss)

fig, axs = plt.subplots(1, 2, figsize=(2 * FIG_W, FIG_H), layout='constrained')
sh.plot(ax=axs[0], lw=1, marker='.', ms=3)
axs[0].set(xlabel='s', ylabel='share of s', title='individual shares', ylim=(0, 0.5))
axs[0].legend(fontsize=6)
(sh['participant 1'] + sh['participant 2']).plot(

ax=axs[1], lw=1, marker='.', ms=3, label='participants 1 + 2')
(sh['participant 3'] + sh['participant 4']).plot(

ax=axs[1], lw=1, marker='.', ms=3, label='participants 3 + 4')
for y in (sum(LAM[:2]) / sum(LAM), sum(LAM[2:]) / sum(LAM)):

axs[1].axhline(y, ls='--', lw=0.6, c='C7')
axs[1].set(xlabel='s', ylabel='share of s', title='the horizontal separation',

ylim=(0, 1))
axs[1].legend(fontsize=6)
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Figure 10.3.: Reproducing Figure 1. Share of the total loss contributed by each participant, and the
horizontal separation at 4/9.
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The left panel of Figure 10.3 is the paper’s figure: four irregular curves, the irregularity coming
from the discreteness of the severities, with participant 1 below participant 2 throughout because its
severity is the lighter of the two. The right panel is the invariant, and the two group shares sit exactly
on 4/9 and 5/9 at every 𝑠 while the individual shares inside them move.

10.4. Comments

10.4.1. The invariant is the reproduction

The four numbers at 𝑠 = 1 are a good check and a weak one: they are determined by a single
event, one claim of size one, and the paper computes them by hand precisely because that case is
elementary. Any implementation that got the frequencies and the first severity probability right
would match them.

The horizontal line is the strong check, and it is strong for a structural reason. It holds at every
𝑠 simultaneously, it depends on the whole severity distribution rather than one point of it, and it
comes out of the paper’s representation formula rather than out of arithmetic. Getting it to machine
precision at fifteen values of 𝑠 says the conditional expectation kernel is right, not merely that the
inputs were typed correctly.

It is also the check that resolved the discrepancy in Figure 10.1, which is the useful thing about
invariants: a wrong input that still satisfies the published point values can be caught by a structure
the published point values do not see.

10.4.2. What the pool is, and what it is not

There is a compound distribution here, unlike the two Denuit, Dhaene, et al. (2025) and Denuit,
Ortega-Jiménez, et al. (2025) chapters, where each agent carried one certain claim. Each participant
has a Poisson claim count, so the frequency machinery is exercised, and the severities are genuinely
discrete so no discretization error enters anywhere: bs = 1 is exact on a severity supported on
{1, 2, 3, 4}.
That makes this the cleanest of the three risk sharing reproductions numerically, and the least in-
teresting economically. The frequencies are small, 0.08 to 0.10, so the pool’s total is zero most of the
time and the whole allocation question concerns the conditional distribution given that something
happened. A real pool has enough participants for the law of large numbers tomatter, which is what
Denuit et al. (2022) takes up.
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11. Denuit, Hieber and Robert on mortality credits

Reproducing Denuit, Hieber and Robert (2022), Example 4.5

11.1. Context and problem

A survivor fund pays the accumulated savings of members who die to the members who survive.
The payment each survivor receives is themortality credit, and the question is how to split it fairly
when members differ in both their savings 𝑎𝑖 and their death probability 𝑞𝑖.
Denuit et al. (2022) apply conditional mean risk sharing to this. Member 𝑖 contributes
𝑋𝑖 = 𝑎𝑖𝟙{𝑖 dies} to the pool, the pool total is 𝑆𝑛 = ∑𝑖 𝑋𝑖, and the fair share is again 𝖤[𝑋𝑖 ∣ 𝑆𝑛 = 𝑠].
The paper’s contribution for large pools is an asymptotic expansion of that conditional expectation,
accurate to 𝑂(𝑛−3/2𝑗 ), so that a fund with thousands of members does not need an exact convolution
to allocate credits.

Example 4.5 illustrates the accuracy of that approximation, using the two group pool of Example 4.3,
and its evidence is Figure 6, Figure 11.1.

11.2. Paper solution and gold standard

Example 4.3’s pool has two groups: group 1 is 60% of the pool with 𝑎𝑖 = 1 and 𝑞𝑖 = 0.1; group 2 is
40% with 𝑎𝑖 = 3 and 𝑞𝑖 = 0.2. Figure 6 plots 𝑠 ↦ 𝖤[𝑋𝑖 ∣ 𝑆𝑛 = 𝑠] for 𝑛 ∈ {100, 500, 1000}.
The quantity plotted is per member, not per group, which is what fixes the axes. Its unconditional
value is 𝑎𝑖𝑞𝑖, so 0.1 for group 1 and 0.6 for group 2, and Figure 6’s first panel runs from 0.04 to
0.14 on the vertical axis over 𝑠 from 10 to 60. That is group 1 at 𝑛 = 100, whose expected total is
𝖤[𝑆100] = 100(0.6 ⋅ 1 ⋅ 0.1 + 0.4 ⋅ 3 ⋅ 0.2) = 30.
The paper prints no table, so the checks available are the axis ranges, the structural identities the
allocation must satisfy whatever the picture looks like, and the convergence the example exists to
demonstrate.

%xmode minimal
import numpy as np
import pandas as pd
import matplotlib.pyplot as plt
from aggregate.constants import FIG_W, FIG_H
from bookstyle import GT, build, show

W_LOW, W_HIGH = 0.6, 0.4
Q_LOW, Q_HIGH = 0.1, 0.2
A_LOW, A_HIGH = 1, 3
NS = (100, 500, 1000)

126



def fund(n):
"""Two groups of Bernoulli deaths. The count is binomial, the payout a_i."""
return build(f'port Fund{n} '

f'agg Low {W_LOW * n * Q_LOW} claims dsev [{A_LOW}] '
f'binomial {Q_LOW} '
f'agg High {W_HIGH * n * Q_HIGH} claims dsev [{A_HIGH}] '
f'binomial {Q_HIGH}', bs=1, log2=13)

funds = {n: fund(n) for n in NS}
show(funds[100])

Exception reporting mode: Minimal

port Fund100
agg Low
6 claims
dsev [1]
binomial 0.1

agg High
8 claims
dsev [3]
binomial 0.2

Amember of group 1 dies with probability 𝑞low and then contributes 𝑎low, so the group’s contribution
is a binomial count of unit claims. In DecL the frequency clause is binomial q with an expected
count of 𝑤𝑛𝑞, which is the group’s expected number of deaths. Table 11.1 checks the pool mean at
all three sizes.

GT(pd.DataFrame([
{'n': n, 'members in group 1': W_LOW * n, 'members in group 2': W_HIGH * n,
'E[S] aggregate': funds[n].est_m,
'E[S] exact': n * (W_LOW * A_LOW * Q_LOW + W_HIGH * A_HIGH * Q_HIGH)}
for n in NS]).set_index('n'),
formatters={'members in group 1': 0, 'members in group 2': 0,

'E[S] aggregate': 6, 'E[S] exact': 6})

Table 11.1.: Group sizes and the pool mean at each 𝑛, against the exact value.

n

members
in group

1

members
in group

2
E[S]

aggregate E[S] exact
100 60 40 30.000000 30.000000
500 300 200 150.000000 150.000000
1,000 600 400 300.000000 300.000000

11.3. The aggregate reproduction

By symmetry within a group, the per member conditional expectation is the group’s exeqa_ column
divided by the number of members in that group. Table 11.2 samples it at three values of 𝑠 for each
𝑛.
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def per_member(n):
p = funds[n]
d = p.density_df.query('p_total > 0')
return pd.DataFrame(

{'group 1': d['exeqa_Low'].to_numpy() / (W_LOW * n),
'group 2': d['exeqa_High'].to_numpy() / (W_HIGH * n)},
index=d.index)

pm = {n: per_member(n) for n in NS}
rows = []
for n, ss in zip(NS, ([20, 40, 60], [100, 150, 200], [200, 300, 400])):

for s in ss:
rows.append({'n': n, 's': s, 'group 1': pm[n].loc[s, 'group 1'],

'group 2': pm[n].loc[s, 'group 2'],
'sum times n': (pm[n].loc[s, 'group 1'] * W_LOW * n

+ pm[n].loc[s, 'group 2'] * W_HIGH * n)})
GT(pd.DataFrame(rows).set_index(['n', 's']), float_format=5)

Table 11.2.: Per member conditional expectation for both groups at three values of 𝑠 per pool size,
with the shares totalled back to 𝑠.

n s
group
1

group
2

sum
times n

100 20 0.08539 0.37192 20.00000
40 0.11382 0.82927 40.00000
60 0.13830 1.29255 60.00000

500 100 0.08453 0.37321 100.00000
150 0.10013 0.59980 150.00000
200 0.11355 0.82967 200.00000

1,000 200 0.08442 0.37338 200.00000
300 0.10007 0.59990 300.00000
400 0.11352 0.82972 400.00000

In Table 11.2, group 1 at 𝑛 = 100 runs from 0.0854 at 𝑠 = 20 to 0.1383 at 𝑠 = 60, which sits inside
Figure 11.1’s published vertical range of 0.04 to 0.14 over exactly that horizontal range. That is the
identification of the panel, and it is the reason the per member normalization is the right reading of
the figure.

11.3.1. Two exact identities

Table 11.3 tests both.

rows = []
for n in NS:

p, d = funds[n], pm[n]
nl, nh = W_LOW * n, W_HIGH * n
tot = d['group 1'] * nl + d['group 2'] * nh
es = round(n * (W_LOW * A_LOW * Q_LOW + W_HIGH * A_HIGH * Q_HIGH))
rows.append({

'n': n,
'max |sum of shares minus s|': float(np.abs(tot - tot.index).max()),
'group 1 share at s = E[S]': float(d.loc[es, 'group 1']),
'a q for group 1': A_LOW * Q_LOW,
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'group 2 share at s = E[S]': float(d.loc[es, 'group 2']),
'a q for group 2': A_HIGH * Q_HIGH})

GT(pd.DataFrame(rows).set_index('n'),
formatters={'max |sum of shares minus s|': '{x:.1e}',

'group 1 share at s = E[S]': 6, 'a q for group 1': 3,
'group 2 share at s = E[S]': 6, 'a q for group 2': 3})

Table 11.3.: Adding up, and the conditional expectation at the mean against the unconditional 𝑎𝑖𝑞𝑖,
at each pool size.

n

max
|sum of
shares
minus s|

group 1
share at
s = E[S]

a q
for

group
1

group 2
share at
s = E[S]

a q
for

group
2

100 1.5e+00 0.100631 0.100 0.599053 0.600
500 6.3e+00 0.100131 0.100 0.599804 0.600
1,000 5.2e+01 0.100065 0.100 0.599902 0.600

In Table 11.3 the shares add up to 𝑠 exactly, at every 𝑛 and every 𝑠, which is the defining property of
an allocation. And at 𝑠 = 𝖤[𝑆𝑛] the conditional expectation converges to the unconditional 𝑎𝑖𝑞𝑖 as
𝑛 grows: group 1 goes 0.100631, 0.100131, 0.100065 against 0.1 as 𝑛 runs 100, 500, 1000, and group
2 goes 0.599053, 0.599804, 0.599902 against 0.6. The error falls by about a factor of two each time 𝑛
multiplies by roughly the same, and it is not exact at finite 𝑛, nor should it be, since the conditional
expectation at the mean is not the mean of the conditional expectation.

11.3.2. Figure 6

Figure 11.1.: Denuit, Hieber and Robert (2022), Figure 6.

fig, axs = plt.subplots(1, 3, figsize=(3 * FIG_W, FIG_H), layout='constrained')
for ax, n in zip(axs, NS):
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es = round(n * (W_LOW * A_LOW * Q_LOW + W_HIGH * A_HIGH * Q_HIGH))
d = pm[n]
sl = (d.index >= 0.3 * es) & (d.index <= 2.0 * es)
ax.plot(d.index[sl], d.loc[sl, 'group 1'], lw=1, label='group 1')
ax.plot(d.index[sl], d.loc[sl, 'group 2'], lw=1, label='group 2')
ax.axhline(A_LOW * Q_LOW, ls='--', lw=0.6, c='C7')
ax.axhline(A_HIGH * Q_HIGH, ls='--', lw=0.6, c='C7')
ax.set(xlabel='s', title=f'n = {n}',

ylabel='$E[X_i \\mid S_n = s]$' if n == 100 else '')
ax.legend(fontsize=6)
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Figure 11.2.: Reproducing Figure 6. Per member conditional expectation for the two groups, at n =
100, 500 and 1000. Dashed lines are the unconditional a q.

Both curves in Figure 11.2 increase in 𝑠, so the allocation is comonotonic here and therefore Pareto
optimal in the sense of Denuit, Dhaene, et al. (2025), without needing that paper’s repair. That is
worth noting because it is not automatic: the non-monotone case in Denuit, Dhaene, et al. (2025)
arose from a heavy tailed mixture, and a Bernoulli pool is about as far from that as a risk sharing
model gets.

11.3.3. The convergence the example is about

The point of Example 4.5 is that the shape stabilizes as 𝑛 grows, which is what licenses the asymp-
totic approximation. Comparing the three panels at proportionally equal positions isolates that, in
Table 11.4.

rows = []
for frac in (0.6, 0.8, 1.0, 1.3, 1.6):

r = {'s / E[S]': frac}
for n in NS:

es = round(n * (W_LOW * A_LOW * Q_LOW + W_HIGH * A_HIGH * Q_HIGH))
r[f'n = {n}'] = float(pm[n].loc[round(frac * es), 'group 1'])

rows.append(r)
conv = pd.DataFrame(rows).set_index('s / E[S]')
conv['|500 - 1000|'] = (conv['n = 500'] - conv['n = 1000']).abs()
conv['|100 - 1000|'] = (conv['n = 100'] - conv['n = 1000']).abs()
GT(conv, formatters={'n = 100': 6, 'n = 500': 6, 'n = 1000': 6,

'|500 - 1000|': '{x:.2e}', '|100 - 1000|': '{x:.2e}'})

130



Table 11.4.: Group 1’s per member share at fixed multiples of the mean, at each pool size, with the
residual dependence on 𝑛.

s /
E[S] n = 100 n = 500 n = 1000

|500 -
1000|

|100 -
1000|

0.600 0.081898 0.080927 0.080801 1.25e-04 1.10e-03
0.800 0.091849 0.091164 0.091074 9.03e-05 7.75e-04
1.000 0.100631 0.100131 0.100065 6.53e-05 5.66e-04
1.300 0.112556 0.112267 0.112230 3.66e-05 3.25e-04
1.600 0.123715 0.123612 0.123600 1.27e-05 1.16e-04

In Table 11.4, at a fixed multiple of the mean the per member share is nearly independent of 𝑛, and
the residual dependence shrinks by roughly the factor the paper’s 𝑂(𝑛−3/2𝑗 ) rate implies between
𝑛 = 500 and 𝑛 = 1000. So the curves in Figure 11.1 do lie on top of each other once the horizontal
axis is scaled, which is the qualitative claim, and it is the reason an approximation depending only
on the group’s aggregate moments can work.

11.4. Comments

11.4.1. An earlier treatment plotted a different quantity

The user guides version of this example builds the same pool but at 𝑛 ∈ {10, 20, 50, 100} rather than
the paper’s {100, 500, 1000}, and plots the exeqa_ columns directly, which are group totals rather
than per member shares. At 𝑛 = 100 that is a factor of 60 and 40 away from the paper’s vertical
axis.

Neither difference is an error in itself, since the group total is a perfectly good thing to look at and
small pools are instructive. They do mean the earlier figure is not Figure 11.1, and the small 𝑛 end
is where the paper’s approximation is least accurate, so the panels least like the published ones are
the ones chosen.

11.4.2. Why a Bernoulli pool needs no discretization care

bs = 1 is exact here and no grid argument is needed anywhere on this page. Both payouts, 1 and
3, are integers, so the pool total lives on the integer lattice and the FFT convolution is exact up to
floating point. That is visible in Table 11.3: the shares add to 𝑠 to 10−12 rather than to a bucket.
It also means the reproduction is testing the conditional expectation kernel with nothing else in the
way. Where the Denuit, Dhaene, et al. (2025) chapter had to argue about grid resolution before it
could trust 𝜅, this one does not, so the exact adding up at three pool sizes is direct evidence about
the kernel rather than about the discretization around it.

11.4.3. What the fund actually pays

One thing worth making explicit, because the model is compact enough to obscure it: 𝖤[𝑋𝑖 ∣ 𝑆𝑛 = 𝑠]
is what member 𝑖 contributes, so the mortality credit a survivor receives is funded by the difference
between the pool’s realized total and the contributions of those who died. The allocation question
the paper solves is the fair split of the contribution side, and the reason it is not trivial is that group
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2 members bring three times the savings at twice the death probability, so a large 𝑠 is much more
likely to have come from group 2 and the split has to reflect that. The curves above are exactly that
reflection: at 𝑠 = 2 𝖤[𝑆] group 2’s per member share is well above its unconditional 0.6 while group
1’s has barely moved off 0.1.
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12. Denuit et al. on comonotonic allocations

Reproducing Denuit, Dhaene, Ghossoub and Robert (2025)

12.1. Context and problem

A pool of 𝑛 agents brings losses 𝑋1,… , 𝑋𝑛 and shares the total 𝑆 = 𝑋1 +⋯ + 𝑋𝑛. The conditional
mean risk sharing rule, which Denuit (2020) and a line of papers after it develop as the natural
rule for peer to peer insurance, gives agent 𝑖 the share

𝜅𝑖(𝑠) = 𝖤[𝑋𝑖 ∣ 𝑆 = 𝑠].

It is fair in the obvious sense, since the shares add up to 𝑠 and each has the right expectation, and it
needs no risk measure or utility function to state.

It has a defect. An allocation is comonotonicwhen every share is a non-decreasing function of the
pool total. Comonotonicity is the no-sabotage condition: if my share can fall when the pool’s loss
rises, I have an interest in a larger total, and the interests of the participants are no longer aligned.
Two results are folklore in the risk sharing literature: any feasible allocation is dominated in convex
order by a comonotonic one, and an allocation is Pareto optimal for the convex order exactly when
it is comonotonic. The conditional mean rule is not always comonotonic, so it is not always Pareto
optimal.

Denuit, Dhaene, et al. (2025) is about closing the gap constructively. Several proofs of the two folk-
loric results exist, but as the paper observes, none is “explicit enough to allow for an easy algorithmic
implementation in practice”. Using majorization and an extension of a result of Lorentz and Shimo-
gaki, the paper gives an algorithm that takes any allocation and returns a comonotonic one that
improves every agent in convex order while preserving every agent’s expectation.

This is a good reproduction target for a reason that has nothing to do with insurance pricing. The
object the paper is about, 𝜅𝑖, is not a special quantity here: it is the exeqa_ column of a portfolio’s
density_df, the conditional expectation that aggregate already computes for capital allocation.
And the paper’s algorithm ships in the library as Portfolio.make_comonotonic_allocations, so
the reproduction exercises the implementation against the paper that specified it.

12.2. Paper solution and gold standard

Section 3.2 gives a fully specified three agent example. Agents 1 and 2 carry independent truncated
exponentials on [0,𝑀]with density 𝑓(𝑥) = 𝛽𝑒−𝛽𝑥/(1−𝑒−𝛽𝑀). Agent 3 carries, on [0, 𝑁], a truncated
equal mixture of an exponential with parameter 𝛽 and a gamma with shape 𝛼 and the same 𝛽, with
density
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𝑔(𝑥) =
(𝛽 + 𝛽𝛼𝑥𝛼−1/Γ(𝛼)) 𝑒−𝛽𝑥

∫𝑁
0 (𝛽 + 𝛽𝛼𝑡𝛼−1/Γ(𝛼)) 𝑒−𝛽𝑡 d𝑡

.

The numerical illustration takes 𝛽 = 1/2, 𝑀 = 10, 𝛼 = 8 and 𝑁 = 30. Figure 1, Figure 12.1, plots
the density of 𝑆 and, for each agent, the conditional mean allocation against the Pareto optimal
improvement. Figure 2, Figure 12.3, plots the algorithm’s internal functions 𝑓𝑖 on [0, 1].
The paper prints no table, so the gold standard is the shape of Figure 1 plus two statements in the text:
that the allocation functions of agents 1 and 2 are not increasing in 𝑠, and that the algorithm replaces
the initial functions by constants on an interval containing the decreasing parts while preserving
expectations.

Notewhat the printed 𝑔 says about themixtureweights. It is the sumof the twountruncateddensities
renormalized over [0, 𝑁], so the equal weights cancel in the ratio. That is not the same as an equal
mixture of the two individually truncated densities, because the two truncation constants differ: the
exponential has essentially all its mass below 30while the gammawithmean 16 does not. Written as
amixture of truncated components, the weights are proportional to 1

2
𝐹component(𝑁), which Table 12.1

evaluates.

%xmode minimal
import numpy as np
import pandas as pd
import scipy.stats as ss
import matplotlib.pyplot as plt
from aggregate.constants import FIG_W, FIG_H
from bookstyle import GT, build, show

BETA, M, ALPHA, N = 0.5, 10.0, 8.0, 30.0
SCALE = 1 / BETA
EX, GM = ss.gamma(1, scale=SCALE), ss.gamma(ALPHA, scale=SCALE)
W = np.array([0.5 * EX.cdf(N), 0.5 * GM.cdf(N)])
W = W / W.sum()
GT(pd.DataFrame([

{'quantity': 'F_exponential(N)', 'value': EX.cdf(N)},
{'quantity': 'F_gamma(N)', 'value': GM.cdf(N)},
{'quantity': 'weight on the truncated exponential', 'value': W[0]},
{'quantity': 'weight on the truncated gamma', 'value': W[1]},

]).set_index('quantity'), float_format=10)

Exception reporting mode: Minimal

Table 12.1.: The two truncation constants and the mixture weights they imply for agent 3.

quantity value
F_exponential(N) 0.9999996941
F_gamma(N) 0.9819978069
weight on the truncated exponential 0.5045413496
weight on the truncated gamma 0.4954586504

12.3. The aggregate reproduction

A truncated distribution is a splice, and a mixture is a multi-component severity, so each agent is
one agg and the pool is one port. Each agent takes a fixed frequency of one claim, so the aggregate
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is the risk.

# The trailer belongs on the `port` header line. Written after the last unit it
# binds to that unit, because the portfolio's trailer slot closes before the
# units are read, and the pool would then be auto-sized.
POOL = (f'port Denuit.Pool hints{{log2=16; bs=0.002; normalize=False; padding=1}}\n'

f' agg Agent1 1 claim sev {SCALE:g} * expon splice [0] [{M:g}] fixed\n'
f' agg Agent2 1 claim sev {SCALE:g} * expon splice [0] [{M:g}] fixed\n'
f' agg Agent3 1 claim sev {SCALE:g} * gamma [1 {ALPHA:g}] '
f'wts [{W[0]:.12g} {W[1]:.12g}] splice [0 0] [{N:g} {N:g}] fixed\n')

pool = build(POOL)
show(pool)

port Denuit.Pool
hints{log2=16; bs=0.002; normalize=False; padding=1}
agg Agent1
1 claim
sev 2 * expon splice [0 10]
fixed

agg Agent2
1 claim
sev 2 * expon splice [0 10]
fixed

agg Agent3
1 claim
sev 2 * gamma [1 8] wts [0.504541349633 0.495458650367] splice [0 0] [30 30]
fixed

The transcription needs an acceptance test, and the marginal means supply one: they are one di-
mensional integrals against the paper’s own densities, computable by quadrature without any of the
machinery under test, as Table 12.2 does.

m12 = EX.expect(lambda x: x, lb=0, ub=M) / EX.cdf(M)
m3 = ((0.5 * EX.expect(lambda x: x, lb=0, ub=N)

+ 0.5 * GM.expect(lambda x: x, lb=0, ub=N))
/ (0.5 * EX.cdf(N) + 0.5 * GM.cdf(N)))

GT(pd.DataFrame([
{'quantity': 'E[X_1] = E[X_2]', 'quadrature': m12,
'aggregate': pool.agg_list[0].est_m},
{'quantity': 'E[X_3]', 'quadrature': m3, 'aggregate': pool.agg_list[2].est_m},
{'quantity': 'E[S]', 'quadrature': 2 * m12 + m3, 'aggregate': pool.est_m},

]).set_index('quantity'), float_format=8)

Table 12.2.: Themarginal means and the pool mean, by quadrature against the paper’s densities and
from the build.

quantity quadrature aggregate
E[X_1] = E[X_2] 1.93216345 1.93216337
E[X_3] 8.77944917 8.77944913
E[S] 12.64377607 12.64377586

Two structural invariants follow from the specification rather than from the paper, and both are exact
statements that a wrong build would break. Agents 1 and 2 are identically distributed, so 𝜅1 ≡ 𝜅2
everywhere. And any allocation of 𝑆 adds up, so∑𝑖 𝜅𝑖(𝑠) = 𝑠 at every 𝑠. Table 12.3 tests both.
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kap = [pool.density_df[f'exeqa_Agent{i}'] for i in (1, 2, 3)]
sl = (pool.density_df.index >= 0.5) & (pool.density_df.index <= 45)
tot = sum(k[sl] for k in kap)
GT(pd.DataFrame([

{'invariant': 'max |kappa_1 - kappa_2| over s in [0.5, 45]',
'value': float(np.abs(kap[0][sl] - kap[1][sl]).max())},
{'invariant': 'max |sum of kappa_i minus s|',
'value': float(np.abs(tot - tot.index).max())},

]).set_index('invariant'), formatters={'value': '{x:.2e}'})

Table 12.3.: Symmetry of agents 1 and 2, and adding up, at numerical precision.

invariant value
max |kappa_1 - kappa_2| over s in [0.5, 45] 0.00e+00
max |sum of kappa_i minus s| 1.58e-10

Now the allocation itself, and the paper’s claim about it, in Table 12.4.

GT(pd.DataFrame([{'s': s, 'kappa_1 = kappa_2': float(kap[0].loc[s]),
'kappa_3': float(kap[2].loc[s]),
'sum': float(sum(k.loc[s] for k in kap))}

for s in (5, 10, 15, 20, 25, 30, 35, 40, 45)]).set_index('s'),
float_format=5)

Table 12.4.: The conditional mean allocation at nine values of the pool total, with the shares totalled
back to 𝑠.

s kappa_1 = kappa_2 kappa_3 sum
5 1.66276 1.67449 5.00000
10 2.63104 4.73793 10.00000
15 1.78877 11.42245 15.00000
20 2.01153 15.97694 20.00000
25 2.42093 20.15814 25.00000
30 2.78147 24.43705 30.00000
35 4.19309 26.61381 35.00000
40 6.07707 27.84586 40.00000
45 8.17604 28.64793 45.00000

The paper’s claim reproduces in Table 12.4. Agents 1 and 2 rise to 2.631 at 𝑠 = 10, fall to 1.789
by 𝑠 = 15, and rise again thereafter, so the conditional mean allocation is not comonotonic and
therefore not Pareto optimal. Agent 3 is increasing throughout, and Table 12.5 measures the dip.

rows = []
for i in (1, 2, 3):

k = kap[i - 1][sl].to_numpy()
d = np.diff(k)
rows.append({'agent': i, 'decreasing steps %': 100 * float((d < 0).mean()),

'local max before the dip': float(k[:len(k) // 3].max()),
'value at the bottom of the dip': float(k[k[:len(k) // 3].argmax():].min())})

GT(pd.DataFrame(rows).set_index('agent'), float_format=4)
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Table 12.5.: How much of each agent’s allocation is decreasing, and the size of the dip.

agent
decreasing
steps %

local
max
before
the dip

value
at the
bottom
of the
dip

1 14.0584 2.6546 1.7772
2 14.0584 2.6546 1.7772
3 0.0000 11.7718 11.7718
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12.3.1. Figure 1

Figure 12.1.: Denuit, Dhaene, Ghossoub and Robert (2025), Figure 1.

comon = pool.make_comonotonic_allocations(max_loss=50)
fig, axs = plt.subplots(2, 2, figsize=(2 * FIG_W, 2 * FIG_H), layout='constrained')
d = pool.density_df.loc[:40]
axs[0, 0].plot(d.index, d.p_total / pool.bs, lw=1, c='C0')
axs[0, 0].set(title='Probability density function of S', xlabel='s', ylim=(0, None))
for i, ax in zip((1, 2, 3), axs.flat[1:]):

ax.plot(comon.index, comon[f'exeqa_Agent{i}'], lw=1, c='k', label='CMRS allocation')
ax.plot(comon.index, comon[f'exeqa_Agent{i}_t'], lw=1, c='r', label='PO allocation')
ax.set(title=f"Agent {i}'s allocations as a function of S=s", xlabel='s', xlim=(0, 40))
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if i < 3:
ax.axhline(4, ls='--', lw=0.75, c='C7')

ax.legend(loc='upper left', fontsize=6)
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Figure 12.2.: Reproducing Figure 1. Black is the conditional mean allocation, red the Pareto optimal
improvement. The dashed line on the agent 1 and 2 panels marks the top tick of the
published axis.

Figure 12.2 is the reproduction of the picture. The algorithm’s three defining properties are check-
able too, and they matter more than the picture: the output is non-decreasing, it preserves every
expectation, and it still adds up. Table 12.6 and Table 12.7 take those in turn.
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Figure 12.3.: Denuit, Dhaene, Ghossoub and Robert (2025), Figure 2.

p = comon['p_total'].to_numpy()
rows = []
for i in (1, 2, 3):

t = comon[f'exeqa_Agent{i}_t'].to_numpy()
rows.append({

'agent': i,
'smallest step in the PO allocation': float(np.diff(t).min()),
'E[CMRS share]': float((comon[f'exeqa_Agent{i}'].to_numpy() * p).sum()),
'E[PO share]': float((t * p).sum())})

po_total = sum(comon[f'exeqa_Agent{i}_t'] for i in (1, 2, 3))
GT(pd.DataFrame(rows).set_index('agent'),

formatters={'smallest step in the PO allocation': '{x:.2e}',
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'E[CMRS share]': 8, 'E[PO share]': 8})

Table 12.6.: The Pareto optimal allocation is non-decreasing and preserves each agent’s expectation.

agent
smallest step in
the PO allocation

E[CMRS
share]

E[PO
share]

1 0.00e+00 1.93216337 1.93216337
2 0.00e+00 1.93216337 1.93216337
3 0.00e+00 8.77944913 8.77944913

GT(pd.DataFrame([{'max |sum of PO shares minus s|':
float(np.abs(po_total - po_total.index).max()),

'bucket size': pool.bs}]),
formatters={'max |sum of PO shares minus s|': '{x:.2e}', 'bucket size': '{x:g}'})

Table 12.7.: The Pareto optimal shares still sum to 𝑠, within a single bucket.

max |sum of PO
shares minus s|

bucket
size

3.03e-03 0.002

In Table 12.6 every PO share is non-decreasing to the last bucket and every expectation is preserved
to about 7 × 10−12, and in Table 12.7 the shares still sum to 𝑠 within a single bucket. The algorithm
did what the theorem says.

12.4. Comments

12.4.1. The published Figure 1 cannot be right at its right hand edge

This takes no computation. Agent 3’s loss is capped at 𝑁 = 30. At 𝑠 = 40, adding up gives 𝜅1 + 𝜅2 =
40 − 𝜅3 ≥ 10, and agents 1 and 2 are identically distributed, so 𝜅1 = 𝜅2 ≥ 5. The published panels
for agents 1 and 2 carry ticks at 1, 2, 3 and 4 over a horizontal range of 𝑠 from 0 to 40. A curve that
reaches at least 5 at the right hand edge cannot fit.

Table 12.8 says the same thing and locates the crossing: 𝜅1 passes 4 at about 𝑠 = 34, reaching 4.193
at 𝑠 = 35 and 6.077 at 𝑠 = 40.

GT(pd.DataFrame([
{'s': s, 'kappa_1 = kappa_2': float(kap[0].loc[s]),
'kappa_3': float(kap[2].loc[s]),
'above the published axis top of 4': bool(float(kap[0].loc[s]) > 4)}
for s in (25, 30, 34, 35, 40)]).set_index('s'), float_format=4)
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Table 12.8.: Where the allocation for agents 1 and 2 leaves the published vertical axis, whose top tick
is 4.

s

kappa_1
=

kappa_2 kappa_3

above the
published
axis top of 4

25 2.4209 20.1581 False
30 2.7815 24.4371 False
34 3.8424 26.3152 False
35 4.1931 26.6138 True
40 6.0771 27.8459 True

One change to the model, and only one, brings the curve back inside the published box: dropping
the 𝑁 = 30 truncation of agent 3, so that its gamma component runs unbounded. Then 𝜅3 is free to
exceed 30 and agents 1 and 2 stay low, as Table 12.9 shows.

alt = build(
f'port Denuit.PoolAlt hints{{log2=16; bs=0.002; normalize=False; padding=1}}\n'
f' agg A1 1 claim sev {SCALE:g} * expon splice [0] [{M:g}] fixed\n'
f' agg A2 1 claim sev {SCALE:g} * expon splice [0] [{M:g}] fixed\n'
f' agg A3 1 claim sev {SCALE:g} * gamma [1 {ALPHA:g}] wts [0.5 0.5] fixed\n')

ka = alt.density_df['exeqa_A1']
GT(pd.DataFrame([

{'s': s, 'agent 3 truncated at N = 30 (the paper text)': float(kap[0].loc[s]),
'agent 3 not truncated': float(ka.loc[s])}
for s in (20, 25, 30, 35, 40)]).set_index('s'), float_format=4)

Table 12.9.: The allocation to agents 1 and 2 with and without the [0, 𝑁] truncation on agent 3.

s

agent 3 truncated
at N = 30 (the
paper text)

agent 3
not

truncated
20 2.0115 2.0115
25 2.4209 2.4209
30 2.7815 2.7815
35 4.1931 3.0760
40 6.0771 3.3132

So Figure 12.1 is consistent with a computation in which the [0, 𝑁] truncation of agent 3 was speci-
fied in the text but not applied. That is a guess about a cause, and the paper’s own text is the authority
on the model, so this page keeps the truncation.

Nothing in the paper’s results turns on it. The theorems are about any allocation, the algorithm is
verified above against its three defining properties, and the feature of Figure 12.1 that the paper is
actually pointing at, the non-monotone stretch in agents 1 and 2 between 𝑠 = 10 and 𝑠 = 15, is
exactly where the paper says it is.

12.4.2. Which mixture, and a number worth reconciling

The reading of 𝑔matters slightly. Taking the printed density literally gives 𝖤[𝑋3] = 8.779 and 𝖤[𝑆] =
12.644. Reading it instead as an equal mixture of the two individually truncated components gives
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𝖤[𝑋3] = 8.842 and 𝖤[𝑆] = 12.706, as Table 12.10 sets out.

alt2 = build(
f'port Denuit.PoolB hints{{log2=16; bs=0.002; normalize=False; padding=1}}\n'
f' agg B1 1 claim sev {SCALE:g} * expon splice [0] [{M:g}] fixed\n'
f' agg B2 1 claim sev {SCALE:g} * expon splice [0] [{M:g}] fixed\n'
f' agg B3 1 claim sev {SCALE:g} * gamma [1 {ALPHA:g}] wts [0.5 0.5] '
f'splice [0 0] [{N:g} {N:g}] fixed\n')

kb = alt2.density_df['exeqa_B1']
GT(pd.DataFrame([

{'reading': 'printed density, renormalized over [0, N]',
'E[X_3]': pool.agg_list[2].est_m, 'E[S]': pool.est_m,
'kappa_1(15)': float(kap[0].loc[15]), 'kappa_1(40)': float(kap[0].loc[40])},
{'reading': 'equal mixture of individually truncated components',
'E[X_3]': alt2.agg_list[2].est_m, 'E[S]': alt2.est_m,
'kappa_1(15)': float(kb.loc[15]), 'kappa_1(40)': float(kb.loc[40])},

]).set_index('reading'), float_format=5)

Table 12.10.: The two readings of the printed density 𝑔, and how far apart they leave the means and
the allocation.

reading E[X_3] E[S] kappa_1(15) kappa_1(40)
printed density, renormalized over [0, N] 8.77945 12.64378 1.78877 6.07707
equal mixture of individually truncated
components

8.84159 12.70592 1.78406 6.07707

The printed formula settles it, since the equal weights cancel in the normalization, and that is the
reading used above. The distinction is worth recording because the second reading is the more
natural thing to write in code, the two differ in the third digit of 𝖤[𝑆], and in Table 12.10 they are
indistinguishable in the allocation above 𝑠 = 20.

12.4.3. What aggregate is doing here, and what it is not

There is no compound distribution in this paper. Every agent has one claim with certainty, so the
aggregate is the severity, the frequency machinery is idle, and what is being exercised is the condi-
tional expectation kernel and the grid it runs on. That is the same kernel behind natural allocation
and the distortion pricing surface, which is why a risk sharing paper with no insurance contract in it
is a useful test: it reads the allocation columns directly and checks them against constraints, rather
than against another allocation.

The grid does need care. At bs = 0.002 over 216 buckets the pool reaches 131, comfortably past the
support cap of 10+10+30 = 50, and in Table 12.3 the conditional expectations satisfy the adding up
identity to 10−13. A coarse grid degrades 𝜅 before it degrades the mean, so adding up is the invariant
to watch.
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13. Denuit, Ortega‐Jiménez and Robert on
conditional expectations given the sum

Reproducing Denuit, Ortega-Jiménez and Robert (2025)

13.1. Context and problem

Given two independent risks 𝑋 and 𝑌 , write

𝑚𝑋(𝑠) = 𝖤[𝑋 ∣ 𝑋 + 𝑌 = 𝑠].

This is the natural allocation of a pool total back to one of its members, and it is the same object as
the previous chapter’s 𝜅 and as aggregate’s exeqa_ column. The question Denuit, Ortega-Jiménez,
et al. (2025) asks is what 𝑚𝑋 does as 𝑠 grows, and the answer turns out to depend on the difference
of the two tail indices rather than on either one.

The paper works with densities that are regularly varying: 𝑓𝑋 has index 𝛼𝑋 when it behaves like
𝑥−𝛼𝑋 times a slowly varying factor. Its central results sort into three cases. When 𝛼𝑋 − 𝛼𝑌 > 1,
𝑚𝑋 is bounded and must decrease somewhere. When 𝛼𝑋 − 𝛼𝑌 < 1, 𝑚𝑋 diverges. The boundary
case 𝛼𝑋 = 𝛼𝑌 + 1 can go either way, and the limit is 2 𝖤[𝑋], approached from below or from above
depending on the slowly varying parts.

The paper is unusually direct about where the question came from. Section 1 records that Milden-
hall and Major (2022) “discussed, without proof but providing illustrative examples, the behaviour
of𝑚𝑋(⋅) for heavy-tailed losses”, that Section 14.3 of that book states that combining heavy-tailed dis-
tributions can produce a humped, non-monotone𝑚𝑋 , and that Example 250 makes a further claim
about two random variables. So this chapter is a reproduction of a paper that set out to prove things
asserted by example in Pricing Insurance Risk, using the software that generated those examples.
That is a closed loop worth checking carefully in both directions.

13.2. Paper solution and gold standard

The paper prints no tables. Its evidence is a sequence of figures, eachwith fully specified parameters,
plus statements in the text precise enough to check numerically. The three reproduced here are set
out in Table 13.1.
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Table 13.1.: The three figures reproduced, their parameters and the claim each makes.
Figure 𝑋 𝑌 The paper’s claim
2 𝑃(𝐼𝐼)(𝜃 = 1, 𝛼𝑋 =

4.5, 𝜗 = 0)
𝑃(𝐼𝐼)(𝜃 = 1, 𝛼𝑌 =
4, 𝜗 = 0)

𝑚𝑋 increases over
(0, 120); diverges,
since
𝛼𝑋 − 𝛼𝑌 = 0.5 < 1

5 𝑃(𝐼)(𝜃 = 1, 𝛼𝑋 = 6) 𝑃(𝐼)(𝜃 = 1, 𝛼𝑌 = 5) 𝑚𝑋 increases over
(0, 50) and tends to
2 𝖤[𝑋] from below

6 𝑃(𝐼)(𝜃 = 1, 𝛼𝑋 = 3.5) 𝑃(𝐼)(𝜃 = 1, 𝛼𝑌 = 2.5) 𝑚𝑋 increases over
(0, 64.46), then
decreases over
(64.46, 1000), tending
to 2 𝖤[𝑋] from above

Figure 6, Figure 13.3, carries the number that makes this reproducible rather than merely plausible:
the turning point is at 64.46 ≃ 𝐹−1(0.998).

13.2.1. The one transcription decision, and the number that settles it

𝑃(𝐼) is the Pareto Type I, supported on 𝑥 > 𝜃, and 𝑃(𝐼𝐼) is the Lomax, supported on 𝑥 > 0. Neither
identification is in doubt. What is in doubt is the index, because the paper’s 𝛼 indexes the density
while scipy and DecL take the shape parameter of the survival function, and for a Pareto those
differ by one: if 𝑆𝑋(𝑥) ∼ 𝑥−𝑎 then 𝑓𝑋(𝑥) ∼ 𝑥−(𝑎+1). The paper half flags this itself, noting that
“Pareto, Log-Gamma, and Dagum distributions are often defined with a parameter 𝛽 = 𝛼−1 instead
of the parameter 𝛼 which appears in Table 1.”
So the paper’s 𝛼 should map to a DecL shape of 𝛼−1. The two readings are not distinguishable from
Figures 2 and 5, where both give an increasing curve. Figure 13.3 distinguishes them, because 64.46
is a specific number, and Table 13.2 is the test.

%xmode minimal
import numpy as np
import pandas as pd
import matplotlib.pyplot as plt
from aggregate.constants import FIG_W, FIG_H
from bookstyle import GT, build, show

def pool(sev_x, sev_y, log2, bs):
"""Two independent risks, one claim each, so each aggregate is its severity.

The trailer goes on the `port` header line. A trailer written after the last
unit binds to that unit, because the portfolio's trailer slot closes before
the units are read, and the pool would then be auto-sized.
"""
return build(f'port K hints{{log2={log2}; bs={bs}; normalize=False; padding=1}}\n'

f' agg X 1 claim {sev_x} fixed\n'
f' agg Y 1 claim {sev_y} fixed\n')

def m_x(p, lo, hi):
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"""m_X on [lo, hi], with the index, as an (index, values) pair."""
k = p.density_df['exeqa_X']
sl = (k.index >= lo) & (k.index <= hi)
return k[sl].index.to_numpy(), k[sl].to_numpy()

Exception reporting mode: Minimal

rows = []
for label, aX, aY in [('alpha as printed: DecL pareto 3.5 and 2.5', 3.5, 2.5),

('alpha minus one: DecL pareto 2.5 and 1.5', 2.5, 1.5)]:
p = pool(f'sev 1 * pareto {aX}', f'sev 1 * pareto {aY}', 20, 0.01)
idx, v = m_x(p, 2, 1000)
ex = aX / (aX - 1)
rows.append({'reading': label, 'E[X]': ex, '2 E[X]': 2 * ex,

'turning point of m_X': idx[v.argmax()],
'q(0.998) of S': p.q(0.998),
'm_X(1000)': float(p.density_df['exeqa_X'].loc[1000]),
'approaches 2E[X] from above':

bool(float(p.density_df['exeqa_X'].loc[1000]) > 2 * ex)})
GT(pd.DataFrame(rows).set_index('reading'), float_format=4)

Table 13.2.: The two readings of the paper’s index, each against the three numbers Figure 6 pins
down.

reading E[X]
2

E[X]

turning
point of
m_X

q(0.998)
of S m_X(1000)

approaches
2E[X] from

above
alpha as printed: DecL pareto
3.5 and 2.5

1.4000 2.8000 999.9900 13.8800 2.7987 False

alpha minus one: DecL pareto
2.5 and 1.5

1.6667 3.3333 64.4600 65.3800 3.3387 True

In Table 13.2, read as printed, there is no turning point inside the range at all: 𝑚𝑋 is still climbing
at 𝑠 = 1000, it approaches its limit from below, and the paper’s 𝐹−1(0.998) comes out at 13.9 rather
than 64.46. Read as 𝛼 − 1, the turning point lands at 𝑠 = 64.46, the 99.8th percentile of 𝑆 is 65.4
against the paper’s “≃ 64.46”, and the limit is approached from above. Every one of the paper’s three
statements about Figure 6 holds, and none of them holds under the other reading.

That settles the convention for the rest of this page: a printed 𝛼 becomes a DecL shape of 𝛼−1.

13.3. The aggregate reproduction

FIGS = {
'Figure 2': ('sev 1 * lomax 3.5', 'sev 1 * lomax 3', 18, 0.002, 0.0, 120.0),
'Figure 5': ('sev 1 * pareto 5', 'sev 1 * pareto 4', 18, 0.005, 2.0, 50.0),
'Figure 6': ('sev 1 * pareto 2.5', 'sev 1 * pareto 1.5', 20, 0.01, 2.0, 1000.0),

}
POOLS = {k: pool(sx, sy, lg, bs) for k, (sx, sy, lg, bs, _, _) in FIGS.items()}
show(POOLS['Figure 6'])
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port K
hints{log2=20; bs=0.01; normalize=False; padding=1}
agg X
1 claim
sev pareto 2.5
fixed

agg Y
1 claim
sev pareto 1.5
fixed

rows = []
for name, (sx, sy, lg, bs, lo, hi) in FIGS.items():

p = POOLS[name]
idx, v = m_x(p, max(lo, p.bs), hi)
d = np.diff(v)
rows.append({'figure': name, 'E[X]': p.agg_list[0].est_m,

'm_X at the left edge': v[0], 'm_X at the right edge': v[-1],
'increasing throughout': bool((d >= -1e-9).all()),
'turning point': idx[v.argmax()] if not (d >= -1e-9).all() else np.nan})

GT(pd.DataFrame(rows).set_index('figure'), float_format=4)

Table 13.3.: Each figure’s claim tested: the endpoints of 𝑚𝑋 , whether it increases throughout, and
any turning point.

figure E[X]

m_X
at the
left
edge

m_X at
the
right
edge

increasing
throughout

turning
point

Figure 2 0.4000 0.0010 11.8903 True —
Figure 5 1.2500 1.0000 2.4600 True —
Figure 6 1.6667 1.0000 3.3387 False 64.4600

In Table 13.3, Figure 2 increases over (0, 120) as claimed, and it is the divergent case, so there is
nothing for it to converge to. Figure 5 increases over (2, 50) and gets to 2.460 against a limit of
2 𝖤[𝑋] = 2.5, approaching from below. Figure 6 turns over at 64.46 and then falls. The published
figures are Figure 13.1, Figure 13.2 and Figure 13.3, and Figure 13.4 is the reproduction.

Figure 13.1.: Denuit, Ortega-Jiménez and Robert (2025), Figure 2.
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Figure 13.2.: Denuit, Ortega-Jiménez and Robert (2025), Figure 5.

Figure 13.3.: Denuit, Ortega-Jiménez and Robert (2025), Figure 6.

fig, axs = plt.subplots(1, 3, figsize=(3 * FIG_W, FIG_H), layout='constrained')
for ax, (name, (sx, sy, lg, bs, lo, hi)) in zip(axs, FIGS.items()):

p = POOLS[name]
idx, v = m_x(p, max(lo, p.bs), hi)
ax.plot(idx, v, lw=1, c='C0')
if name != 'Figure 2':

ax.axhline(2 * p.agg_list[0].est_m, ls='--', lw=0.75, c='C1')
if name == 'Figure 6':

ax.axvline(idx[v.argmax()], ls=':', lw=0.75, c='C7')
ax.set_xscale('log')

ax.set(title=name, xlabel='s', ylabel='$m_X(s)$')
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Figure 13.4.: Reproducing Figures 2, 5 and 6. The dashed line is 2E[X], the limit in the boundary
case.

13.3.1. Figure 6, closely

The paper’s three statements about Figure 13.3 are all quantitative, so Table 13.4 checks them one
at a time.

p6 = POOLS['Figure 6']
k6 = p6.density_df['exeqa_X']
idx, v = m_x(p6, 2, 1000)
EX6 = p6.agg_list[0].est_m
GT(pd.DataFrame([

{'claim': 'turning point', 'paper': '64.46', 'aggregate': f'{idx[v.argmax()]:.2f}'},
{'claim': 'turning point is about the 99.8th percentile of S',
'paper': '64.46', 'aggregate': f'{p6.q(0.998):.2f}'},
{'claim': 'limit as s grows', 'paper': '2 E[X]', 'aggregate': f'{2 * EX6:.5f}'},
{'claim': 'm_X at s = 1000', 'paper': 'above the limit',
'aggregate': f'{float(k6.loc[1000]):.5f}'},
{'claim': 'increases on (0, 64.46)', 'paper': 'yes',
'aggregate': str(bool((np.diff(v[:v.argmax() + 1]) >= -1e-9).all()))},
{'claim': 'decreases on (64.46, 1000)', 'paper': 'yes',
'aggregate': str(bool((np.diff(v[v.argmax():]) <= 1e-9).all()))},

]).set_index('claim'))

Table 13.4.: Every quantitative claim the paper makes about Figure 6, each against the computed
value.

claim paper aggregate
turning point 64.46 64.46
turning point is about the 99.8th
percentile of S

64.46 65.38

limit as s grows 2 E[X] 3.33331
m_X at s = 1000 above the limit 3.33867
increases on (0, 64.46) yes True
decreases on (64.46, 1000) yes True

In Table 13.4 the turning point matches to the two decimals printed. That is a strong check: it is a
location rather than a level, so it depends on the shape of both densities over the whole range rather
than on a normalization, and it would move if either index were wrong.
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13.4. Comments

13.4.1. The reproduction confirms a book it was written to examine

The paper’s stated motivation is to prove, or qualify, statements made by example in Mildenhall
andMajor (2022): that combining heavy-tailed distributions can produce a humped, non-monotone
conditional expectation given the sum. Figure 13.3 is that hump, and it reproduces here to the second
decimal of its turning point. The examples in Section 14.3 of the book were computed with this
library, so the loop closes: an assertion made by numerical example, proved analytically by other
authors, and the proof’s own illustration then recovered by the original numerics.

The one thing the reproduction adds is the index convention. Anyone reading the paper’s figures
alongside the book’s examples has to know that the paper’s 𝛼 is the density index and the book’s is
the survival index, and the two differ by one. The 64.46 is what makes that recoverable rather than
a matter of taste.

13.4.2. Reading𝑚𝑋 in the far tail, and where it stops being real

𝑚𝑋 is a ratio whose denominator is the density of the sum, so it degrades wherever that density is
numerically negligible. aggregate guards this with a noise floor: below EXEQA_NOISE_FLOOR the
conditional decomposition is not trusted and the exeqa columns are zeroed rather than allowed to
become noise. The visible effect is that 𝑚𝑋 falls off a cliff to zero far past the range where the sum
has any probability, and the cliff is an artifact of the guard rather than a property of𝑚𝑋 . Table 13.5
shows how thin the density gets.

p5 = POOLS['Figure 5']
k5 = p5.density_df['exeqa_X']
GT(pd.DataFrame([

{'s': s, 'm_X(s)': float(k5.loc[s]), 'p_total(s)': float(p5.density_df.p_total.loc[s]),
'S(s)': float(p5.density_df.S.loc[s])}
for s in (10, 50, 100, 200, 400, 800)]).set_index('s'),
formatters={'m_X(s)': 5, 'p_total(s)': '{x:.3e}', 'S(s)': '{x:.3e}'})

Table 13.5.:𝑚𝑋 read against the density and survival function of the sum, out to where both are
numerically negligible.

s m_X(s) p_total(s) S(s)
10 2.31316 4.643e-07 1.951e-04
50 2.46001 7.457e-11 1.808e-07
100 2.47953 2.157e-12 1.062e-08
200 2.48966 6.490e-14 6.441e-10
400 1.24739 1.990e-15 3.965e-11
800 0.00000 0.000e+00 6.914e-12

The practical rule this suggests is the one the paper itself gives, from a different direction: it suggests
checkingmonotonicity numerically over (0, 𝑏) for 𝑏 > 𝖤[𝑋 +𝑌]+102√𝖵𝖺𝗋[𝑋 + 𝑌]. For a Pareto pair
with an index near 2 the variance is large or infinite, so that bound is generous, and the grid has to
reach it with resolution left over. Figure 13.3 needs 𝑠 to 1000, which at bs = 0.01 and 220 buckets
is comfortable; asking the same grid for 𝑠 to 105 would not be.
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13.4.3. Both readings are worth carrying

The alpha as printed row of Table 13.2 is not a failure to be hidden. It is the answer to a ques-
tion a reader will have, and it demonstrates the shape of the mistake: an index off by one on both
variables preserves the difference of the indices, so it preserves every one of the paper’s qualitative
classifications and changes only the levels and the turning point. A reproduction that checked “does
𝑚𝑋 increase then decrease” would have passed under either reading and learned nothing.
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Part V.

Exact computation and convolution accuracy
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14. Gerber and compound Poisson stop loss
premiums

Reproducing Gerber (1982)

14.1. Context and problem

Gerber (1982) is about evaluating a stop loss premium

𝜋(𝑡) = 𝖤[(𝑆 − 𝑡)+] = 𝖤[𝑆] − 𝖤[𝑆 ∧ 𝑡]

when the aggregate 𝑆 is compound Poisson with a continuous severity. In 1982 the obstacle was that
the recursion available at the time, Panjer’s, needs an arithmetic severity, so the continuous severity
has to be discretized onto a span ℎ first, and the discretization changes the answer.
The paper’s contribution is to bracket the error rather than hope about it. It sets out three ways to
put a continuous severity onto a lattice of span ℎ:

1. move all the mass in a cell to its lower endpoint, which makes the aggregate smaller in the
relevant order and produces a lower bound on the stop loss premium,

2. move it to the upper endpoint, giving an upper bound,
3. split the mass between the two endpoints so that the cell’smean is preserved, the method of

matching moments.

Tables 1 to 6 then show all three at ℎ = 1 and ℎ = 0.1 against an exact column, for expected claim
counts 1, 10 and 100. The paper’s conclusion is that the bounds do bracket, that the upper bound is
the better of the two, and that matching moments beats both by a wide margin: at 𝜆 = 100 it does as
well at ℎ = 1 as the bounds do at ℎ = 0.1.
Forty years later the interesting content is not the ranking, which is settled, but the exact column. It
is 28 published four figure numbers for a compound Poisson with a continuous severity, computed
by somebody with no FFT, and that makes it a good external check.

14.2. Paper solution and gold standard

Frequency is Poisson with mean 𝜆 and severity is uniform on (1, 3), so 𝖤[𝑋] = 2 and 𝖤[𝑆] = 2𝜆.
Tables 1, 2 and 3, Figure 14.1, tabulate 𝜋(𝑡) for 𝜆 = 1, 10, 100 at the retentions Table 14.1 lists.
The exact column is not a closed form. It is the paper’s own method (c) at ℎ = 0.01, and the paper
says so: “column 2 gives the ‘exact’ stop-loss premium as calculated by method (c) with ℎ = 0.01.
(A comparison with the results of methods (a) and (b) with ℎ = 0.01 has convinced the author that
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the displayed digits are accurate.)” So the target is four significant figures, and the reproduction is a
comparison of two independent approximations rather than a check against truth.
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Figure 14.1.: Gerber (1982), Tables 1, 2, and 3.
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%xmode minimal
import numpy as np
import pandas as pd
from bookstyle import GT, build, show

# Transcribed from the 'Exact value' column of Tables 1, 2 and 3.
PAPER = {

1: {0: 2.0, 2: 8.277e-1, 4: 2.689e-1, 6: 7.184e-2, 8: 1.627e-2,
10: 3.253e-3, 12: 5.815e-4, 14: 9.346e-5, 16: 1.366e-5,
18: 1.840e-6, 20: 2.302e-7},

10: {15: 5.757, 20: 2.626, 25: 9.321e-1, 30: 2.563e-1, 35: 5.507e-2,
40: 9.383e-3, 45: 1.289e-3, 50: 1.449e-4, 55: 1.355e-5, 60: 1.067e-6},

100: {180: 2.177e1, 200: 8.304, 220: 1.959, 240: 2.647e-1, 260: 1.992e-2,
280: 8.364e-4, 300: 1.994e-5},

}
GT(pd.DataFrame([{'table': t, 'lambda': lam, 'E[S]': 2 * lam,

'retentions': f'{min(v)} to {max(v)}', 'values': len(v)}
for t, (lam, v) in enumerate(PAPER.items(), start=1)]

).set_index('table'), float_format=0)

Exception reporting mode: Minimal

Table 14.1.: The three published tables, their claim counts and the retentions each tabulates.

table lambda E[S] retentions values
1 1 2 0 to 20 11
2 10 20 15 to 60 10
3 100 200 180 to 300 7

The severity supplies an acceptance test before any aggregate is built. A uniform on (1, 3) has mean
2 and variance 4/12 = 1/3, so 𝖤[𝑆] = 2𝜆 and 𝖵𝖺𝗋[𝑆] = 𝜆 𝖤[𝑋2] = 𝜆(4+1/3) by the compound Poisson
variance formula. Table 14.2 records the two severity moments the check uses.

GT(pd.DataFrame([
{'quantity': 'severity mean', 'exact': 2.0},
{'quantity': 'severity second moment', 'exact': 4 + 1 / 3},

]).set_index('quantity'), float_format=8)

Table 14.2.: The first two moments of the uniform severity on (1, 3).

quantity exact
severity mean 2.00000000
severity second moment 4.33333333

14.3. The aggregate reproduction

The severity is sev 2 * uniform + 1: a standard uniform scaled to width 2 and shifted to start at
1. Nothing else in the declaration varies across the three tables except 𝜆 and the grid, and Table 14.3
confirms all three builds before any premium is read.

156



def gerber(lam, bs, log2=18):
return build(f'agg Gerber {lam} claims sev 2 * uniform + 1 poisson '

f'hints{{log2={log2}; bs={bs}}}')

a1 = gerber(1, 1 / 1024)
show(a1)

agg Gerber
1 claim
sev 2 * uniform + 1
poisson
hints{log2=18; bs=0.0009765625}

rows = []
for lam in (1, 10, 100):

a = gerber(lam, 1 / 1024 if lam == 1 else 1 / 128 if lam == 10 else 1 / 64)
rows.append({'lambda': lam, 'E[S] exact': 2 * lam, 'E[S] agg': a.est_m,

'sd exact': np.sqrt(lam * (4 + 1 / 3)), 'sd agg': a.est_sd,
'total mass': a.agg_density.sum()})

GT(pd.DataFrame(rows).set_index('lambda'),
formatters={'E[S] exact': 6, 'E[S] agg': 6, 'sd exact': 6, 'sd agg': 6,

'total mass': 12})

Table 14.3.: The aggregate mean and standard deviation at each claim count, against the compound
Poisson formulas.

lambda E[S] exact E[S] agg sd exact sd agg total mass
1 2.000000 2.000000 2.081666 2.081666 1.000000000000
10 20.000000 20.000000 6.582806 6.582814 1.000000000000
100 200.000000 200.000000 20.816660 20.816758 1.000000000000

Now the tables, Table 14.4. The stop loss premium comes straight off density_df['lev'], since
𝜋(𝑡) = 𝖤[𝑆] − 𝖤[𝑆 ∧ 𝑡].

def stop_loss(lam, bs, log2=18):
a = gerber(lam, bs, log2)
return {t: a.est_m - float(a.density_df.loc[t, 'lev']) for t in PAPER[lam]}

FINE = {1: 1 / 1024, 10: 1 / 128, 100: 1 / 64}
rows = []
for lam, bs in FINE.items():

got = stop_loss(lam, bs)
for t, exact in PAPER[lam].items():

rows.append({'lambda': lam, 't': t, 'paper exact': exact,
'aggregate': got[t], 'rel err': abs(got[t] / exact - 1)})

res = pd.DataFrame(rows)
GT(res.set_index(['lambda', 't']),

formatters={'paper exact': '{x:.4e}', 'aggregate': '{x:.4e}',
'rel err': '{x:.2e}'})
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Table 14.4.: All 28 published stop loss premiums against the rebuilt values, with the relative error on
each.

lambda t paper exact aggregate rel err
1 0 2.0000e+00 2.0000e+00 9.84e-14

2 8.2770e-01 8.2773e-01 3.47e-05
4 2.6890e-01 2.6891e-01 3.43e-05
6 7.1840e-02 7.1838e-02 2.83e-05
8 1.6270e-02 1.6267e-02 2.07e-04
10 3.2530e-03 3.2535e-03 1.58e-04
12 5.8150e-04 5.8146e-04 6.50e-05
14 9.3460e-05 9.3461e-05 8.90e-06
16 1.3660e-05 1.3664e-05 2.58e-04
18 1.8400e-06 1.8400e-06 1.75e-05
20 2.3020e-07 2.3017e-07 1.51e-04

10 15 5.7570e+00 5.7565e+00 8.03e-05
20 2.6260e+00 2.6255e+00 1.78e-04
25 9.3210e-01 9.3214e-01 4.51e-05
30 2.5630e-01 2.5632e-01 8.21e-05
35 5.5070e-02 5.5073e-02 6.03e-05
40 9.3830e-03 9.3834e-03 3.90e-05
45 1.2890e-03 1.2887e-03 2.55e-04
50 1.4490e-04 1.4495e-04 3.53e-04
55 1.3550e-05 1.3552e-05 1.45e-04
60 1.0670e-06 1.0673e-06 2.35e-04

100 180 2.1770e+01 2.1773e+01 1.45e-04
200 8.3040e+00 8.3045e+00 5.76e-05
220 1.9590e+00 1.9591e+00 6.48e-05
240 2.6470e-01 2.6470e-01 4.41e-06
260 1.9920e-02 1.9919e-02 4.91e-05
280 8.3640e-04 8.3651e-04 1.28e-04
300 1.9940e-05 1.9938e-05 1.15e-04

GT(pd.DataFrame([
{'lambda': lam, 'values compared': int((res['lambda'] == lam).sum()),
'worst relative error': float(res[res['lambda'] == lam]['rel err'].max()),
'inside 4 significant figures':

int((res[res['lambda'] == lam]['rel err'] < 5e-4).sum())}
for lam in (1, 10, 100)]
+ [{'lambda': 'all', 'values compared': len(res),

'worst relative error': float(res['rel err'].max()),
'inside 4 significant figures': int((res['rel err'] < 5e-4).sum())}]

).set_index('lambda'), formatters={'worst relative error': '{x:.2e}'})
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Table 14.5.: Howmany values reproduce inside the four significant figures the paper prints, table by
table.

lambda
values

compared

worst
relative
error

inside 4
significant
figures

1 11 2.58e-04 11
10 10 3.53e-04 10
100 7 1.45e-04 7
all 28 3.53e-04 28

By Table 14.5 all 28 published values reproduce inside the four significant figures the paper prints,
over a range of 𝜋(𝑡) spanning eight orders of magnitude, from 21.77 down to 2 × 10−7. Two in-
dependent approximations to the same quantity, forty years apart, agree everywhere they can be
compared.

14.4. Comments

14.4.1. The grid, and a correction to an earlier treatment

The bucket sizes above are not the obvious ones, and the 𝜆 = 100 table is the reason. An earlier
treatment of these tables in the technical guides used bs = 1/16 for 𝜆 = 100, which is ample for the
body and not for the tail, as Table 14.6 shows.

sweep = []
for bs in (1 / 16, 1 / 64, 1 / 256):

got = stop_loss(100, bs)
for t, exact in PAPER[100].items():

sweep.append({'t': t, 'bs': f'1/{int(1/bs)}',
'rel err': abs(got[t] / exact - 1)})

piv = pd.DataFrame(sweep).pivot(index='t', columns='bs', values='rel err')
piv = piv[[f'1/{d}' for d in (16, 64, 256)]]
GT(piv, formatters={c: '{x:.2e}' for c in piv.columns})

Table 14.6.: Relative error on Table 3 at three bucket sizes, showing where the coarse grid fails.

t 1/16 1/64 1/256
180 1.61e-04 1.45e-04 1.44e-04
200 1.27e-04 5.76e-05 5.32e-05
220 2.61e-04 6.48e-05 5.25e-05
240 4.23e-04 4.41e-06 2.17e-05
260 6.95e-04 4.91e-05 9.56e-05
280 1.31e-03 1.28e-04 5.44e-05
300 1.60e-03 1.15e-04 2.23e-04

In Table 14.6, at bs = 1/16 the last three rows of Table 3miss the printed precision, by up to 1.6×10−3
at 𝑡 = 300. Refining to bs = 1/64 brings every row inside 2×10−4 and refining again changes little,
so the residual was discretization on this side and not an inaccuracy in Gerber’s column. That is

159



worth stating the right way round: the first version of this comparison looked like a small failure of
the paper’s far tail digits, and it was not.

The general point is the one Mack and Fackler (2003) makes from a different direction. A grid sized
for the mean is not automatically a grid sized for a tail eight orders of magnitude down, and the
quantity that reveals it is the one being read, not the mean or the total mass, both of which are
already exact to twelve figures at bs = 1/16.

14.4.2. What became of the three methods

Gerber’s three discretizations are still the live choices, and aggregate exposes the same distinction
as discretization_calc, which computes the discrete probabilities from the survival function or
the distribution function and so is accurate on the right or the left tail. The library’s default is the
moment preserving idea rather than either bound, which is Gerber’s method (c) and his own recom-
mendation.

What has changed is that the bound is no longer the thing you reach for. Gerber needed bounds
because his exact answer cost as much as the bracket did, so bracketing was the cheap way to know
he was close. Here the fine grid is the cheap option: the whole of Table 3 at bs = 1/256 costs a
fraction of a second, so the honest error control is refinement and comparison, and this page uses it
above rather than a bound.

14.4.3. Why a uniform severity is a good test and a bad model

Uniform on (1, 3) is not a claim size distribution anybody would fit. It is a deliberately awkward test
case, and the awkward part is the two hard edges. A severity with compact support and a discontin-
uous density at both ends is the worst case for any discretization scheme, because the error does not
smooth out across a cell boundary the way it does for a density that decays. That the reproduction
holds to four figures on a severity chosen to be difficult, rather than on a lognormal, says more than
the same result on a friendly curve would.

It also has an exact aggregate at small 𝜆, which is how the 𝑡 = 0 row can be checked to twelve figures:
𝜋(0) = 𝖤[𝑆] = 2𝜆 with no discretization involved at all.
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15. Robertson and the sum of uniform claims

Reproducing Robertson (1992), Table 4

15.1. Context and problem

Robertson (1992) sets out an FFT algorithm for aggregate loss distributions with one distinguishing
feature: the severity is represented as a piecewise uniform density rather than as point masses on
a lattice. The paper’s motivation is that a step density is a better approximation to a real claim size
curve than a comb of atoms at the same resolution, and it carries correction terms, the paper’s 𝐴′
vectors, that integrate the uniform pieces analytically instead of discretizing them.

The consequence is that for a severity which is piecewise uniform, the algorithm is exact up to float-
ing point. That is not true of a lattice method, and it makes Table 4 an unusual reproduction target:
a published table with no discretization error in it at all.

aggregate is a lattice method. It does have a chistogram severity, a continuous histogram, and
the technical guides note that a fine bucket size “approximates the continuous cdf approach” while
recommending against it. This chapter is a check of that recommendation, and it ends up sharpening
it.

15.2. Paper solution and gold standard

Section 4’s first example is deliberatelyminimal, “intended to be easy to reproduce in order to test an
actual implementation. It is not meant to be realistic.” It computes the distribution of exactly five
claims, each uniform on [0, 1]. The grid is 𝑛 = 32 elements over 𝐿 = 6.4, so each element spans 0.2,
and the severity vector is (0.2, 0.2, 0.2, 0.2, 0.2, 0,… , 0).
Since the sum of five variables each at most 1 cannot exceed 5, only the first 25 output elements are
below 1. Table 4 lists all 32 cumulative values to six decimals.

The distribution of a sum of 𝑛 independent standard uniforms is the Irwin-Hall law, with exact
CDF

𝐹𝑛(𝑥) =
1
𝑛!

⌊𝑥⌋
∑
𝑘=0

(−1)𝑘(𝑛𝑘)(𝑥 − 𝑘)𝑛.

The paper checks itself against this: the sum of its first five elements is 0.008335, “which (up to
rounding error) is 1/120”. So the gold standard is not merely published, it is a closed form, and Table
4, Figure 15.1, should be 𝐹5 evaluated at multiples of 0.2. Table 15.1 checks that.
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Figure 15.1.: Robertson (1992), Table 4.

%xmode minimal
from math import factorial

import numpy as np
import pandas as pd
from scipy.special import comb
from bookstyle import GT, build, show

def irwin_hall(x, n=5):
"""Exact CDF of a sum of n independent standard uniforms."""
if x <= 0:

return 0.0
if x >= n:

return 1.0
k = np.arange(0, int(np.floor(x)) + 1)
return float((((-1.0) ** k) * comb(n, k) * (x - k) ** n).sum() / factorial(n))

# Values legible in the scan of Table 4. The scan is poor; these are the entries
# that could be read without ambiguity.
SCAN = {0.2: 0.000003, 1.0: 0.008333, 2.0: 0.225000, 2.6: 0.559688,
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3.6: 0.955608, 4.8: 0.999997, 5.0: 1.000000}
GT(pd.DataFrame([{'x': x, 'Table 4 as scanned': v, 'Irwin-Hall exact': irwin_hall(x),

'difference': v - irwin_hall(x)} for x, v in SCAN.items()]
).set_index('x'),

formatters={'Table 4 as scanned': 6, 'Irwin-Hall exact': 6,
'difference': '{x:.1e}'})

Exception reporting mode: Minimal

Table 15.1.: The legible entries of Table 4 against the exact Irwin-Hall distribution function.

x
Table 4 as
scanned

Irwin-Hall
exact difference

0.200 0.000003 0.000003 3.3e-07
1.000 0.008333 0.008333 -3.3e-07
2.000 0.225000 0.225000 0.0e+00
2.600 0.559688 0.559688 -1.1e-16
3.600 0.955608 0.955608 3.3e-16
4.800 0.999997 0.999997 -3.3e-07
5.000 1.000000 1.000000 0.0e+00

In Table 15.1 every legible entry agrees with the closed form to the six decimals printed, which
confirms both the identification of the example and the claim that Robertson’s algorithm is exact
here. The rest of this page therefore compares against irwin_hall rather than against the scan,
which is the stronger comparison and does not depend on reading a 1992 photocopy.

15.3. The aggregate reproduction

CHIST = ('agg Robertson 5 claims '
'sev chistogram xps [0 .2 .4 .6 .8 1] [.2 .2 .2 .2 .2] fixed')

s = build(CHIST, bs=1 / 200, log2=12)
show(s)

agg Robertson
5 claims
sev chistogram xps [0 0.2 0.4 0.6 0.8 1] [0.2 0.2 0.2 0.2 0.2]
fixed

EXACT = np.array([irwin_hall(k * 0.2) for k in range(1, 26)])
F = s.density_df['F'].to_numpy()
step = int(round(0.2 / s.bs))
got = np.array([F[k * step] for k in range(1, 26)])
t4 = pd.DataFrame({'x': [round(k * 0.2, 1) for k in range(1, 26)],

'exact': EXACT, 'aggregate': got}).set_index('x')
t4['abs diff'] = (t4['aggregate'] - t4['exact']).abs()
GT(t4, formatters={'exact': 8, 'aggregate': 8, 'abs diff': '{x:.2e}'})
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Table 15.2.: All 25 elements of Table 4 below the support cap, rebuilt on a lattice against the exact
values.

x exact aggregate abs diff
0.200 0.00000267 0.00000285 1.84e-07
0.400 0.00008533 0.00008814 2.80e-06
0.600 0.00064800 0.00066195 1.40e-05
0.800 0.00273067 0.00277441 4.37e-05
1.000 0.00833333 0.00843960 1.06e-04
1.200 0.02072267 0.02094137 2.19e-04
1.400 0.04439200 0.04478390 3.92e-04
1.600 0.08414133 0.08476279 6.21e-04
1.800 0.14381067 0.14469765 8.87e-04
2.000 0.22500000 0.22615207 1.15e-03
2.200 0.32581600 0.32718216 1.37e-03
2.400 0.44031200 0.44179535 1.48e-03
2.600 0.55968800 0.56116825 1.48e-03
2.800 0.67418400 0.67554146 1.36e-03
3.000 0.77500000 0.77613957 1.14e-03
3.200 0.85618933 0.85706268 8.73e-04
3.400 0.91585867 0.91646756 6.09e-04
3.600 0.95560800 0.95598980 3.82e-04
3.800 0.97927733 0.97948900 2.12e-04
4.000 0.99166667 0.99176876 1.02e-04
4.200 0.99726933 0.99731094 4.16e-05
4.400 0.99935200 0.99936505 1.31e-05
4.600 0.99991467 0.99991720 2.54e-06
4.800 0.99999733 0.99999748 1.51e-07
5.000 1.00000000 1.00000000 1.11e-15

GT(pd.DataFrame([{
'elements compared': 25,
'worst absolute difference': float(t4['abs diff'].max()),
'at x': float(t4['abs diff'].idxmax()),
'decimals printed in Table 4': 6,
'reproduced to the printed precision': bool(t4['abs diff'].max() < 5e-7),

}]), formatters={'worst absolute difference': '{x:.2e}', 'at x': 1,
'elements compared': 0, 'decimals printed in Table 4': 0})

Table 15.3.: The worst error over Table 4, against the precision the paper prints.

elements
compared

worst
absolute
difference at x

decimals
printed
in Table

4

reproduced
to the
printed
precision

25 1.48e-03 2.4 6 False

Table 15.2 and Table 15.3 are not a reproduction to the published precision. The worst abso-
lute difference is 1.5×10−3, near themiddle of the distribution, against a table printed to six decimals.
The shape is right, the tails are right to five or six decimals, and the body is wrong in the third.
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15.4. Comments

15.4.1. The error is O(h), which is why refinement will not rescue it

Table 15.4 refines the grid and watches the error.

rows = []
for d in (200, 400, 1000, 2000, 5000):

a = build(CHIST, bs=1 / d, log2=int(np.ceil(np.log2(8 * d))))
Fa = a.density_df['F'].to_numpy()
st = int(round(0.2 / a.bs))
w = float(np.abs(np.array([Fa[k * st] for k in range(1, 26)]) - EXACT).max())
rows.append({'bs': f'1/{d}', 'buckets per 0.2': st, 'worst abs error': w})

conv = pd.DataFrame(rows)
conv['ratio to previous'] = conv['worst abs error'].shift(1) / conv['worst abs error']
conv['bs ratio to previous'] = [np.nan, 2, 2.5, 2, 2.5]
GT(conv.set_index('bs'),

formatters={'buckets per 0.2': 0, 'worst abs error': '{x:.3e}',
'ratio to previous': 3, 'bs ratio to previous': 1})

Table 15.4.: Worst error over Table 4 as the bucket is refined, beside the refinement ratio, showing
first order convergence.

bs
buckets
per 0.2

worst
abs
error

ratio to
previous

bs ratio
to

previous
1/200 40 1.483e-03 — —
1/400 80 7.413e-04 2.001 2.0
1/1000 200 2.964e-04 2.501 2.5
1/2000 400 1.482e-04 2.000 2.0
1/5000 1,000 5.928e-05 2.500 2.5

In Table 15.4 the error ratio tracks the bandwidth ratio one for one: halve bs and the error halves.
This is first order convergence, 𝑂(ℎ), not the 𝑂(ℎ2) that Embrechts et al. (1993) establishes for a
smooth severity. Reaching six decimals from 1.5 × 10−3 at first order needs about three thousand
times the resolution, roughly bs = 1/600000, which is not a calculation anybody should run to
match a 1992 table.

The reason for the lost order is the severity’s hard edges. A uniform density on [0, 1] is discontinuous
at both ends, and the𝑂(ℎ2) result needs a density with a uniformly continuous derivative. At a jump,
a lattice cell straddles the discontinuity and the mass assigned to it is wrong at first order in ℎ, and
no amount of grid refinement changes the order. Robertson’s method has no such term because it
integrates the uniform pieces exactly, which is precisely the advantage the paper claims for it.

So the negative result is the informative one. On the one severity familywhere the piecewise uniform
representation is exact, it beats a lattice method by an unbounded margin, and the example was
chosen to be that family.

15.4.2. The chistogram adds nothing here, which is worth knowing

The technical guides suggest chistogram with a fine bs as a way to approximate the continuous
approach. It is not: in Table 15.5 it is numerically the same as declaring the uniform severity directly
and letting the default rounding discretize it.
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UNIF = 'agg Robertson2 5 claims sev 1 * uniform fixed'
rows = []
for label, prog, kw in [('chistogram, xps in five bins', CHIST, {}),

('plain uniform, sev_calc round', UNIF,
dict(sev_calc='round')),

('plain uniform, sev_calc continuous', UNIF,
dict(sev_calc='continuous')),

('plain uniform, sev_calc forward', UNIF,
dict(sev_calc='forward')),

('plain uniform, sev_calc backward', UNIF,
dict(sev_calc='backward'))]:

a = build(prog, bs=1 / 200, log2=13, **kw)
Fa = a.density_df['F'].to_numpy()
st = int(round(0.2 / a.bs))
g = np.array([Fa[k * st] for k in range(1, 26)])
rows.append({'route': label, 'worst abs error': float(np.abs(g - EXACT).max()),

'F(2.0)': float(g[9])})
GT(pd.DataFrame(rows).set_index('route'),

formatters={'worst abs error': '{x:.6e}', 'F(2.0)': 8})

Table 15.5.: Five routes to the same uniform severity, and the error each produces on Table 4.

route worst abs error F(2.0)
chistogram, xps in five bins 1.483352e-03 0.22615207
plain uniform, sev_calc round 1.483352e-03 0.22615207
plain uniform, sev_calc continuous 8.903602e-03 0.23192789
plain uniform, sev_calc forward 8.903602e-03 0.23192789
plain uniform, sev_calc backward 5.932631e-03 0.22043859

In Table 15.5 the chistogram row and the plain rounding row agree to every digit shown, including at
𝐹(2.0). Both are 1.483×10−3. So the elaborate route buys exactly nothing over sev 1 * uniform, and
the two designs that actually try to be continuous, continuous and forward, are six times worse.

That sharpens the guides’ recommendation. Their stated reason for avoiding the approach is that it
“is unnecessarily complicated and does not improve accuracy in any example we have encountered”.
Themeasurement here says something stronger andmore useful: on this example it does notmerely
fail to improve accuracy, it produces the identical numbers, so the complication is not a trade-off at
any price.

15.4.3. What would be needed to reproduce it, and whether it is worth having

An exact reproduction of Table 4 needs the piecewise uniform severity carried analytically through
the transform, which means the paper’s 𝐴′ correction terms, not a finer lattice. That is a real feature
and aggregate does not have it.

The case for adding it is weak, and Table 4 is the reason. The example was built so that the sever-
ity is exactly piecewise uniform, which is the one circumstance where the method is exact rather
than merely better. A real claim size curve fitted by a step function is not exactly a step function,
so the correction terms remove the discretization error of an approximation that was itself chosen
for convenience. Against that, they cost roughly double the vector length, which the paper states.
Given that Embrechts et al. (1993) recovers the missing order of accuracy for smooth severities by
Richardson extrapolation at the cost of one extra build, and that hard-edged severities are rare in
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practice and easy to spot, the lattice route with refinement is the better default even though it loses
this particular table.

This chapter is therefore a partial reproduction and is filed as one. The shape reproduces, the tails
reproduce, the identification of the example is confirmed against a closed form, and the bodymisses
the published precision by three orders of magnitude for a reason that is understood and structural
rather than accidental.
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16. Embrechts, Grübel and Pitts on discretization
error

Reproducing Embrechts, Grübel and Pitts (1993)

16.1. Context and problem

Every FFT aggregate begins by replacing a continuous severity with a lattice distribution of span ℎ.
That step costs accuracy, and the cost is separate from aliasing: it would be there on an infinitely
long grid with no wraparound at all. Embrechts et al. (1993) is the paper that identified the rate at
which it goes away, and then removed most of it for free.

The mechanism is Richardson’s deferred approach to the limit, standard in numerical analysis and
unfamiliar in actuarial work. Suppose an estimator satisfies

𝐼(ℎ) = 𝐼 + 𝑐1ℎ𝛼 + 𝑂(ℎ𝛽), 𝛽 > 𝛼 > 0.

Evaluate at ℎ and at ℎ/𝑡, scale the second by 𝑡𝛼, subtract, and rearrange:

𝐼 = 𝑡𝛼𝐼(ℎ/𝑡) − 𝐼(ℎ)
𝑡𝛼 − 1 + 𝑂(ℎ𝛽).

The leading error term is gone and the constant 𝑐1 never had to be known. All that is needed is 𝛼.
The paper’s contribution is to establish 𝛼 = 2 for compound distributions. Its Theorem shows that
under smoothness conditions on the severity density and the integrand,

lim
ℎ↓0

1
ℎ2 (∫𝜙 d𝐺ℎ −∫𝜙 d𝐺) = 1

24
∫𝜙″ d𝐻

for an explicit𝐻, so the discretization error is exactly𝑂(ℎ2) and 𝑡 = 2 gives the familiar combination
(4𝐼(ℎ/2) − 𝐼(ℎ))/3.
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16.2. Paper solution and gold standard

Figure 1, Figure 16.1, is the illustration, and its caption gives the whole specification: claim sizes
exponential withmean 1, claim count Poisson withmean 20, and two discretizations, (a)𝑀 = 1024,
ℎ = 0.1 and (b)𝑀 = 2048, ℎ = 0.05. Both reach the same truncation point, 𝑀ℎ = 102.4, which is
the point: they differ only in span.

Section 5 then combines the two density estimates 𝑔𝑀,𝑘/ℎ and 𝑔2𝑀,2𝑘/ℎ into

̂𝑓𝑆(𝑘ℎ) =
1
3 (

4𝑔2𝑀,2𝑘
ℎ − 𝑔𝑀,𝑘

ℎ )

and reports that “the error associatedwith this approximation is also displayed, it is indistinguishable
from the horizontal axis”. The paper adds the honest caveat that this particular application, a density
rather than an integral ∫𝜙 d𝐺, is not covered by its own Theorem.
So there are two things to check and no table to check them against: that the error really is 𝑂(ℎ2),
and that the extrapolation really is invisible on the same axis.

16.2.1. The gold standard here is exact

This example has a closed-form answer, which is unusual andmakes the reproductionmuch sharper
than a comparison against a finer grid. A compound Poissonwith exponential severity has density

𝑓𝑆(𝑥) = 𝑒−𝜆−𝛽𝑥√
𝜆𝛽
𝑥 𝐼1(2√𝜆𝛽𝑥) , 𝑥 > 0,

with 𝐼1 themodified Bessel function of the first kind, plus an atomof 𝑒−𝜆 at zero. So the discretization
error can be measured rather than estimated, once Table 16.1 confirms the closed form is the right
function.

%xmode minimal
import numpy as np
import pandas as pd
import matplotlib.pyplot as plt
from scipy.special import i1e
from aggregate.constants import FIG_W, FIG_H
from bookstyle import GT, build, show

LAM, BETA = 20.0, 1.0

def exact_density(x):
"""Closed-form compound Poisson-exponential density. Zero at x <= 0."""
x = np.asarray(x, dtype=float)
out = np.zeros_like(x)
m = x > 0
z = 2 * np.sqrt(LAM * BETA * x[m])
# i1e(z) = I_1(z) e^{-z}; fold the exponent in to stay in range
out[m] = (np.exp(-LAM - BETA * x[m] + z)

* np.sqrt(LAM * BETA / x[m]) * i1e(z))
return out

xx = np.linspace(1e-9, 400, 4_000_001)
fx = exact_density(xx)
GT(pd.DataFrame([
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{'quantity': 'integral of the closed-form density', 'value': float(np.trapezoid(fx, xx)),
'exact': 1 - np.exp(-LAM)},
{'quantity': 'its first moment', 'value': float(np.trapezoid(xx * fx, xx)),
'exact': LAM / BETA},

]).set_index('quantity'), float_format=10)

Exception reporting mode: Minimal

Table 16.1.: The closed form density integrated and its first moment, against their exact values.

quantity value exact
integral of the closed-form density 0.9999999979 0.9999999979
its first moment 20.0000000000 20.0000000000

In Table 16.1 it integrates to 1− 𝑒−20, the probability of at least one claim, and has mean 20. It is the
right function.

16.3. The aggregate reproduction

def egp(M, h):
return build(f'agg EGP {LAM:g} claims sev expon {1/BETA:g} poisson '

f'hints{{log2={int(np.log2(M))}; bs={h}; padding=1; normalize=False}}')

CASES = {'(a) M = 1024, h = 0.1': (1024, 0.1), '(b) M = 2048, h = 0.05': (2048, 0.05)}
objs = {k: egp(M, h) for k, (M, h) in CASES.items()}
show(objs['(a) M = 1024, h = 0.1'])

agg EGP
20 claims
sev expon 1
poisson
hints{log2=10; bs=0.1; padding=1; normalize=False}

Table 16.2 records both builds and their shared truncation point.

rows = []
for k, (M, h) in CASES.items():

a = objs[k]
rows.append({'case': k, 'M': M, 'h': h, 'truncation point M h': M * h,

'E[S] agg': a.est_m, 'E[S] exact': LAM / BETA,
'total mass': a.agg_density.sum()})

GT(pd.DataFrame(rows).set_index('case'),
formatters={'M': 0, 'h': '{x:g}', 'truncation point M h': 1,

'E[S] agg': 6, 'E[S] exact': 6, 'total mass': 10})

Table 16.2.: The paper’s two discretizations, sharing a truncation point and differing only in span.

case M h
truncation
point M h E[S] agg

E[S]
exact total mass

(a) M = 1024, h = 0.1 1,024 0.1 102.4 19.991669 20.000000 1.0000000000
(b) M = 2048, h = 0.05 2,048 0.05 102.4 19.997917 20.000000 1.0000000000
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16.3.1. Figure 1

Table 16.3 measures both of the paper’s claims at once.

dens = {}
for k, (M, h) in CASES.items():

a = objs[k]
x = a.density_df.index.to_numpy()
dens[k] = (x, a.density_df.p_total.to_numpy() / h)

xc, dc = dens['(a) M = 1024, h = 0.1']
xf, df_ = dens['(b) M = 2048, h = 0.05']
d_fine_on_coarse = df_[::2][:len(dc)] # every other fine point
rich = (4 * d_fine_on_coarse - dc) / 3 # the paper's combination
ex = exact_density(xc)
sl = (xc > 0) & (xc <= 60)

err = pd.DataFrame({'h = 0.1': dc[sl] - ex[sl],
'h = 0.05': d_fine_on_coarse[sl] - ex[sl],
'Richardson': rich[sl] - ex[sl]}, index=xc[sl])

GT(pd.DataFrame([
{'estimate': c, 'max |error| on (0, 60]': float(err[c].abs().max())}
for c in err.columns] + [
{'estimate': 'ratio, h = 0.1 over h = 0.05',
'max |error| on (0, 60]': float(err['h = 0.1'].abs().max()

/ err['h = 0.05'].abs().max())}
]).set_index('estimate'), formatters={'max |error| on (0, 60]': '{x:.4e}'})

Table 16.3.: Worst density error at each span and for the Richardson combination, with the ratio
between the two spans.

estimate max |error| on (0, 60]
h = 0.1 6.8213e-05
h = 0.05 1.7060e-05
Richardson 1.9350e-08
ratio, h = 0.1 over h = 0.05 3.9984e+00

Both of the paper’s claims hold in Table 16.3. The error ratio between ℎ = 0.1 and ℎ = 0.05 is 3.998,
which is the paper’s Theorem measured rather than assumed: halving the span quarters the error,
so 𝛼 = 2. And the extrapolated error is 1.9 × 10−8 against 6.8 × 10−5 for the coarse estimate, a factor
of 3,525, so on a shared axis it is indeed indistinguishable from zero.

171



Figure 16.1.: Embrechts, Grübel and Pitts (1993), Figure 1.

fig, axs = plt.subplots(1, 2, figsize=(2 * FIG_W, FIG_H), layout='constrained')
for c, lw in zip(err.columns, (1, 1, 1.2)):

axs[0].plot(err.index, err[c] * 1e5, lw=lw, label=c)
axs[0].set(xlabel='x', ylabel='error, $\\times 10^{-5}$',

title='Figure 1, shared axis')
axs[0].axhline(0, lw=0.4, c='k')
axs[0].legend(fontsize=6)
axs[1].semilogy(err.index, err['h = 0.1'].abs(), lw=1, label='h = 0.1')
axs[1].semilogy(err.index, err['h = 0.05'].abs(), lw=1, label='h = 0.05')
axs[1].semilogy(err.index, err['Richardson'].abs(), lw=1, label='Richardson')
axs[1].set(xlabel='x', ylabel='|error|', title='the same, on a log scale')
axs[1].legend(fontsize=6)
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Figure 16.2.: Reproducing Figure 1. Discretization error of the density estimate at h = 0.1 and h =
0.05, and of the Richardson combination of the two.

The left panel of Figure 16.2 is the paper’s figure: two visible error curves and a third lying on the axis.
The right panel is the part a shared linear axis cannot show, which is that the Richardson curve is
not merely small but three orders of magnitude below the inputs it was built from, uniformly across
the range.
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16.3.2. The same thing on a scalar

The density is not covered by the paper’s Theorem, as it says. The mean is, and Table 16.4 makes the
point in one line, since 𝖤[𝑆] = 20 exactly.

m_c, m_f = objs['(a) M = 1024, h = 0.1'].est_m, objs['(b) M = 2048, h = 0.05'].est_m
GT(pd.DataFrame([

{'estimate': 'h = 0.1', 'E[S]': m_c, 'error': m_c - LAM},
{'estimate': 'h = 0.05', 'E[S]': m_f, 'error': m_f - LAM},
{'estimate': 'Richardson, (4 fine - coarse) / 3', 'E[S]': (4 * m_f - m_c) / 3,
'error': (4 * m_f - m_c) / 3 - LAM},

]).set_index('estimate'), formatters={'E[S]': 9, 'error': '{x:.3e}'})

Table 16.4.: The aggregate mean at each span and after extrapolation, against the exact value of 20.

estimate E[S] error
h = 0.1 19.991669097 -8.331e-03
h = 0.05 19.997916819 -2.083e-03
Richardson, (4 fine - coarse) / 3 19.999999393 -6.074e-07

In Table 16.4 the two mean errors are −8.33 × 10−3 and −2.08 × 10−3, in the ratio 4.000, and the
extrapolation lands within 3 × 10−7 of 20. Here the 𝑂(ℎ2) behaviour is not empirical: the rounding
discretization has a known bias, and the extrapolation cancels it to the order the Theorem predicts.

16.4. Comments

16.4.1. What Richardson buys, and when it is the wrong tool

The extrapolation above cost one extra build and bought three orders of magnitude. Simply refining
to ℎ = 0.05 cost the same extra build and bought a factor of four. On this example the extrapolation
wins overwhelmingly, and the reason is that the error is clean: it is dominated by a single ℎ2 term
with a smooth coefficient, which is precisely the situation the Theorem describes.

It stops working when that premise fails, and there are two ordinary ways for it to fail. If the severity
has a jump or a kink, the density is not smooth, the error picks up an ℎ1 component near the dis-
continuity, and subtracting on the assumption of ℎ2 leaves a residue that can be larger than either
input. And if the grid is short enough that truncation matters, the truncation error does not scale
with ℎ at all, so the combination amplifies it: (4𝐴(ℎ/2) − 𝐴(ℎ))/3 has coefficients summing to one
but absolute values summing to 5/3, so any error component that does not shrink gets multiplied by
up to 5/3.
Both are why aggregate does not extrapolate by default. Refinement is unconditionally safe and
merely slower; extrapolation is conditionally spectacular. This page uses the paper’s own smooth
example, where the condition holds.
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16.4.2. An earlier treatment used the wrong spans

This example appears in the technical guides with bs = 1/16 and 1/32 at log2 = 10 and 11.
The bucket counts are the paper’s 𝑀 = 1024 and 2048, but the spans are not: 1/16 = 0.0625 and
1/32 = 0.03125 against the paper’s 0.1 and 0.05.
That is a defensible choice on its own terms, since a decimal bucket size is generally to be avoided
and a binary one keeps the lattice exactly representable. It is not a reproduction of Figure 1, because
it truncates at 64 rather than 102.4 and reports errors at a different ℎ. This page uses the paper’s
spans, and accepts the decimal bs as the price of matching the published figure. The Richardson
ratio does not care which pair is used, since it depends only on the factor of two between them.

16.4.3. Where this sits beside the other two papers

Embrechts et al. (1993) is the origin of the example that Grübel and Hermesmeier (1999) reuses
for aliasing, with the same authors overlapping and the same stable law of index 1/2 appearing in
section 2. The division of labour between them is worth keeping straight, because the two errors
have opposite remedies.

Aliasing is a wraparound artifact, it is removed by padding or tilting, and it is invisible in the mean.
Discretization is a lattice artifact, no amount of padding touches it, and it is visible in the mean, as
Table 16.4 shows. Grübel and Hermesmeier (1999)’s Table 1 shows both at once and says so: its true
and Panjer columns differ by a factor of 2.3 at 𝑥 = 1 with no aliasing involved at all. Part II, Grübel
and Hermesmeier (2000), is where the same authors take the discretization half further.

174



17. Grübel and Hermesmeier on aliasing and
exponential tilting

Reproducing Grübel and Hermesmeier (1999)

17.1. Context and problem

An FFT computes a circular convolution. Put a severity on a lattice of 𝑁 buckets, transform, raise
to the frequency’s probability generating function, invert, and any aggregate mass that should have
landed beyond bucket 𝑁 instead wraps around and lands in the low buckets. That is aliasing, and
it is the one error in the transform approach that has nothing to do with discretization: it would be
there even if the severity were exactly arithmetic.

Grübel and Hermesmeier (1999) is the paper that made this precise and gave the fix. Their Algo-
rithm 1 is the unadorned transform method. Algorithm 5 adds exponential tilting: multiply the
discretized severity by 𝑒−𝜃𝑘 before transforming and divide it back out afterwards. Tilting makes
the sequence decay fast, so the mass that wraps is negligible before it wraps, and the aliasing error
is suppressed by roughly 𝑒−𝜃𝑁 . Their Theorem 2 bounds the total aliasing error by the mass of the
untruncated aggregate at or beyond the truncation point.

The practical constraint is that 𝜃 cannot be taken large: the untilting step multiplies by 𝑒+𝜃𝑘, and for
𝑘 near𝑁 that is a huge factor which amplifies floating point noise. Their rule of thumb is 𝜃𝑁 ≈ 20.
aggregate does not tilt. It controls aliasing by padding, which doubles or quadruples the severity
vector with zeros so there is nowhere for the wrap to go. Tilting is carried in aggregate.pedagogy
for exactly this page’s purpose, as a teaching device rather than a production path, which makes the
paper a test of a road the library deliberately did not take.

17.2. Paper solution and gold standard

Section 3 takes the claim size to be the stable law of index 1/2, following Embrechts et al. (1993).
This is scipy.stats.levy, concentrated on the positive half line, and it has no mean. Frequency
is Poisson with 𝜆𝑡 = 20. The lattice is 𝑁 = 1024 intervals of length 1, so the truncation point is
𝑥0 = 𝑁ℎ = 1024.
The index 1/2 is what makes an exact answer available. A stable law of index 1/2 satisfies 𝑓𝛼 ∗ 𝑓𝛽 =
𝑓𝛼+𝛽 in the paper’s scale parameterization, so the 𝑛-fold convolution is another Lévy with a known
scale, and the compound probability 𝑢([𝑥 − 0.5, 𝑥 + 0.5]) can be summed in closed form.
Table 1, Figure 17.1, gives six columns at 𝑥 = 1, 10, 100, 1000: the true value, the Panjer recursion
on the same lattice, Algorithm 1, and Algorithm 5 at 𝜃𝑁 = 1, 5, 25. Table 2, Figure 17.2, restates the
last four as log of the ratio to the Panjer value. The text adds two things neither table gives: the sum
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of absolute differences between Panjer and each transform algorithm over the whole lattice, and the
value Theorem 2’s bound takes. Table 17.1 transcribes Table 1.

Figure 17.1.: Grübel and Hermesmeier (1999), Table 1.

Figure 17.2.: Grübel and Hermesmeier (1999), Table 2.

%xmode minimal
import numpy as np
import pandas as pd
from aggregate.pedagogy import gh_tilting_exhibit, tilted_aggregate_density
from bookstyle import GT, build, show

N, BS, LAM = 1024, 1.0, 20
XS = [1, 10, 100, 1000]
TILTS = [None, 1 / 1024, 5 / 1024, 25 / 1024]

TABLE1 = pd.DataFrame(
{'true': [1.078e-7, 3.075e-5, 1.156e-3, 2.013e-4],
'Panjer': [2.462e-7, 3.432e-5, 1.156e-3, 2.012e-4],
'Alg1': [2.064e-4, 2.380e-4, 1.321e-3, 2.134e-4],
'Alg5a': [7.346e-5, 1.067e-4, 1.215e-3, 2.056e-4],
'Alg5b': [1.560e-6, 3.562e-5, 1.157e-3, 2.013e-4],
'Alg5c': [2.462e-7, 3.432e-5, 1.156e-3, 2.012e-4]}, index=XS)

TABLE1.index.name = 'x'
TABLE2 = pd.DataFrame(

{'Alg1': [6.732, 1.936, 0.134, 0.059],
'Alg5a': [5.698, 1.134, 0.050, 0.022],
'Alg5b': [1.84659, 0.03715, 0.00092, 0.00040],
'Alg5c': [1.10e-8, 1e-10, 0.0, 2.47729e-5]}, index=XS)

TABLE2.index.name = 'x'
L1_PAPER = [0.0714, 0.0255, 0.000459, 3.121e-7]
THEOREM2_PAPER = 0.4641
GT(TABLE1, formatters={c: '{x:.4g}' for c in TABLE1.columns})

Exception reporting mode: Minimal
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Table 17.1.: Grübel and Hermesmeier (1999), Table 1 as printed.

x true Panjer Alg1 Alg5a Alg5b Alg5c
1 1.078e-07 2.462e-07 0.0002064 7.346e-05 1.56e-06 2.462e-07
10 3.075e-05 3.432e-05 0.000238 0.0001067 3.562e-05 3.432e-05
100 0.001156 0.001156 0.001321 0.001215 0.001157 0.001156
1,000 0.0002013 0.0002012 0.0002134 0.0002056 0.0002013 0.0002012

17.3. The aggregate reproduction

The declaration is a one liner. levy takes no shape parameter, so the severity clause is bare.

a = build(f'agg Levy {LAM} claim sev levy poisson', update=False)
a.update(log2=16, bs=BS, padding=2, normalize=False)
show(a)

V:\worktrees\aggregate_REFACTOR\src\aggregate\_aggregate.py:4481: DefectiveDistributionWarning:
Levy: aggregate PMF deficit 6.226e-02 (Σp = 1 − 6.226e-02 < 1); forwards and backwards S diverge
by the deficit (forwards > backwards). Further occurrences this session are suppressed; each
object records its own verdict in validation.
rv = self.update_work(xs, debug=debug, x_min=x_min, x_max=x_max,

agg Levy
20 claims
sev levy
poisson

The whole of Table 1 is assembled by one call, which computes the closed-form column from Lévy
stability and sweeps the tilts, giving Table 17.2.

got = gh_tilting_exhibit(claims=LAM, bs=BS, index=XS)
got.columns = ['Panjer', 'true', 'Alg1', 'Alg5a', 'Alg5b', 'Alg5c']
got = got[TABLE1.columns]
got.index = XS
got.index.name = 'x'
GT(pd.concat({'paper': TABLE1, 'aggregate': got}, axis=1),

formatters={c: '{x:.4g}' for c in
pd.concat({'paper': TABLE1, 'aggregate': got}, axis=1).columns})

Table 17.2.: Table 1 rebuilt, all six columns at the four tabulated points, beside the printed figures.
paper aggregate

x true Panjer Alg1 Alg5a Alg5b Alg5c true Panjer Alg1 Alg5a Alg5b Alg5c
1 1.078e-07 2.462e-07 0.0002064 7.346e-05 1.56e-06 2.462e-07 1.078e-07 2.462e-07 0.0002064 7.346e-05 1.56e-06 2.462e-07
10 3.075e-05 3.432e-05 0.000238 0.0001067 3.562e-05 3.432e-05 3.075e-05 3.432e-05 0.000238 0.0001067 3.562e-05 3.432e-05
100 0.001156 0.001156 0.001321 0.001215 0.001157 0.001156 0.001155 0.001156 0.001321 0.001215 0.001157 0.001156
1,000 0.0002013 0.0002012 0.0002134 0.0002056 0.0002013 0.0002012 0.0002013 0.0002012 0.0002134 0.0002056 0.0002013 0.0002012

rel = (got / TABLE1 - 1).abs()
GT(pd.DataFrame([{'column': c, 'worst relative difference': float(rel[c].max())}

for c in TABLE1.columns]).set_index('column'),
formatters={'worst relative difference': '{x:.1e}'})
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Table 17.3.: Worst relative difference from Table 1, column by column.

column worst relative difference
true 4.5e-04
Panjer 1.6e-04
Alg1 2.3e-04
Alg5a 1.8e-04
Alg5b 1.2e-04
Alg5c 1.6e-04

By Table 17.3 every one of the 24 published values comes back inside the four significant figures
printed. Table 2 restates four of those columns as logarithms of ratios, which is a sharper test in the
small columns because it removes the shared scale, in Table 17.4.

lg = np.log(got[['Alg1', 'Alg5a', 'Alg5b', 'Alg5c']].div(got['Panjer'], axis=0))
GT(pd.concat({'paper': TABLE2, 'aggregate': lg}, axis=1), float_format=6)

Table 17.4.: Table 2 rebuilt, each algorithmas the log of its ratio to the Panjer value, beside the printed
figures.

paper aggregate

x Alg1 Alg5a Alg5b Alg5c Alg1 Alg5a Alg5b Alg5c
1 6.732000 5.698000 1.846590 0.000000 6.731818 5.698487 1.846586 0.000000
10 1.936000 1.134000 0.037150 0.000000 1.936384 1.133992 0.037151 0.000000
100 0.134000 0.050000 0.000920 0.000000 0.133675 0.049719 0.000917 0.000000
1,000 0.059000 0.022000 0.000400 0.000025 0.058864 0.021650 0.000396 -0.000016

17.3.1. The two numbers that are not in a table

The text reports the sum of absolute differences between Panjer and each transform algorithm, over
thewhole lattice rather than the four tabulated points. That is amuch stronger check than any single
row, since it uses all 1024 buckets. Table 17.5 is the comparison.

ref = a.density_df.p_total.to_numpy()[:N].copy() # padded, so unaliased
rows = []
for tilt, paper in zip(TILTS, L1_PAPER):

v = tilted_aggregate_density(a, log2=10, bs=BS, padding=0,
tilt=tilt).to_numpy()[:N]

name = 'Alg1 (no tilt)' if tilt is None else f'Alg5, theta N = {tilt * N:.0f}'
rows.append({'algorithm': name, 'paper': paper,

'aggregate': float(np.abs(ref - v).sum())})
l1 = pd.DataFrame(rows).set_index('algorithm')
l1['ratio'] = l1['aggregate'] / l1['paper']
GT(l1, formatters={'paper': '{x:.4g}', 'aggregate': '{x:.4g}', 'ratio': 3})
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Table 17.5.: Sum of absolute differences from the unaliased density over the whole lattice, for each
algorithm.

algorithm paper aggregate ratio
Alg1 (no tilt) 0.0714 0.07138 1.000
Alg5, theta N = 1 0.0255 0.0255 1.000
Alg5, theta N = 5 0.000459 0.0004592 1.001
Alg5, theta N = 25 3.121e-07 2.013e-07 0.645

In Table 17.5 three of the fourmatch to the printed precision: 0.07138 against 0.0714, 0.02550 against
0.0255, and 0.00045924 against 0.000459. The fourth does not, and the paper says why before it is
asked. At 𝜃𝑁 = 25 the untilting step multiplies by factors “of the order 1010” and “rounding errors
begin to be important”. Both values are at the 10−7 level, four orders ofmagnitude below the next one
up, so the comparison there is between two different floating point noise floors rather than between
two algorithms.

Theorem 2 bounds the aliasing error by the mass of the untruncated aggregate at or beyond the
truncation point, which is exactly the survival function at 𝑥0, evaluated in Table 17.6.

# `tilted_aggregate_density` updates the object it is handed, so `a` is sitting
# on the coarse log2=10 grid after the sweep above. Put it back first.
a.update(log2=16, bs=BS, padding=2, normalize=False)
p = a.density_df.p_total.to_numpy()
GT(pd.DataFrame([

{'quantity': 'mass on the 2^16 grid', 'value': float(p.sum())},
{'quantity': 'deficit above the grid', 'value': 1 - float(p.sum())},
{'quantity': 'mass in buckets [1024, grid end)', 'value': float(p[N:].sum())},
{'quantity': 'total at or beyond 1024, the Theorem 2 bound',
'value': float(p[N:].sum()) + 1 - float(p.sum())},
{'quantity': 'S(1023) read off density_df',
'value': float(a.density_df.S.loc[N - 1])},
{'quantity': 'paper', 'value': THEOREM2_PAPER},

]).set_index('quantity'), float_format=6)

Table 17.6.: The Theorem 2 bound assembled from the on-grid tail and the mass above the grid,
against the paper’s 0.4641.

quantity value
mass on the 2^16 grid 0.937738
deficit above the grid 0.062262
mass in buckets [1024, grid end) 0.401806
total at or beyond 1024, the Theorem 2
bound

0.464068

S(1023) read off density_df 0.464068
paper 0.464100

Table 17.6 gives 0.4641, to the four figures printed. Getting there needs one thing said out loud: the
severity has no mean, so at bs = 1 even a 216 grid carries only 93.8% of the aggregate, and the 6.2%
above it is part of the bound. Summing the on-grid tail alone gives 0.4018 and misses.
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17.4. Comments

17.4.1. The bound is loose, and the paper knows why

The actual aliasing error in Table 17.5 is 0.0714 against the 0.4641 bound of Table 17.6, a factor of
6.5. The paper attributes this to the claim size being subexponential, and it is the right diagnosis:
for a subexponential severity the aggregate tail is dominated by the single largest claim, so the mass
beyond the truncation point is concentrated far beyond it, and wrapping mass that lands at 𝑥+1024
for large 𝑥mostly re-wraps out of the low buckets rather than into them. A bound that counts every
unit of escaping mass as a unit of contamination cannot see that.

The practical consequence is that Theorem 2 is a certificate rather than a diagnostic. It tells you
when you are definitely safe. It does not tell you how much error you actually have, and for a heavy
tail it will talk you into a finer grid than you need.

17.4.2. The discretization error is the larger of the two, and it is the other paper

The paper’s closing observation about Table 1 is easy tomiss and is themost interesting thing in it: “a
comparison of the values in the second and third column of Table 1 shows that there is a pronounced
discretization error, again most notable for small 𝑥-values.”

GT(pd.DataFrame([
{'x': x, 'true': TABLE1.loc[x, 'true'], 'Panjer': TABLE1.loc[x, 'Panjer'],
'Panjer / true': TABLE1.loc[x, 'Panjer'] / TABLE1.loc[x, 'true']}
for x in XS]).set_index('x'),
formatters={'true': '{x:.4g}', 'Panjer': '{x:.4g}', 'Panjer / true': 4})

Table 17.7.: The true value against the Panjer value on the same lattice, isolating discretization error
from aliasing.

x true Panjer Panjer / true
1 1.078e-07 2.462e-07 2.2839
10 3.075e-05 3.432e-05 1.1161
100 0.001156 0.001156 1.0000
1,000 0.0002013 0.0002012 0.9995

In Table 17.7, at 𝑥 = 1 the recursion on a lattice of span 1 is wrong by a factor of 2.3, and no amount
of tilting or padding touches it, because both columns use the same discretized severity. Tilting
fixes aliasing, and Table 1’s own second and third columns show that aliasing was not the binding
constraint at the left hand end. That is the subject of Part II, Grübel and Hermesmeier (2000), and
the same distinction is why aggregate reports discretization and aliasing as separate diagnostics
rather than one error budget.

17.4.3. Why the library pads instead

Padding and tilting solve the same problem, and the reproduction shows they solve it about equally
well: the paper’s own 𝜃𝑁 = 25 column and the padded column agree to four figures at every 𝑥.
Padding wins on two counts that only show up in production.
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It has no free parameter. The tilt has to be chosen, the good range is bounded below by the aliasing
it has to kill and above by the floating point amplification in the untilting step, and the paper’s own
𝜃𝑁 ≈ 20 rule is a compromise between two failure modes. Padding has one setting, “how much”,
and more is monotonically safer.

And it does not amplify. The fourth row of Table 17.5 is the whole argument: at the tilt the pa-
per recommends, the answer is already limited by rounding noise introduced by the method itself
rather than by the aliasing it removed. A doubling of the vector length costs one factor of two in the
transform and introduces nothing.
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18. Pittarello, Luini and Marchione’s GEMAct
package

Reproducing Pittarello, Luini and Marchione (2024)

18.1. Context and problem

Pittarello et al. (2024) describes GEMAct, a Python package for non-life (re)insurance modeling, in
the same Annals of Actuarial Science software stream as aggregate. It is built on the collective risk
model and computes the aggregate distribution by FFT, Panjer recursion or Monte Carlo, with four
severity discretization methods, coverage modifiers including reinstatements, the AEP algorithm
for sums of dependent risks, and a reserving module. Section 3.7 compares its FFT with aggregate
0.9.3, on contracts taken from Parodi (2015).

The paper therefore offers three things to check: a set of small worked examples with printed an-
swers, a table of reference moments for a lognormal portfolio, and a published benchmark of this
library. This chapter checks the numbers and refreshes the benchmark on one machine with both
packages. It is not a contest: the two packages compute the same thing, and the interesting findings
are about what the paper’s own tables measure.

18.2. Paper solution and gold standard

18.2.1. The worked examples of Section 3.5

Section 3.5 prints five numbers for four small contracts, each with Poisson claim counts counted
from the ground up (threshold = 0). Table 18.1 lists them with the paper’s printed digits. Two are
closed forms; the other three are read off a distribution computed by FFT on 217 nodes.

%xmode minimal
import json
import time
import warnings

import numpy as np
import pandas as pd
from bookstyle import BOOK_ROOT, GT, build, show

warnings.filterwarnings('ignore', category=RuntimeWarning)

ANCHORS = pd.DataFrame([
('XL, mean', 'Poisson 4, gamma(5), 20 xs 5', 'closed form', 3.50934614394912),
('XL, CV', 'Poisson 4, gamma(5), 20 xs 5', 'closed form', 1.0001481667319252),
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('XL, skewness', 'Poisson 4, gamma(5), 20 xs 5', 'closed form', 1.3814094309741256),
('Reinstatements, premium',
'Poisson 0.5, Lomax(100, 1.2), 100 xs 0, aggregate deductible 100, 2 at 100%',
'FFT', 4.319350355177216),
('Layer 1, premium', 'Poisson 0.5, GPD(0.834, 83.34), 100 xs 100, 50% share',
'closed form', 8.479087307840043),
('Layer 2, premium', 'same, 200 xs 100, 2 reinstatements at 60%',
'FFT', 25.99131088702302),
('Layer 3, premium', 'same, 100 xs 100, aggregate cover 200',
'FFT', 16.88704720494799),

], columns=['quantity', 'contract', 'paper method', 'paper value']).set_index('quantity')
GT(ANCHORS, formatters={'paper value': '{x:.15g}'})

Exception reporting mode: Minimal

Table 18.1.: The Section 3.5 worked examples and the paper’s printed answers.

quantity contract
paper
method paper value

XL, mean Poisson 4, gamma(5), 20 xs 5 closed form 3.50934614394912
XL, CV Poisson 4, gamma(5), 20 xs 5 closed form 1.00014816673193
XL, skewness Poisson 4, gamma(5), 20 xs 5 closed form 1.38140943097413
Reinstatements, premium Poisson 0.5, Lomax(100, 1.2), 100 xs 0,

aggregate deductible 100, 2 at 100%
FFT 4.31935035517722

Layer 1, premium Poisson 0.5, GPD(0.834, 83.34), 100 xs
100, 50% share

closed form 8.47908730784004

Layer 2, premium same, 200 xs 100, 2 reinstatements at
60%

FFT 25.991310887023

Layer 3, premium same, 100 xs 100, aggregate cover 200 FFT 16.887047204948

18.2.2. Tables 1 and 2: the lognormal portfolio

Section 3.6 uses Parodi’s lognormal severity with mean 84,541.68 and standard deviation 177,728.3
(shape 1.3, scale 36,315.49) and Poisson 3 claims in excess of a 10,000 deductible. Table 1, Figure 18.1,
reports the relative errors in the mean, CV and skewness of FFT, recursion and Monte Carlo for
bucket sizes ℎ ∈ {50, 100, 200, 400} and 𝑚 ∈ {214, 216, 218} nodes, against closed form reference
values, and concludes that “when ℎ increases, the error reduces”.
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Figure 18.1.: Pittarello, Luini and Marchione (2024), Table 1.

Section 3.7, Figure 18.2, prices four contracts on the same model with 222 nodes: no reinsurance, an
XL of 1,000,000 xs 10,000, a stop loss of 1,000,000 xs 50,000 on the aggregate, and the XL with the
same aggregate terms. It times both packages and prints reference values for the first two.
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Figure 18.2.: Pittarello, Luini and Marchione (2024), Table 2.

The authors’ own code for both tables is in the vignette folder of the GEMAct repository at commit
808f9d0 (2023-12-21), since removed from the main branch. It settles every setting the text leaves
open: Table 1 discretizes the severity on𝑚 nodes at step ℎ and computes the aggregate on𝑚 nodes,
and Table 2 uses a step of 500, with padding=0 for aggregate. The two tables count claims differ-
ently. Table 1 and the XL rows count 3 claims in excess of 10,000, which is DecL’s default conditional
layer, and the gross and stop loss rows count 3 ground up claims.

18.2.3. Table 3: the AEP algorithm

Section 4 implements the AEP algorithm of Arbenz et al. (2011) for the distribution of a sum of
dependent risks, and Table 3, Figure 18.3, checks it on Arbenz’s examples: Paretomarginals coupled
by a Clayton copula in two to five dimensions, with reference values copied from Arbenz’s Tables 3
to 6.
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Figure 18.3.: Pittarello, Luini and Marchione (2024), Table 3.

18.3. The aggregate reproduction

18.3.1. The worked examples

The XL is one line, with ! making the layer unconditional so the count of 4 is ground up.
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xl = build('agg PLM.XL 4 claims 20 xs 5 sev gamma 5 ! poisson')
show(xl)

agg PLM.XL
4 claims
20 xs 5
sev gamma 5 !
poisson

The three layers share a generalized Pareto severity whose tail index is 1/0.834 = 1.2, so the gross
aggregate has no variance and the library asks for an explicit grid. The 50% share is a scale factor on
the mean, and the aggregate cover is a clause.

layer1 = build('agg PLM.Layer1 0.5 claims 100 xs 100 sev 83.34 * genpareto 0.834 ! poisson')
layer3 = build('agg PLM.Layer3 0.5 claims 100 xs 100 sev 83.34 * genpareto 0.834 ! poisson '

'aggregate ceded to 200 xs 0')
show(layer3)

agg PLM.Layer3
0.5 claims
100 xs 100
sev 83.34 * genpareto 0.834 !
poisson
aggregate ceded to
200 xs 0

The 60% reinstatements are a clause on an occurrence layer in a P&L program. Reinstatement pre-
mium is proportional to the deposit, so one build at a deposit of 1 gives the premium leg’s mean 1+𝑘,
and Sundt’s pure premium is the expected recovery divided by it. The layer sits on a gross distribu-
tion with a power tail, so the grid has to reach far enough for the mass above it to be negligible: 224
buckets of 1/4.

LAYER2 = ('xpnl PLM.Layer2 1 premium less '
'agg PLM.Layer2Gross 0.5 claims sev 83.34 * genpareto 0.834 '
'occurrence net of 200 xs 100 deposit 1 reinstatements 2 at 60% as "Layer" '
'poisson')

# The reinstatement joint is sized by the library's budget and `build` does
# not forward a finer joint grid, so it warns that the 200 wide layer spans
# one bucket of the joint's ceded axis. The premium still lands within 2.5e-6
# of the paper's, so the warning is silenced here rather than printed.
from aggregate.constants import CoarseJointGridWarning
with warnings.catch_warnings():

warnings.simplefilter('ignore', CoarseJointGridWarning)
layer2 = build(LAYER2, bs=1 / 4, log2=24, normalize=False)

show(LAYER2)

xpnl PLM.Layer2 1 premium less agg PLM.Layer2Gross 0.5 claims sev 83.34 * genpareto 0.834
occurrence net of 200 xs 100 deposit 1 reinstatements 2 at 60% as "Layer" poisson

The reinstatement example of Section 3.5 combines the reinstatements with an aggregate deductible
of 100. A reinstatement clause decorates a single occurrence layer and has no aggregate deductible,
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so this one is computed from Sundt’s formula, the paper’s eq. (7), using limited expectations of the
layer’s aggregate distribution 𝑆:

𝑃 = 𝖯[(𝑆 − 100)+ ∧ 300]
1 + 1

100
(𝖯[(𝑆 − 100)+ ∧ 100] + 𝖯[(𝑆 − 200)+ ∧ 100])

.

rs = build('agg PLM.RS 0.5 claims 100 xs 0 sev 100 * pareto 1.2 - 100 ! poisson',
bs=1 / 64, log2=18)

show(rs)

agg PLM.RS
0.5 claims
100 xs 0
sev 100 * pareto 1.2 + -100 !
poisson

Table 18.2 sets the seven numbers against the paper’s, with the 60% reinstatement layer computed a
second way in the last row.

def theory(a):
"""Closed form mean, CV and skewness from the validation frame."""
row = a.validation_df.loc['Agg']
return float(row['EX']), float(row['CV']), float(row['Sk'])

def lev(a, limit, attach=0.0):
"""P[(S - attach)^+ and limit] off the density."""
x = a.density_df.loss.values
return float((np.minimum(np.maximum(x - attach, 0), limit) *
a.density_df.p_total.values).sum())

def leg(pnl, label):
"""One ledger leg's expected value, off the P&L's economic frame."""
return float(pnl.economic_df.xs(label, level='Label').iloc[0]['EX'])

rs_premium = lev(rs, 300, 100) / (1 + (lev(rs, 100, 100) + lev(rs, 100, 200)) / 100)
anchors = ANCHORS[['paper value']].copy()
anchors['aggregate'] = [*theory(xl), rs_premium, 0.5 * theory(layer1)[0],

leg(layer2, 'Layer recovery') / -leg(layer2, 'Layer premium'),
layer3.est_m]

# Layer 2 again, by Sundt's formula on the layer's own aggregate distribution
layer2_net = build('agg PLM.Layer2Net 0.5 claims 200 xs 100 sev 83.34 * genpareto 0.834 !
poisson',

bs=1 / 64, log2=18)
anchors.loc['Layer 2, premium, by formula'] = [

ANCHORS.loc['Layer 2, premium', 'paper value'],
lev(layer2_net, 600) / (1 + 0.6 / 200 * (lev(layer2_net, 200) + lev(layer2_net, 200, 200)))]

anchors['relative difference'] = anchors['aggregate'] / anchors['paper value'] - 1
GT(anchors, formatters={'paper value': '{x:.15g}', 'aggregate': '{x:.15g}',

'relative difference': '{x:.2e}'})
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Table 18.2.: The Section 3.5 worked examples recomputed, against the printed values.

quantity paper value aggregate relative difference
XL, mean 3.50934614394912 3.50934614394911 -3.11e-15
XL, CV 1.00014816673193 1.00014816673193 4.00e-15
XL, skewness 1.38140943097413 1.38140943097412 -2.89e-15
Reinstatements, premium 4.31935035517722 4.3193503742406 4.41e-09
Layer 1, premium 8.47908730784004 8.47908730784005 8.88e-16
Layer 2, premium 25.991310887023 25.9912470455551 -2.46e-06
Layer 3, premium 16.887047204948 16.8870471983845 -3.89e-10
Layer 2, premium, by formula 25.991310887023 25.9913108831712 -1.48e-10

The two closed forms in Table 18.2 agree to rounding, as theymust, since both packages evaluate the
same formula. The three FFT values agree to between 4×10−10 and 2.5×10−6, inside the precision of
an FFT on 217 nodes. The largest gap is the reinstatement layer, whose premium the P&L computes
on a joint distribution of gross and ceded loss that the library sizes coarsely, a single bucket across
the 200 wide layer. Sundt’s formula applied to the layer’s own aggregate distribution, the last row,
closes the gap. The count convention is confirmed by the match: with threshold = 0 the count is
ground up, and the layered severity must be unconditional.

18.3.2. The reference values of Tables 1 and 2

The reference rows are closed form moments, which aggregate reports as the theoretical columns
of validation_df. The programs differ only in the layer and in whether the count is conditional.

SEV = 'sev lognorm 84541.68 cv 2.1022565437545127'
T1 = f'agg PLM.Table1 3 claims inf xs 10000 {SEV} poisson'
CONTRACTS = {

'No reinsurance': f'agg PLM.Gross 3 claims {SEV} poisson',
'XL': f'agg PLM.XL1M 3 claims 1000000 xs 10000 {SEV} poisson',
'SL': f'agg PLM.SL 3 claims {SEV} poisson aggregate ceded to 1000000 xs 50000',
'XL with aggregate terms': (f'agg PLM.XLAgg 3 claims 1000000 xs 10000 {SEV} poisson '

'aggregate ceded to 1000000 xs 50000'),
}
t1 = build(T1)
built = {name: build(program) for name, program in CONTRACTS.items()}
PRINTED_REFERENCE = {'Table 1': (268837, 1.35520, 7.02399),

'Table 2, no reinsurance': (253625, 1.34406, 7.28410),
'Table 2, XL': (256355, 1.10772, 2.08525)}

reference = pd.DataFrame(
[(row, *printed, *theory(a)) for (row, printed), a in zip(

PRINTED_REFERENCE.items(), [t1, built['No reinsurance'], built['XL']])],
columns=['row', 'printed mean', 'printed CV', 'printed skewness',

'mean', 'CV', 'skewness']).set_index('row')
GT(reference, formatters={'printed mean': '{x:,.0f}', 'mean': '{x:,.1f}',

'printed CV': 5, 'CV': 6, 'printed skewness': 5, 'skewness': 6})
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Table 18.3.: The reference rows of Tables 1 and 2 against the library’s closed form moments.

row
printed
mean

printed
CV

printed
skewness mean CV skewness

Table 1 268,837 1.35520 7.02399 268,837.0 1.355203 7.023995
Table 2, no reinsurance 253,625 1.34406 7.28410 253,625.0 1.344059 7.284104
Table 2, XL 256,355 1.10772 2.08525 256,355.2 1.107723 2.085248

Every printed digit in Table 18.3 is reproduced.

18.3.3. Table 1 measures the length of the grid

Table 1 varies ℎ and 𝑚 together, and its errors depend only on their product 𝑚ℎ, the length of the
grid. Table 18.4 transcribes the FFT and recursionmean errors and sorts them by𝑚ℎ. Rowswith the
same𝑚ℎ sit together and agree to three or more figures whatever ℎ is, and FFT and recursion agree
with each other. An error that two unrelated algorithms share, and that depends only on where the
grid ends, is the mass beyond the grid. It is not discretization error.

TABLE1 = pd.DataFrame([
# h, log2 m, FFT mean, CV, skewness errors, recursion mean, CV, skewness errors
(50, 14, -2.76451e-01, -3.00646e-01, -8.06071e-01, -2.76451e-01, -3.00646e-01, -8.06071e-01),
(100, 14, -8.96804e-02, -1.98006e-01, -7.15193e-01, -8.96804e-02, -1.98006e-01, -7.15193e-01),
(200, 14, -2.19140e-02, -1.01312e-01, -5.69628e-01, -2.19140e-02, -1.01312e-01, -5.69628e-01),
(400, 14, -4.41036e-03, -5.88141e-02, -3.47025e-01, -4.41046e-03, -4.16016e-02, -4.00405e-01),
(50, 16, -2.19153e-02, -1.01317e-01, -5.69635e-01, -2.19154e-02, -1.01317e-01, -5.69636e-01),
(100, 16, -4.40959e-03, -5.88200e-02, -3.47044e-01, -4.41006e-03, -4.16096e-02, -4.00430e-01),
(200, 16, -7.24988e-04, -1.36155e-02, -2.37709e-01, -7.25738e-04, -1.36242e-02, -2.37782e-01),
(400, 16, -9.66263e-05, -3.49930e-03, -1.14264e-01, -9.62811e-05, -3.49125e-03, -1.14125e-01),
(50, 18, -7.24464e-04, -1.36142e-02, -2.37694e-01, -7.25465e-04, -1.36260e-02, -2.37794e-01),
(100, 18, -9.34546e-05, -3.46164e-03, -1.13558e-01, -9.47567e-05, -3.49381e-03, -1.14141e-01),
(200, 18, -3.61429e-06, -3.69322e-04, -3.07951e-02, -1.00139e-05, -6.92170e-04, -4.30010e-02),
(400, 18, -1.73491e-06, -2.80936e-05, -6.37228e-03, -2.41068e-06, -1.03582e-04, -1.25319e-02),

], columns=['h', 'log2 m', 'FFT mean', 'FFT CV', 'FFT skewness',
'recursion mean', 'recursion CV', 'recursion skewness'])

TABLE1['m h'] = TABLE1['h'] * 2 ** TABLE1['log2 m']

GEMACT = json.loads((BOOK_ROOT / 'bench' / 'pittarello2024_timing_gemact.json')
.read_text(encoding='utf-8'))

rerun = {(r['h'], r['m_log2']): r['mean_error'] for r in GEMACT['table1_fft']}
TABLE1['GEMAct FFT mean, rerun'] = [rerun[(h, k)] for h, k in zip(TABLE1['h'], TABLE1['log2 m'])]
by_support = (TABLE1.sort_values(['m h', 'h'])

.set_index(['m h', 'h', 'log2 m'])
[['FFT mean', 'recursion mean', 'GEMAct FFT mean, rerun']])

GT(by_support, formatters={c: '{x:.5e}' for c in by_support.columns},
aligners={'log2 m': 'r'})
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Table 18.4.: Table 1’s FFT and recursion mean errors, sorted by the length of the grid, with GEMAct
1.2.1’s FFT rerun on this machine.

m h h
log2
m FFTmean

recursion
mean

GEMAct FFT
mean, rerun

819,200 50 14 -2.76451e-01 -2.76451e-01 -2.76451e-01
1,638,400 100 14 -8.96804e-02 -8.96804e-02 -8.96804e-02
3,276,800 50 16 -2.19153e-02 -2.19154e-02 -2.19154e-02

200 14 -2.19140e-02 -2.19140e-02 -2.19140e-02
6,553,600 100 16 -4.40959e-03 -4.41006e-03 -4.40970e-03

400 14 -4.41036e-03 -4.41046e-03 -4.41051e-03
13,107,200 50 18 -7.24464e-04 -7.25465e-04 -7.25534e-04

200 16 -7.24988e-04 -7.25738e-04 -7.24966e-04
26,214,400 100 18 -9.34546e-05 -9.47567e-05 -9.62104e-05

400 16 -9.66263e-05 -9.62811e-05 -9.60705e-05
52,428,800 200 18 -3.61429e-06 -1.00139e-05 -1.14719e-05
104,857,600 400 18 -1.73491e-06 -2.41068e-06 -1.71377e-06

The authors’ code identifies the mechanism. The severity in excess of 10,000 is discretized by mass
dispersal on 𝑚 nodes, so everything above the last node is placed on it: the severity is censored at
(𝑚 − 1)ℎ. The aggregate is then computed on𝑚 nodes, and the mass of sums beyond𝑚ℎ, wrapped
by the transform and suppressed by the exponential tilt, is lost without renormalizing. aggregate
builds exactly that model, the severity limited to (𝑚−1)ℎ on a grid long enough to hold its aggregate,
and drops the mass beyond 𝑚ℎ. Table 18.5 compares the result with the recursion column, which
has no aliasing to complicate it.

t1_mean = theory(t1)[0]

def truncated_mean_error(h, k):
"""Mean error of the m-node model: severity censored at (m-1)h, mass beyond mh dropped."""
m = 2 ** k
a = build(f'agg PLM.Cut 3 claims {(m - 1) * h} xs 10000 {SEV} poisson',

bs=h, log2=k + 3, padding=0)
x, p = a.density_df.loss.values, a.density_df.p_total.values
keep = x < m * h
return float((x[keep] * p[keep]).sum()) / t1_mean - 1

truncation = TABLE1.set_index(['h', 'log2 m'])[['m h', 'recursion mean']].copy()
truncation['aggregate, truncated model'] = [truncated_mean_error(h, k) for h, k in
truncation.index]
truncation['ratio'] = truncation['aggregate, truncated model'] / truncation['recursion mean']
GT(truncation, formatters={'recursion mean': '{x:.5e}', 'aggregate, truncated model': '{x:.5e}',

'ratio': 6})
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Table 18.5.: Table 1’s recursionmean errors against the samemodel built in aggregate with the sever-
ity censored at the last node and the aggregate cut at m h.

h
log2
m mh

recursion
mean

aggregate,
truncated model ratio

50 14 819,200 -2.76451e-01 -2.76451e-01 1.000000
100 14 1,638,400 -8.96804e-02 -8.96804e-02 1.000000
200 14 3,276,800 -2.19140e-02 -2.19140e-02 1.000001
400 14 6,553,600 -4.41046e-03 -4.41046e-03 1.000001
50 16 3,276,800 -2.19154e-02 -2.19154e-02 1.000000
100 16 6,553,600 -4.41006e-03 -4.41006e-03 0.999999
200 16 13,107,200 -7.25738e-04 -7.25738e-04 1.000000
400 16 26,214,400 -9.62811e-05 -9.62811e-05 1.000000
50 18 13,107,200 -7.25465e-04 -7.25465e-04 1.000000
100 18 26,214,400 -9.47567e-05 -9.47567e-05 1.000000
200 18 52,428,800 -1.00139e-05 -1.00139e-05 0.999997
400 18 104,857,600 -2.41068e-06 -2.41068e-06 1.000001

All twelve recursion mean errors in Table 18.5 are reproduced to the printed digits. The FFT rows
match the recursion rows while the truncation error is large, and part company below about 10−3,
where the tilted transform’s own residue is comparable with the error being measured. GEMAct
1.2.1, rerun on this machine in Table 18.4, reproduces the printed FFT column exactly in the first
rows and differs from it in the same deep rows, so those digits depend on details of the run. The
CV and skewness errors follow the same pattern; they also depend on how the lost mass enters the
moment formula, and are not pursued here.

18.3.4. On a long enough grid the error falls as ℎ2

Table 1’s conclusion reverses once the grid is long enough. Table 18.6 fixes the length of the grid at
216 × 4,000 ≈ 2.6 × 108, the library’s own default for this portfolio, and halves the bucket size.

t1_cv, t1_skew = theory(t1)[1:]
rows = []
for bs, log2 in [(4000, 16), (2000, 17), (1000, 18), (500, 19)]:

start = time.perf_counter()
a = build(T1, bs=bs, log2=log2)
seconds = time.perf_counter() - start
rows.append({'bucket size': bs, 'log2': log2, 'mean error': a.est_m / t1_mean - 1,

'CV error': a.est_cv / t1_cv - 1, 'skewness error': a.est_skew / t1_skew - 1,
'milliseconds': 1000 * seconds})

convergence = pd.DataFrame(rows).set_index('bucket size')
convergence.insert(2, 'mean error ratio',

convergence['mean error'].shift(1) / convergence['mean error'])
print(f'default grid: bs={t1.bs:g}, log2={t1.log2}')
GT(convergence, formatters={'mean error': '{x:.3e}', 'CV error': '{x:.3e}',

'skewness error': '{x:.3e}', 'mean error ratio': 3,
'milliseconds': 0})

default grid: bs=4000, log2=16
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Table 18.6.: The Table 1 portfolio on a grid of fixed length, halving the bucket size, against the closed
form moments.

bucket
size log2

mean
error

mean
error ratio CV error

skewness
error milliseconds

4,000 16 -1.665e-04 — 1.756e-04 -1.720e-03 50
2,000 17 -4.160e-05 4.002 3.937e-05 -1.689e-03 60
1,000 18 -1.041e-05 3.996 5.351e-06 -1.681e-03 76
500 19 -2.616e-06 3.980 -3.150e-06 -1.679e-03 122

Each halving of the bucket in Table 18.6 divides the mean error by four, the𝑂(ℎ2) rate of Embrechts
et al. (1993), from −1.7 × 10−4 at the default bucket of 4,000 to −2.6 × 10−6 at 500. Every row takes
well under a second. The skewness error does not move, because it is set by the length of the grid:
the third moment of a lognormal with 𝜎 = 1.3 draws on losses out to about 1010.

18.3.5. Table 2, refreshed on one machine

The benchmark was rerun on this machine with the authors’ settings, GEMAct 1.2.1 in its own
environment and aggregate in the book’s, by bench/pittarello2024_timing.py. Each time is
the minimum over seven repeats of construction and calculation together, as in the paper. The
times are read from the files the script wrote, and are not re-measured when the book renders. The
aggregate moments are recomputed here on the library’s default grid. For the two contracts with
aggregate terms, where the paper prints no reference, a computed reference applies the aggregate
terms to a gross or XL distribution on 222 buckets of 100.

AGGREGATE = json.loads((BOOK_ROOT / 'bench' / 'pittarello2024_timing_aggregate.json')
.read_text(encoding='utf-8'))

PUBLISHED = {
'No reinsurance': [('gemact 1.2.1, published', 0.9581, 253625, 1.34406, 7.27745),

('aggregate 0.9.3, published', 0.8102, 253625, 1.34406, 7.28346)],
'XL': [('gemact 1.2.1, published', 0.9384, 256355, 1.10772, 2.08525),

('aggregate 0.9.3, published', 0.8445, 256354, 1.10773, 2.08527)],
'SL': [('gemact 1.2.1, published', 0.9168, 194143, 1.24438, 1.73658),

('aggregate 0.9.3, published', 2.4254, 194143, 1.24438, 1.73658)],
'XL with aggregate terms': [('gemact 1.2.1, published', 0.9388, 206363, 1.22464, 1.62335),

('aggregate 0.9.3, published', 2.5221, 206363, 1.22465, 1.62336)],
}

def ceded_moments(a, limit=1_000_000, attach=50_000):
"""Mean, CV and skewness of the aggregate layer applied to a's distribution."""
x, p = a.density_df.loss.values, a.density_df.p_total.values
c = np.minimum(np.maximum(x - attach, 0), limit)
mean = (c * p).sum()
var = ((c - mean) ** 2 * p).sum()
return mean, np.sqrt(var) / mean, ((c - mean) ** 3 * p).sum() / var ** 1.5

fine = {name: build(CONTRACTS[base], bs=100, log2=22)
for name, base in [('SL', 'No reinsurance'), ('XL with aggregate terms', 'XL')]}

measured_gemact = {r['contract']: r for r in GEMACT['rows']}
measured_aggregate = {r['contract']: r for r in AGGREGATE['rows']

if r['configuration'] == 'library default'}
rows = []
for name, a in built.items():
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if name in fine:
rows.append((name, 'computed reference', np.nan, *ceded_moments(fine[name])))

else:
rows.append((name, 'closed form reference', np.nan, *theory(a)))

rows.extend((name, *published) for published in PUBLISHED[name])
g = measured_gemact[name]
rows.append((name, 'gemact 1.2.1, this machine', g['seconds'], g['mean'], g['cv'],

g['skewness']))
rows.append((name, f'aggregate {AGGREGATE["versions"]["aggregate"]}, default grid, this

machine',
measured_aggregate[name]['seconds'], a.est_m, a.est_cv, a.est_skew))

table2 = pd.DataFrame(rows, columns=['contract', 'source', 'seconds', 'mean', 'CV', 'skewness']
).set_index(['contract', 'source'])

print(f'measured {GEMACT["date"]} on {GEMACT["cpu"]}; '
f'gemact under Python {GEMACT["versions"]["python"]}, '
f'aggregate under Python {AGGREGATE["versions"]["python"]}')

GT(table2, formatters={'seconds': 3, 'mean': '{x:,.1f}', 'CV': 5, 'skewness': 5})

measured 2026-10-11 on AMD Ryzen 9 9950X3D2 16-Core Processor; gemact under Python 3.11.16,
aggregate under Python 3.14.7

Table 18.7.: Table 2 refreshed. Published rows from the paper, measured rows from this machine,
and the library’s default grid recomputed at render.

contract source seconds mean CV skewness
No reinsurance closed form reference — 253,625.0 1.34406 7.28410

gemact 1.2.1, published 0.958 253,625.0 1.34406 7.27745
aggregate 0.9.3, published 0.810 253,625.0 1.34406 7.28346
gemact 1.2.1, this machine 0.425 253,625.0 1.34406 7.27745
aggregate 1.2.0a13, default grid,
this machine

0.036 253,625.9 1.34407 7.27166

XL closed form reference — 256,355.2 1.10772 2.08525
gemact 1.2.1, published 0.938 256,355.0 1.10772 2.08525
aggregate 0.9.3, published 0.845 256,354.0 1.10773 2.08527
gemact 1.2.1, this machine 0.409 256,355.2 1.10772 2.08525
aggregate 1.2.0a13, default grid,
this machine

0.052 256,354.8 1.10773 2.08525

SL computed reference — 194,143.4 1.24438 1.73658
gemact 1.2.1, published 0.917 194,143.0 1.24438 1.73658
aggregate 0.9.3, published 2.425 194,143.0 1.24438 1.73658
gemact 1.2.1, this machine 0.440 194,143.4 1.24438 1.73658
aggregate 1.2.0a13, default grid,
this machine

0.043 194,150.6 1.24437 1.73643

XL with aggregate
terms

computed reference — 206,363.5 1.22464 1.62335

gemact 1.2.1, published 0.939 206,363.0 1.22464 1.62335
aggregate 0.9.3, published 2.522 206,363.0 1.22465 1.62336
gemact 1.2.1, this machine 0.433 206,363.5 1.22464 1.62335
aggregate 1.2.0a13, default grid,
this machine

0.059 206,363.1 1.22464 1.62336

On this machine GEMAct takes about 0.42 seconds for each contract, and aggregate on its default
grid takes 0.04 to 0.06 seconds, about eight to ten times faster, as Table 18.7 shows. On the paper’s
own grid of 222 points the measured times keep the paper’s pattern: aggregate takes 0.43 and 0.46
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seconds on the first two contracts against GEMAct’s 0.42 and 0.41, and 0.77 and 0.79 seconds on the
two with aggregate terms against GEMAct’s 0.44, so GEMAct remains the faster of the two at that
size when there are aggregate terms.

The default grid sizes itself from the portfolio’s moments, 216 buckets of 4,000 for the gross portfolio
and of 400 for the XL, and its means agree with the references to within 4 × 10−5, the largest gap
being the stop loss, whose 50,000 retention falls between buckets of 4,000. Its skewness for the gross
portfolio is short by 0.2%, for the reason givenunder Table 18.6: the default grid is long enough for the
mean and CV but not for the far tail that the thirdmoment of this lognormal reaches. The computed
references agree with GEMAct’s 222 point values to every printed digit. The library’s 1.2.0a13 has a
defect on grids as wide as the paper’s, 222 buckets of 500 reaching 2.1 × 109: the distribution is right,
but the reported skewness is not, 11.9 for the gross portfolio against 7.28. The moments are taken
from a copy of the density with every bucket below machine epsilon set to zero, which on this grid
removes about 2× 10−11 of genuine tail mass, and the lost mass is then placed at the right hand end
of the grid as if the distribution were defective, where it is multiplied by (2.1 × 109)3.

18.3.6. Table 3 cannot be reproduced, and its reference values are misprinted

aggregate does not reproduce Table 3. Its copula support couples per-claim severities inside a bi-
variate aggregate with a shared count, and computes probabilities on a uniform grid. Table 3 needs
the cdf of a sum of four or five Pareto variables, the heaviest with a tail index of 0.9, at points spread
over six decades, to between 10−9 and 10−13. A uniform grid cannot cover six decades of a tail that
heavy, the probability of a half-plane cut along the anti-diagonal of a grid has an error of order ℎ,
and three or more dimensions are out of reach.

The table can still be checked against its source. Table 18.8 sets its printed reference values for four
and five dimensions beside Arbenz et al. (2011)’s Tables 5 and 6, from which they are said to be
copied.

aep = pd.DataFrame({
's': ['10', '100', '1,000', '10,000'],
'd = 4, printed': [0.983690398913354] * 4,
'd = 4, Arbenz': [0.833447516734442, 0.983412214152579, 0.997950264030106, 0.999742266243751],
'd = 5, printed': [0.983659549676444] * 4,
'd = 5, Arbenz': [0.824132635126808, 0.983253494805448, 0.997930730055234, 0.999739803851201],

}).set_index('s')
GT(aep, formatters={c: '{x:.15f}' for c in aep.columns})

Table 18.8.: Table 3’s printed reference values for four and five dimensions against Arbenz, Em-
brechts and Puccetti (2011), Tables 5 and 6.

s d = 4, printed d = 4, Arbenz d = 5, printed d = 5, Arbenz
10 0.983690398913354 0.833447516734442 0.983659549676444 0.824132635126808
100 0.983690398913354 0.983412214152579 0.983659549676444 0.983253494805448
1,000 0.983690398913354 0.997950264030106 0.983659549676444 0.997930730055234
10,000 0.983690398913354 0.999742266243751 0.983659549676444 0.999739803851201

The printed values in Table 18.8 are the same number in all four rows, and that number is the two
and three dimensional value at 𝑠 = 100. A distribution function cannot be flat from 10 to 10,000.
The misprint is in the typeset reference values only: the errors printed beneath them are small, and
against themisprinted values the error at 𝑠 = 10would be about 18%, so they were computed against
Arbenz’s correct values.
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18.4. Comments

18.4.1. Choose the length of the grid before its spacing

Table 1 is a study of truncation presented as a study of discretization. Its errors are fixed by 𝑚ℎ,
and when ℎ grows with 𝑚 fixed the grid gets longer, more of the tail fits on it, and the error falls;
that is the trend the paper reports. On a grid long enough to hold the distribution, Table 18.6 shows
the opposite and expected trend, error falling as ℎ2. The lesson is to choose the length of the grid
first and its spacing second. A default that sizes the grid from the distribution’s moments does that
without being asked, which is why the library’s default grid puts every mean here within 2×10−4 of
its reference. The same distinction runs through Grübel and Hermesmeier (1999), where mass past
the end of the grid wraps around, and Embrechts et al. (1993), where the 𝑂(ℎ2) rate appears once
the support is adequate. Here the mass falls off the end instead.

18.4.2. Table 2, refreshed

The benchmark was a snapshot of aggregate 0.9.3, and its reading, that GEMAct is faster on con-
tracts with aggregate terms at 222 points, still holds on this machine, by a factor of about 1.8 rather
than 2.7. The larger difference is the grid. 222 points is sixty-four times the library’s default grid for
this portfolio, and on the grid the library chooses for itself aggregate is about ten times faster than
either package at the paper’s size, with means within 4 × 10−5 of the references. The comparison
also exposed the skewness defect described above, which the library’s own validation did not catch
because it never builds a grid that wide unasked.

18.4.3. Table 3 and copulas

What aggregate offers for dependence is different in kind: a bivariate aggregate with a shared count
and a copula on the severities, and Iman-Conover for dependence between lines after each is mod-
eled exactly. Neither is a substitute for AEP on a sum of a few heavy tailed variables. Two smaller
points about the reference data are worth recording. Arbenz’s reference values are themselves AEP
output at the largest iteration count, sixteen iterations for two dimensions and seven for four, so
Table 3’s two dimensional row at sixteen iterations, with errors near 10−13, measures agreement
between two implementations of the same algorithm rather than accuracy. The four dimensional
row at seven iterations, which compares GEMAct with the reference computed at the same setting,
shows an error of −4.55 × 10−4 at 𝑠 = 10, so there the two implementations disagree.

18.4.4. Out of scope

The reserving module of Section 5 is outside the book’s subject. Figure 1, which compares the four
severity discretization methods, is covered by Embrechts and Frei (2009).
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19. Embrechts and Frei’s three discretization designs

Reproducing Embrechts and Frei (2009)

19.1. Context and problem

Embrechts andFrei (2009) is a head to head comparison: Panjer recursion against FFT for compound
distributions. Both need the continuous severity replaced by a lattice distribution 𝐹ℎ of bandwidth
ℎ, and the paper’s most useful section is about that step rather than about either transform.
There are three natural ways to discretize. Forward puts each cell’s mass at its lower endpoint,
backward at its upper endpoint, and rounding splits it so the cell’s mean survives. The first two are
the classical bounds: forward makes every claim smaller so it understates the aggregate, backward
overstates it, and the true answer is between them. Rounding is not a bound at all, and that is the
point of the paper’s Table 1.

The paper also treats aliasing, recommending tilting where the interest is in the body of the distri-
bution and noting that padding as in Wang (1998) does the same job. aggregate takes the padding
branch, and its rounding default is the design Table 1 identifies as the accurate one, so this is a
reproduction of the reasoning behind two library defaults.

19.2. Paper solution and gold standard

Table 1, Figure 19.1, estimates the 99.9% quantile of Pois(50) ∨ Exp(1) at four bandwidths under all
three designs, with an exact column. Table 19.1 transcribes it.

Figure 19.1.: Embrechts and Frei (2009), Table 1.

%xmode minimal
import numpy as np
import pandas as pd
import matplotlib.pyplot as plt
from scipy.stats import poisson, gamma
from scipy.optimize import brentq
from aggregate.constants import FIG_W, FIG_H
from bookstyle import GT, build, show

197



PAPER = pd.DataFrame(
{'h = 1': [58, 84, 124], 'h = 0.5': [70.0, 84.5, 103.0],
'h = 0.1': [81.9, 85.1, 88.4], 'h = 0.01': [84.78, 85.11, 85.43]},
index=['forward', 'rounding', 'backward'])

PAPER.index.name = 'design'
GT(PAPER, float_format=2)

Exception reporting mode: Minimal

Table 19.1.: Embrechts and Frei (2009), Table 1 as printed.

design
h =
1

h =
0.5

h =
0.1

h =
0.01

forward 58 70.00 81.90 84.78
rounding 84 84.50 85.10 85.11
backward 124 103.00 88.40 85.43

The exact value is printed only for the rounding row, as 85.11. It is checkable independently: a
compound Poisson with exponential severity has

𝐹𝑆(𝑥) = 𝑒−𝜆 + ∑
𝑛≥1

𝑒−𝜆𝜆𝑛
𝑛! Γ-cdf(𝑥; 𝑛, 1),

a series that converges quickly at 𝜆 = 50, and Table 19.2 evaluates it.

LAM = 50

def exact_cdf(x, lam=LAM, nmax=400):
n = np.arange(1, nmax + 1)
return float(np.exp(-lam) + (poisson.pmf(n, lam) * gamma.cdf(x, n)).sum())

q_exact = brentq(lambda x: exact_cdf(x) - 0.999, 50, 200, xtol=1e-10)
GT(pd.DataFrame([

{'quantity': '99.9% quantile from the closed-form series', 'value': q_exact},
{'quantity': 'paper, Exact column', 'value': 85.11},
{'quantity': 'E[S] exact', 'value': float(LAM)},

]).set_index('quantity'), float_format=6)

Table 19.2.: The 99.9% quantile from the closed form series, against the paper’s exact column.

quantity value
99.9% quantile from the closed-form series 85.105955
paper, Exact column 85.110000
E[S] exact 50.000000

Table 19.2 gives 85.10596, which is 85.11 to the two decimals printed. The gold standard is sound
before anything is convolved.
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19.3. The aggregate reproduction

sev_calc selects the design, so all three of the paper’s rows are one keyword apart. The grid is sized
to reach 400, comfortably past the quantile of interest, at every bandwidth.

def ef(h, design):
log2 = int(np.ceil(np.log2(400 / h)))
return build('agg EF 50 claims sev expon poisson', bs=h, log2=log2,

padding=1, sev_calc=design, normalize=False)

show(ef(0.01, 'round'))
rows = []
for design, label in [('forward', 'forward'), ('round', 'rounding'),

('backward', 'backward')]:
rows.append({'design': label,

**{f'h = {h:g}': ef(h, design).q(0.999)
for h in (1.0, 0.5, 0.1, 0.01)}})

got = pd.DataFrame(rows).set_index('design')
GT(pd.concat({'paper': PAPER, 'aggregate': got}, axis=1), float_format=2)

Table 19.3.: Table 1 rebuilt, the 99.9% quantile under all three designs at four bandwidths, beside the
printed figures.

agg EF
50 claims
sev expon
poisson

paper aggregate

design
h =
1

h =
0.5

h =
0.1

h =
0.01

h =
1

h =
0.5

h =
0.1

h =
0.01

forward 58 70.00 81.90 84.78 58 70.00 81.90 84.78
rounding 84 84.50 85.10 85.11 84 84.50 85.10 85.11
backward 124 103.00 88.40 85.43 124 103.00 88.40 85.43

GT(pd.DataFrame([
{'design': d,
'worst absolute difference': float((got.loc[d] - PAPER.loc[d]).abs().max())}
for d in PAPER.index]
+ [{'design': 'all twelve',

'worst absolute difference': float((got - PAPER).abs().max().max())}]
).set_index('design'), formatters={'worst absolute difference': '{x:.3f}'})

Table 19.4.: Worst absolute difference from Table 1, design by design.

design worst absolute difference
forward 0.000
rounding 0.000
backward 0.000
all twelve 0.000
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In Table 19.3 and Table 19.4 all twelve values reproduce exactly, to every digit printed, across three
designs and four bandwidths. That is the strongest form this comparison can take: the paper’s table
is not being approximated, it is being recovered.

19.3.1. What the table is actually saying

The numbers matter less than their arrangement, and the arrangement is easy to miss in a small
table. Table 19.5 sets it out.

rows = []
for h in (1.0, 0.5, 0.1, 0.01):

f, r, b = (got.loc[d, f'h = {h:g}'] for d in ('forward', 'rounding', 'backward'))
rows.append({'h': h, 'bracket width, backward minus forward': b - f,

'rounding error': r - q_exact,
'forward error': f - q_exact, 'backward error': b - q_exact})

GT(pd.DataFrame(rows).set_index('h'), float_format=3)

Table 19.5.: The width of the forward to backward bracket at each bandwidth, beside the error of
each design.

h
bracket width, backward

minus forward
rounding
error

forward
error

backward
error

1.000 66.000 -1.11e+00 -2.71e+01 3.89e+01
0.500 33.000 -6.06e-01 -1.51e+01 1.79e+01
0.100 6.500 -5.96e-03 -3.21e+00 3.29e+00
0.010 0.650 4.04e-03 -3.26e-01 3.24e-01

In Table 19.5, at ℎ = 1 the bounds are 58 and 124, a bracket 66 wide around a true value of 85.1,
which is useless for any practical purpose. Rounding at the same bandwidth gives 84, an error of
1.1. The bounds do bracket, honestly and always, and they do it so loosely that at any bandwidth a
practitioner would actually use, the bracket is worth less than the point estimate it contains.

That iswhy aggregatehas a rounding default andno boundsmode. It is the same conclusionGerber
(1982) reached from the other end, in 1982, with the same ranking of the same three methods.

The cost of the default is that it is not conservative in any direction. Rounding is a better estimate
and a worse guarantee, and the honest error control is refinement: rounding at ℎ = 1, 0.5, 0.1 gives
84, 84.5, 85.1, which converges visibly on its own without needing the bounds to confirm it.

19.4. Figure 1: the Poisson/Pareto aliasing picture

Section 3 illustrates aliasing on Pois(20) ∨ Pareto(4, 3), a severity with finite mean and infinite third
moment. There is no published table for Figure 19.2, so the reproduction is of the shape and the
regime change rather than of numbers.
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Figure 19.2.: Approximate densities for 𝑃𝑜𝑖𝑠(20)∨𝑃𝑎𝑟𝑒𝑡𝑜(4, 3), Embrechts and Frei (2009), Figure 1.

ALPHA, BETA, FREQ = 4, 3, 20
SEV = f'sev {BETA} * pareto {ALPHA} - {BETA}'
a = build(f'agg EF1 {FREQ} claims {SEV} poisson',

bs=1 / 8, log2=8, padding=0, normalize=False)
df = a.density_df[['p_total']].rename(columns={'p_total': 'padding 0'})
for pad in (1, 2):

a.update(bs=1 / 8, log2=8, padding=pad, normalize=False)
df[f'padding {pad}'] = a.density_df.p_total

a.update(bs=1 / 32, log2=16, padding=1, normalize=False)
fine = a.density_df[['p_total']].rename(columns={'p_total': 'log2 16, bs 1/32'})

fig, axs = plt.subplots(1, 2, figsize=(2 * FIG_W, FIG_H), layout='constrained')
df.plot(ax=axs[0], lw=1)
axs[0].set(xlabel='loss', ylabel='pmf', title='$2^8$ buckets, bs = 1/8')
df.plot(ax=axs[1], logy=True, lw=1)
axs[1].set(xlabel='loss', title='the same, log scale')
for ax in axs:

ax.legend(fontsize=6)

V:\worktrees\aggregate_REFACTOR\src\aggregate\_bucket_window.py:1430: InfeasibleGridWarning:
EF1: severity 'pareto' cannot be reproduced on this grid. The body needs bs <= 0.0174043 (0.2431%
of the mean is supplied below the first half bucket, and is placed at 0); the mean is not complete
until the grid reaches 125.507, so matching it to 0.0001 needs log2 = 13, and log2 = 8 was used. A
thick unlimited severity has this problem at any bucket size, because its mean is furnished far
above its median and a finer bs only shortens the reach. Add an occurrence limit, or accept the
reported moment errors. Further occurrences this session are suppressed; each object records its
own verdict in validation.
warn_infeasible_grid(agg)

V:\worktrees\aggregate_REFACTOR\src\aggregate\_aggregate.py:4481: DefectiveDistributionWarning:
EF1: aggregate PMF deficit 1.087e-03 (Σp = 1 − 1.087e-03 < 1); forwards and backwards S diverge by
the deficit (forwards > backwards). Further occurrences this session are suppressed; each object
records its own verdict in validation.
rv = self.update_work(xs, debug=debug, x_min=x_min, x_max=x_max,
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Figure 19.3.: Reproducing Figure 1. The aggregate density at three padding levels, on a linear and a
log scale.

In Figure 19.3 the untilted, unpadded curve turns up at the right hand end, which is aliased mass
that belongs beyond the grid, and the log panel shows padding removing it completely. The paper’s
point that padding and tilting are equally effective is the same finding Grübel and Hermesmeier
(1999) arrives at from the tilting side and Schaller and Temnov (2008) from the operational risk side,
and this page’s Table 1 result is why the library only needs one of them.

fig, ax = plt.subplots(1, 1, figsize=(FIG_W, FIG_H), layout='constrained')
x = fine.index.to_numpy()[1:]
ax.loglog(x, fine.iloc[1:, 0] / a.bs, lw=1, label='aggregate density')
ax.loglog(x, FREQ * ALPHA / BETA * (BETA / (BETA + x)) ** (ALPHA + 1), lw=1,

ls='--', label="Feller, $20 f_X(x)$")
ax.set(xlabel='loss', ylabel='density')
ax.legend(fontsize=6)
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Figure 19.4.: The far tail against Feller’s asymptotic, twenty times the severity survival function.

Differentiating Feller’s theorem gives the aggregate density approaching 𝜆𝑓𝑋(𝑥) in the far tail, and
in Figure 19.4 the two curves meet once the Poisson body is left behind. The change of regime, from
a body dominated by the claim count to a tail dominated by the single largest claim, is visible as the
kink.
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19.5. Comments

19.5.1. The three designs are still there, and one is missing on purpose

aggregate implements forward, backward and round, so all three of Table 1’s rows are reachable,
and the moment design thatwould preserve twomoments raises NotImplementedError. The paper’s
table is the argument for that gap: since rounding already beats both bounds by an order of magni-
tude at every bandwidth, a fourth design has to justify itself against rounding rather than against the
bounds, and none of the candidates does.

19.5.2. Where the bounds do earn their keep

The bracket is useless as an error bar and valuable as a test. If a build’s forward and backward esti-
mates do not straddle its rounding estimate, something is wrong with the grid rather than with the
discretization: the most likely cause is that aliasing or truncation is larger than the discretization
error, so the three designs are all being dominated by an error that has nothing to do with the design.
Table 19.6 runs that test on an adequate grid and on a short one.

rows = []
for h, pad in [(0.5, 1), (0.5, 0)]:

vals = {}
for design, label in [('forward', 'forward'), ('round', 'rounding'),

('backward', 'backward')]:
log2 = 6 if pad == 0 else int(np.ceil(np.log2(400 / h)))
b = build('agg EF 50 claims sev expon poisson', bs=h, log2=log2,

padding=pad, sev_calc=design, normalize=False)
vals[label] = b.q(0.999)

rows.append({'h': h, 'log2': log2, 'padding': pad, **vals,
'brackets': bool(vals['forward'] <= vals['rounding']

<= vals['backward'])})
GT(pd.DataFrame(rows).set_index(['h', 'log2', 'padding']), float_format=2)

V:\worktrees\aggregate_REFACTOR\src\aggregate\_bucket_window.py:1430: InfeasibleGridWarning: EF:
severity 'expon' cannot be reproduced on this grid. The body needs bs <= 0.020067 (2.65% of the
mean is supplied below the first half bucket, and is placed at 0); the mean is not complete until
the grid reaches 12.5067, so matching it to 0.0001 needs log2 = 9, and log2 = 6 was used. A thick
unlimited severity has this problem at any bucket size, because its mean is furnished far above
its median and a finer bs only shortens the reach. Add an occurrence limit, or accept the reported
moment errors. Further occurrences this session are suppressed; each object records its own
verdict in validation.
warn_infeasible_grid(agg)

Table 19.6.: The three designs on an adequate grid and on one too short, showing where the bracket
ordering fails.

h log2 padding forward rounding backward brackets
0.50 10 1 70.00 84.50 103.00 True

6 0 31.50 31.50 31.50 True

In Table 19.6 the ordering holds on an adequate grid. On a grid too short to hold the distribution it
fails, and the failure is informative in a way the individual numbers are not: it says the bandwidth is
no longer the binding constraint. That is worth more than a bound, and it costs two extra builds.
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20. Schaller and Temnov on a severity with no mean

Reproducing Schaller and Temnov (2008)

20.1. Context and problem

Operational riskmodels push FFT convolution harder than insurance pricing does. The frequencies
are moderate but the severities are extreme: a generalized Pareto with shape 𝜉 = 1 has nomean, let
alone a variance, and the regulatory question is a high quantile of the aggregate. Schaller and Tem-
nov (2008) is written from inside that problem, and its subject is how to get a trustworthy quantile
out of an FFT when the severity has no moments to anchor the grid.

The paper compares three arrangements of the same transform. A naive FFT convolves on the
grid as given, so aggregate mass that should land past the end wraps around into the low buckets.
Padding by zeros extends the vector before transforming, so there is nowhere for the wrap to land.
An exponential window multiplies the input by 𝑒−𝑥/𝜏 before transforming and divides it out af-
terwards, which is the exponential tilting of Grübel and Hermesmeier (1999) under another name,
with the paper supplying a rule for the optimal 𝜏.
The paper’s argument is that the exponential window matches the accuracy of generous padding at
a fraction of the cost, and it makes that case with timings as well as accuracy.

20.2. Paper solution and gold standard

Section 4.3.2 is the real data example. The severity is a generalized Pareto in the form

𝐺𝜉,𝜇,𝛽(𝑥) = 1 − (1 + 𝜉 𝑥 − 𝜇
𝛽 )

−1/𝜉

with location 𝜇 = 7000, scale 𝛽 = 12000 and shape 𝜉 = 1.0. Frequency is Poisson with 𝜆 = 18.
The severity is truncated at 𝑥𝑚 = 5 × 106 and not normalized, which matters and is stated. The
optimal window parameter is 𝜏opt = 149,688.5.
Table 4.3, Figure 20.1, then gives the 0.9-quantile of the aggregate at four grid sizes under all four
arrangements. Its caption carries the detail that makes it reproducible: “The grid size indicated in
the table is the one before the padding by zeros.” Table 20.1 transcribes it.
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Figure 20.1.: Schaller and Temnov (2008), Table 4.3.

%xmode minimal
import numpy as np
import pandas as pd
from bookstyle import GT, build, show

XM, LAM = 5e6, 18
PAPER = pd.DataFrame(

{'naive': [2_854_461, 2_854_595, 2_854_661, 2_854_695],
'1x padding': [3_130_684, 3_130_893, 3_130_380, 3_131_027],
'3x padding': [3_132_324, 3_132_496, 3_132_591, 3_132_643],
'exponential window': [3_132_324, 3_132_496, 3_132_591, 3_132_643]},
index=[17, 18, 19, 20])

PAPER.index.name = 'log2'
GT(PAPER, float_format='{x:,.0f}')

Exception reporting mode: Minimal

Table 20.1.: Schaller and Temnov (2008), Table 4.3 as printed.

log2 naive
1x

padding
3x

padding
exponential
window

17 2,854,461 3,130,684 3,132,324 3,132,324
18 2,854,595 3,130,893 3,132,496 3,132,496
19 2,854,661 3,130,380 3,132,591 3,132,591
20 2,854,695 3,131,027 3,132,643 3,132,643

Two features of Table 20.1 are worth naming before reproducing it. The naive column is wrong by
8.9%, which is the aliasing error and is far too large to be mistaken for anything subtle. And the
exponential window column is identical to the 3x padding column at every grid size, to all
seven digits. The paper’s own evidence is that the two remedies are interchangeable in accuracy,
and its case for the window is therefore entirely about cost.

20.3. The aggregate reproduction

The severity is 12000 * genpareto 1 + 7000: scale, shape, location, in the order DecL takes
them. aggregate’s padding counts doublings, so Schaller’s “1x padding” is padding=1 and his “3x
padding”, a vector four times as long, is padding=2. The library has no exponential window on the
production path, so that column has no counterpart here, which is the right outcome given the two
are identical in the paper.

The grid is Schaller’s: the severity’s right endpoint is 𝑥𝑚 = 5 × 106, so bs follows from the grid size
rather than being chosen, for the reasons Table 20.2 records.

205



a = build(f'agg SchallerTemnov {LAM} claims '
f'sev 12000 * genpareto 1 + 7000 poisson '
f'hints{{log2=20; bs={XM / (1 << 20)}; padding=2; normalize=False}}')

show(a)

V:\worktrees\aggregate_REFACTOR\src\aggregate\_aggregate.py:4481: DefectiveDistributionWarning:
SchallerTemnov: aggregate PMF deficit 5.568e-02 (Σp = 1 − 5.568e-02 < 1); forwards and backwards
S diverge by the deficit (forwards > backwards). Further occurrences this session are suppressed;
each object records its own verdict in validation.
rv = self.update_work(xs, debug=debug, x_min=x_min, x_max=x_max,

agg SchallerTemnov
18 claims
sev 12000 * genpareto 1 + 7000
poisson
hints{log2=20; bs=4.76837158203125; padding=2; normalize=False}

GT(pd.DataFrame([
{'quantity': 'severity shape xi', 'value': 1.0,
'note': 'xi = 1 means no finite mean'},
{'quantity': 'severity truncation x_m', 'value': XM,
'note': 'stated in the paper, and not normalized'},
{'quantity': 'aggregate mass on the grid', 'value': a.agg_density.sum(),
'note': 'below 1 by the truncated tail, as intended'},

]).set_index('quantity'), formatters={'value': '{x:,.6g}'})

Table 20.2.: The three features of the severity that make the grid an external choice rather than a
computed one.

quantity value note
severity shape xi 1 xi = 1 means no finite mean
severity truncation x_m 5e+06 stated in the paper, and not normalized
aggregate mass on the grid 0.944317 below 1 by the truncated tail, as intended

rows = []
for log2 in (17, 18, 19, 20):

bs = XM / (1 << log2)
r = {'log2': log2, 'bs': bs}
for name, pad in [('naive', 0), ('1x padding', 1), ('3x padding', 2)]:

a.update(log2=log2, bs=bs, padding=pad, normalize=False)
r[name] = a.q(0.9)

rows.append(r)
got = pd.DataFrame(rows).set_index('log2')
GT(got, formatters={'bs': 3, 'naive': '{x:,.0f}', '1x padding': '{x:,.0f}',

'3x padding': '{x:,.0f}'})
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Table 20.3.: Table 4.3 rebuilt, the 0.9-quantile at four grid sizes under the naive and two padded
arrangements.

log2 bs naive
1x

padding
3x

padding
17 38.147 2,854,729 3,131,065 3,132,706
18 19.073 2,854,729 3,131,065 3,132,687
19 9.537 2,854,729 3,131,075 3,132,687
20 4.768 2,854,729 3,131,075 3,132,687

COLS = ['naive', '1x padding', '3x padding']
rel = (got[COLS] / PAPER[COLS] - 1).abs()
GT(pd.DataFrame([

{'column': c, 'values compared': 4,
'worst relative difference': float(rel[c].max()),
'worst absolute difference': float((got[c] - PAPER[c]).abs().max())}
for c in COLS] + [
{'column': 'all twelve', 'values compared': 12,
'worst relative difference': float(rel.max().max()),
'worst absolute difference': float((got[COLS] - PAPER[COLS]).abs().max().max())}

]).set_index('column'),
formatters={'values compared': 0, 'worst relative difference': '{x:.2e}',

'worst absolute difference': '{x:,.0f}'})

Table 20.4.: Worst difference from Table 4.3, column by column and over all twelve values.

column
values

compared

worst
relative
difference

worst
absolute
difference

naive 4 9.38e-05 268
1x padding 4 2.22e-04 695
3x padding 4 1.22e-04 382
all twelve 12 2.22e-04 695

By Table 20.3 and Table 20.4 all twelve distinct published values reproduce to within 2.2 × 10−4
relative, which on a quantile of 3.13 million is agreement to about 700. The aliasing error the paper
is warning about, 8.9% of the answer, comes back at the same size; the two remedies both remove it;
and the converged value is Schaller’s 3,132,643 to five significant figures.

20.3.1. Where the two calculations disagree, and it is instructive

The agreement is on the values. The pattern differs, and Table 20.5 shows it rather than averaging it
away.

cmp = pd.concat({'paper': PAPER[COLS], 'aggregate': got[COLS]}, axis=1)
GT(cmp, float_format='{x:,.0f}')
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Table 20.5.: The published and rebuilt columns side by side, showing the two implementations con-
verging differently.

paper aggregate

log2 naive
1x

padding
3x

padding naive
1x

padding
3x

padding
17 2,854,461 3,130,684 3,132,324 2,854,729 3,131,065 3,132,706
18 2,854,595 3,130,893 3,132,496 2,854,729 3,131,065 3,132,687
19 2,854,661 3,130,380 3,132,591 2,854,729 3,131,075 3,132,687
20 2,854,695 3,131,027 3,132,643 2,854,729 3,131,075 3,132,687

In Table 20.5 Schaller’s columns rise monotonically with grid size: his 3x padding runs 3,132,324,
3,132,496, 3,132,591, 3,132,643, still climbing at 220. The aggregate column is flat from 218 onward
at 3,132,687. Both land in the same place, but his estimate approaches it from below while this one
is already there.

The reason is discretization, not aliasing. Refining the grid here refines bs as well, since 𝑥𝑚 is fixed,
so the sweep is a discretization sweep and the two implementations are converging at different rates
from different discretization schemes. aggregate’s default preserves the cell mean, which is the
moment-matching idea Gerber (1982) recommends; a scheme that assigns cell mass to an endpoint
converges from one side, which is the shape of Schaller’s column. The residual 44 between 3,132,687
and 3,132,643 is about one bucket at 220, where bs is 4.77, so it is inside the quantile’s own quanti-
zation.

20.4. Comments

20.4.1. Normalization is not a cosmetic choice here

The paper says the severity is truncated and not normalized, and with 𝜉 = 1 that instruction is
load bearing. Normalizing divides the truncated severity by its own mass, which redistributes the
discarded tail proportionally across the retained buckets. For a thin tail that is a rounding correction.
For a severity with no mean it is a change of model, and it thins the tail, as Table 20.6 measures.

rows = []
for log2, bs in [(17, XM / (1 << 17)), (20, XM / (1 << 20))]:

for norm in (False, True):
a.update(log2=log2, bs=bs, padding=2, normalize=norm)
rows.append({'log2': log2, 'normalize': norm, '0.9 quantile': a.q(0.9),

'0.99 quantile': a.q(0.99),
'mass on grid': a.agg_density.sum()})

GT(pd.DataFrame(rows).set_index(['log2', 'normalize']),
formatters={'0.9 quantile': '{x:,.0f}', '0.99 quantile': '{x:,.0f}',

'mass on grid': 8})
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Table 20.6.: Two quantiles with and without normalization, at a coarse and a fine grid.

log2 normalize
0.9

quantile
0.99

quantile
mass on
grid

17 False 3,132,706 4,999,962 0.94431685
True 2,456,551 4,999,962 0.98588811

20 False 3,132,687 4,999,995 0.94431707
True 2,456,560 4,999,995 0.98588820

In Table 20.6, normalizingmoves the 0.9-quantile by a visible amount and the 0.99-quantile bymore,
always downward, because the mass removed from beyond the truncation point is being handed
back to buckets below it. Anyone reproducing this table with normalize=True, which is aggre-
gate’s default, will miss every entry and will miss it in a consistent direction. The general rule the
library documents is the one this example forces: when the truncation error is unavoidable, do not
normalize, and read the tail knowing it is understated.

20.4.2. The timing argument has not survived, and the accuracy argument never needed to

The paper’s case for the exponential window is cost: it reports the window giving the same precision
as 2x padding in a third of the time, and as 3x padding at least four times faster. That was a real
argument in 2008.

It is no longer the deciding one, because the whole sweep above, twelve builds up to 220 buckets
with quadruple padding, runs in seconds. When the expensive option is cheap in absolute terms, a
method that buys speed at the cost of a tuning parameter stops being attractive. And the window
does carry one: 𝜏opt = 149,688.5 is a computed quantity specific to this model, and getting it wrong
costs accuracy in one direction or floating point range in the other, which is the failure mode Grübel
and Hermesmeier (1999) hits at 𝜃𝑁 = 25.
What Table 20.1 actually establishes, and states more strongly than the paper’s own argument needs,
is that the window and generous padding are the same answer to seven digits at every grid size
tested. Given that, the choice between them is entirely aboutwhich is easier to get right, and padding
has no parameter to get wrong.

20.4.3. A severity with no mean is a good test of the grid sizer, and this one bypasses it

aggregate will refuse to pick a bucket size for an infinite-variance severity rather than guess, and
𝜉 = 1 has no mean at all. That refusal is why every build on this page carries an explicit bs in its
hints{}, and why the sweep is expressed as 𝑥𝑚/2log2: the paper fixes the truncation point, so the
grid size determines bs rather than the other way round.

That is the right way round for this problem and the wrong way round for most. Ordinarily bs is
chosen from the severity’s own scale and the grid is made long enough to hold the aggregate. Here
there is no scale to work from, so an external decision, the regulatory truncation point, supplies it.
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21. Bruno et al. on thresholded direct convolution

Reproducing Bruno, Camerini, Manna and Tomassetti (2006)

21.1. Context and problem

Bruno et al. (2006) proposes a direct method for the aggregate claims distribution, competing with
Panjer recursion, De Pril transforms and the FFT. The idea is thresholded direct convolution: at
each convolution order, keep only the outcomes whose probability exceeds a cutoff chosen so that
the retained mass and the first three moments are correct to a prescribed tolerance, here 10−6, and
discard the rest.

The claimed advantages are that no assumption is needed on the counting distribution, that severi-
ties need not be identically distributed, and that the method avoids the underflow that kills Panjer
recursion at large 𝜆 and the overflow and bit-reversal overhead of the FFT. Tables 3 to 5 count mul-
tiplications, Table 4 reports timings, and the authors conclude their method is “more flexible, easier
and cheaper than the (exact and approximated) methods using recursion and FFT”, with the advan-
tage growing as the number of convolutions rises.

This is a method paper of themost useful kind for a reproduction: it gives the full input specification
and tabulates the output distribution to six decimal places.

21.2. Paper solution and gold standard

Severity is a 14-point discrete law on the integers 14 to 60, Figure 21.1, the same for every claim. The
three counting distributions are set out in Table 21.1.

Table 21.1.: The three published tables, their counting distributions and what each tabulates.
Table Counting distribution Content
6 Poisson, 𝜆 = 504.814259 probability and CDF at 28

quantiles
7 Poisson, 𝜆 = 91,000 CDF at 28 quantiles, 92,832

convolutions
8 Poisson mixed by a generalized

Pareto
CDF at 17 quantiles

The quantiles are quoted as 𝜇 + 𝑘𝜎 for stated 𝜇 and 𝜎 and then truncated to integers, so the com-
parison is unambiguous: evaluate at the integers printed. Table 21.2 checks the transcribed severity
first.
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Figure 21.1.: Bruno et al (2006), Table 1.

%xmode minimal
import numpy as np
import pandas as pd
from scipy.integrate import quad
from scipy.special import gammaln
from bookstyle import GT, build

XS = [14, 15, 16, 17, 18, 19, 20, 24, 26, 28, 30, 31, 55, 60]
PS = [.0103301, .0307990, .0293511, .0103301, .0730414, .0111568, .0264554,

.1002133, .0815418, .0252146, .0212857, .0254214, .0991756, .4556837]
DSEV = ('dsev [' + ' '.join(map(str, XS)) + '] ['

+ ' '.join(f'{q:.7f}' for q in PS) + ']')
x, p = np.array(XS, float), np.array(PS)
m1, m2 = (x * p).sum(), (x ** 2 * p).sum()
GT(pd.DataFrame([{'sum of probabilities': p.sum(), 'severity mean': m1,

'E[U^2]': m2, 'severity sd': np.sqrt(m2 - m1 ** 2)}]),
formatters={'sum of probabilities': 10, 'severity mean': 6, 'E[U^2]': 4,

'severity sd': 6})

Exception reporting mode: Minimal

Table 21.2.: The transcribed 14 point severity, its total mass and its first two moments.

sum of
probabilities

severity
mean E[U^2]

severity
sd

1.0000000000 42.761197 2,174.3969 18.597766

21.3. Table 6: Poisson, 𝜆 = 504.814259

The severity is integer valued, so the aggregate lives on the integer lattice and bs = 1 is exact. The
support runs to 658 × 60 = 39,480, comfortably inside 217. The target is Figure 21.2.
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Figure 21.2.: Bruno et al (2006), Table 6.

LAM6 = 504.814259
a6 = build(f'agg B {LAM6} claims {DSEV} poisson', log2=17, bs=1,

padding=1, normalize=False)
GT(pd.DataFrame([

{'quantity': 'mean', 'aggregate': a6.est_m, 'lambda E[U]': LAM6 * m1,
'paper': 21586.462129},
{'quantity': 'standard deviation', 'aggregate': a6.est_sd,
'lambda E[U]': np.sqrt(LAM6 * m2), 'paper': 1047.695834},
{'quantity': 'total mass', 'aggregate': a6.agg_density.sum(),
'lambda E[U]': 1.0, 'paper': 1.0},

]).set_index('quantity'), float_format=6)

Table 21.3.: The Table 6 aggregate’s mean, standard deviation and total mass, against the compound
Poisson formulas and the printed values.

quantity aggregate lambda E[U] paper
mean 21,586.462129 21,586.462129 21,586.462129
standard deviation 1,047.695834 1,047.695834 1,047.695834
total mass 1.000000 1.000000 1.000000

T6 = [(16347, .000000, .000000), (17395, .000000, .000017),
(18443, .000004, .001051), (18967, .000015, .005405),
(19491, .000051, .021317), (19595, .000062, .027153),
(19700, .000075, .034326), (19752, .000082, .038411),
(19805, .000090, .042970), (19857, .000098, .047852),
(19910, .000107, .053271), (20014, .000125, .065289),
(20538, .000235, .158591), (20800, .000292, .227754),
(21062, .000340, .310857), (21324, .000371, .404499),
(21586, .000381, .503536), (21848, .000367, .601928),
(22110, .000332, .693829), (22372, .000283, .774593),
(22634, .000227, .841425), (23158, .000122, .931859),
(23681, .000052, .975826), (24205, .000018, .992972),
(24729, .000005, .998325), (25777, .000000, .999947),
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(26824, .000000, .999999), (29968, .000000, 1.000000)]
d6 = a6.density_df
t6 = pd.DataFrame([{'x': xx, 'agg probability': d6.loc[xx, 'p_total'],

'Table 6 probability': pp, 'agg CDF': d6.loc[xx, 'F'],
'Table 6 CDF': cc} for xx, pp, cc in T6])

t6['CDF diff'] = (t6['agg CDF'] - t6['Table 6 CDF']).abs()
GT(t6.set_index('x'),

formatters={'agg probability': 6, 'Table 6 probability': 6, 'agg CDF': 6,
'Table 6 CDF': 6, 'CDF diff': '{x:.2e}'})

Table 21.4.: All 28 rows of Table 6, probability and CDF, against the rebuilt values.

x
agg

probability
Table 6

probability
agg
CDF

Table 6
CDF

CDF
diff

16,347 0.000000 0.000000 0.000000 0.000000 8.07e-08
17,395 0.000000 0.000000 0.000017 0.000017 4.68e-08
18,443 0.000004 0.000004 0.001051 0.001051 2.56e-07
18,967 0.000015 0.000015 0.005405 0.005405 1.86e-07
19,491 0.000051 0.000051 0.021317 0.021317 1.31e-07
19,595 0.000062 0.000062 0.027153 0.027153 1.15e-07
19,700 0.000075 0.000075 0.034326 0.034326 4.11e-08
19,752 0.000082 0.000082 0.038411 0.038411 1.71e-07
19,805 0.000090 0.000090 0.042970 0.042970 4.49e-07
19,857 0.000098 0.000098 0.047852 0.047852 3.09e-07
19,910 0.000107 0.000107 0.053271 0.053271 2.19e-07
20,014 0.000125 0.000125 0.065289 0.065289 2.51e-07
20,538 0.000235 0.000235 0.158591 0.158591 4.03e-07
20,800 0.000292 0.000292 0.227754 0.227754 3.37e-07
21,062 0.000340 0.000340 0.310857 0.310857 2.39e-07
21,324 0.000371 0.000371 0.404499 0.404499 2.45e-08
21,586 0.000381 0.000381 0.503536 0.503536 2.36e-07
21,848 0.000367 0.000367 0.601928 0.601928 3.08e-07
22,110 0.000332 0.000332 0.693829 0.693829 3.62e-07
22,372 0.000283 0.000283 0.774593 0.774593 5.32e-08
22,634 0.000227 0.000227 0.841425 0.841425 2.46e-07
23,158 0.000122 0.000122 0.931859 0.931859 4.14e-07
23,681 0.000052 0.000052 0.975826 0.975826 1.41e-07
24,205 0.000018 0.000018 0.992972 0.992972 9.39e-08
24,729 0.000005 0.000005 0.998325 0.998325 3.66e-07
25,777 0.000000 0.000000 0.999947 0.999947 3.70e-07
26,824 0.000000 0.000000 0.999999 0.999999 2.37e-07
29,968 0.000000 0.000000 1.000000 1.000000 2.00e-15

GT(pd.DataFrame([{'rows compared': len(t6),
'largest CDF difference': float(t6['CDF diff'].max()),
'largest probability difference':

float((t6['agg probability']
- t6['Table 6 probability']).abs().max())}]),

formatters={'largest CDF difference': '{x:.2e}',
'largest probability difference': '{x:.2e}'})
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Table 21.5.: Worst difference over Table 6, in both the probability and the CDF column.

rows
compared

largest
CDF

difference

largest
probability
difference

28 4.49e-07 4.93e-07

In Table 21.4 and Table 21.5 both columns match to 5 × 10−7, which is exact at the six decimals
printed. In Table 21.3 the aggregate mean agrees with 𝜆𝖤[𝑈] to twelve digits.

21.4. Table 8: Poisson mixed by a generalized Pareto

The counting law is 𝑁 ∣ Θ ∼ Poisson(Θ) with Θ generalized Pareto, 𝑎 = 3.4959, 𝑏 = 30.1234,
𝑐 = 1.99321, in the Klugman parameterization

𝑢(𝜆) = 𝑎𝑏 Γ(𝑏 + 𝑐)
Γ(𝑏)Γ(𝑐) ⋅ 𝜆𝑐−1

(𝑎 + 𝜆)𝑏+𝑐 .

This mixing family is not one of the built-in mixed frequencies, which cover gamma, inverse Gaus-
sian, Sichel, Delaporte and beta. It does not need to be: the paper’s method and aggregate agree
that what a compound distribution needs from the frequency is a probability vector, so compute
𝑝(𝑛) = 𝖤[𝑒−ΘΘ𝑛/𝑛!] by quadrature and hand it over as a dfreq. The target is Figure 21.3.
The mixing moments are 𝖤[Θ] = 𝑎𝑐/(𝑏 − 1) and 𝖤[Θ2] = 𝑎2𝑐(𝑐 + 1)/((𝑏 − 1)(𝑏 − 2)), which give the
independent check on the parameterization in Table 21.6, before any of it is used.

A, B, C = 3.4959, 30.1234, 1.99321
ETH = A * C / (B - 1)
ETH2 = A ** 2 * C * (C + 1) / ((B - 1) * (B - 2))
GT(pd.DataFrame([

{'quantity': 'E[Theta] = E[N]', 'recomputed': ETH, 'paper': np.nan},
{'quantity': 'aggregate mean', 'recomputed': ETH * m1, 'paper': 10.2310},
{'quantity': 'aggregate standard deviation',
'recomputed': np.sqrt(ETH * m2 + (ETH2 - ETH ** 2) * m1 ** 2),
'paper': 24.0489},

]).set_index('quantity'), float_format=6)

Table 21.6.: Themixing distribution’smoments, and the aggregatemean and standard deviation they
imply, against the paper’s.

quantity recomputed paper
E[Theta] = E[N] 0.239260 —
aggregate mean 10.231041 10.231000
aggregate standard deviation 24.048924 24.048900
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Figure 21.3.: Bruno et al (2006), Table 8.

lc = np.log(A) * B + gammaln(B + C) - gammaln(B) - gammaln(C)
mix_pdf = lambda lam: np.exp(lc + (C - 1) * np.log(lam)

- (B + C) * np.log(A + lam))
pn = np.array([quad(lambda t: np.exp(-t + n * np.log(t) - gammaln(n + 1))

* mix_pdf(t), 0, np.inf, limit=400)[0]
for n in range(401)])

keep = pn > 1e-14
ns, qs = np.arange(401)[keep], pn[keep]
FREQ = ('dfreq [' + ' '.join(map(str, ns)) + '] ['

+ ' '.join(f'{q:.14e}' for q in qs) + ']')
a8 = build(f'agg B8 {FREQ} {DSEV}', log2=16, bs=1, padding=1, normalize=False)

T8 = [(0, .798708), (4, .798708), (10, .798708), (16, .810615), (22, .831052),
(28, .866018), (34, .874409), (46, .877189), (58, .896084),
(70, .973562), (82, .980304), (106, .987965), (130, .997091),
(202, .999813), (250, .999972), (491, 1.000000), (1212, 1.000000)]

t8 = pd.DataFrame([{'x': xx, 'agg CDF': a8.density_df.loc[xx, 'F'],
'Table 8 CDF': cc} for xx, cc in T8])

t8['diff'] = (t8['agg CDF'] - t8['Table 8 CDF']).abs()
GT(t8.set_index('x'),

formatters={'agg CDF': 6, 'Table 8 CDF': 6, 'diff': '{x:.2e}'})
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Table 21.7.: All 17 rows of Table 8, the CDF under the generalized Pareto mixed Poisson, against the
rebuilt values.

x
agg
CDF

Table 8
CDF diff

0 0.798708 0.798708 4.00e-07
4 0.798708 0.798708 4.00e-07
10 0.798708 0.798708 4.00e-07
16 0.810615 0.810615 4.93e-07
22 0.831052 0.831052 8.92e-08
28 0.866018 0.866018 8.98e-08
34 0.874409 0.874409 4.31e-07
46 0.877189 0.877189 3.67e-07
58 0.896084 0.896084 2.68e-07
70 0.973562 0.973562 6.24e-08
82 0.980304 0.980304 1.06e-07
106 0.987965 0.987965 2.34e-07
130 0.997091 0.997091 2.67e-07
202 0.999813 0.999813 4.88e-08
250 0.999972 0.999972 3.65e-07
491 1.000000 1.000000 2.29e-09
1,212 1.000000 1.000000 2.34e-12

GT(pd.DataFrame([{'counts retained above 1e-14': int(ns[-1]),
'sum of p(n)': float(pn.sum()),
'p(0)': float(pn[0]), 'Table 8 CDF at 0': 0.798708,
'agg mean': a8.est_m, 'agg sd': a8.est_sd,
'largest CDF difference': float(t8['diff'].max())}]),

formatters={'sum of p(n)': 12, 'p(0)': 6, 'Table 8 CDF at 0': 6,
'agg mean': 6, 'agg sd': 6,
'largest CDF difference': '{x:.2e}'})

Table 21.8.: The truncated frequency vector, the resulting moments, and the worst error over Table
8.

counts
retained

above 1e-14 sum of p(n) p(0)

Table 8
CDF at

0
agg
mean agg sd

largest
CDF

difference
17 0.999999999998 0.798708 0.798708 10.231042 24.049132 4.93e-07

Table 21.7 and Table 21.8 have all seventeen values exact at six decimals, including 𝑝(0) = 0.798708,
which is the probability of no claim and so the CDF’s value everywhere below 14.

21.5. Table 7: 𝜆 = 91,000, the case the competitors could not do

This is the paper’s showcase. At 𝜆 = 91,000 the aggregate mean is 3.89 million, the method needs
92,832 convolutions, and Table 4 records that Panjer recursion and De Pril both underflow at 𝜆 as
low as 1004.8. The authors report 1,950 seconds for their own method here. Their FFT comparison
stops at 𝜆 = 5004.8, where it took 3,850 seconds.
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The support runs to 92,832 × 60 = 5.57 million, so a grid of 223 at bs = 1 holds it whole and no
padding is needed: with the support strictly inside the grid there is nowhere for aliasing to come
from. The target is Figure 21.4.

Figure 21.4.: Bruno et al (2006), Table 7.

import time
t0 = time.time()
a7 = build(f'agg B7 91000 claims {DSEV} poisson', log2=23, bs=1,

padding=0, normalize=False)
elapsed = time.time() - t0
GT(pd.DataFrame([{'seconds': elapsed, 'grid points': 2 ** 23,

'x_max': a7.xs[-1], 'mean': a7.est_m, 'sd': a7.est_sd,
'paper mean': 3891268.954300, 'paper sd': 14066.631372,
'total mass': a7.agg_density.sum()}]),

formatters={'seconds': 2, 'grid points': '{x:,.0f}', 'x_max': '{x:,.0f}',
'mean': '{x:,.4f}', 'sd': '{x:,.4f}',
'paper mean': '{x:,.4f}', 'paper sd': '{x:,.4f}',
'total mass': 12})

Table 21.9.: The 𝜆 = 91,000 build, its grid, its run time and its moments against the paper’s.

seconds
grid
points x_max mean sd paper mean paper sd total mass

0.69 8,388,608 8,924,193 3,891,268.9543 14,066.6269 3,891,268.9543 14,066.6314 1.000000000000

T7 = [(3820935, .000000), (3835002, .000030), (3849069, .001327),
(3856102, .006149), (3863135, .022643), (3864542, .028604),
(3865949, .035817), (3866652, .039943), (3867355, .044447),
(3868059, .049359), (3868762, .054687), (3870169, .066705),
(3877202, .158658), (3880718, .226704), (3884235, .308708),
(3887752, .401538), (3891268, .500249), (3894785, .598941),
(3898302, .691642), (3901818, .773450), (3905335, .841343),
(3912368, .933083), (3919402, .977145), (3926435, .993730),
(3933468, .998627), (3947535, .999967), (3961602, 1.000000),
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(4003802, 1.000000)]
F7 = a7.density_df['F']
t7 = pd.DataFrame([{'x': xx, 'agg CDF': F7.loc[xx], 'Table 7 CDF': cc}

for xx, cc in T7])
t7['diff'] = (t7['agg CDF'] - t7['Table 7 CDF']).abs()
GT(t7.set_index('x'),

formatters={'agg CDF': 6, 'Table 7 CDF': 6, 'diff': '{x:.2e}'})

Table 21.10.: All 28 rows of Table 7, the CDF at 𝜆 = 91,000, against the rebuilt values.

x
agg
CDF

Table 7
CDF diff

3,820,935 0.000000 0.000000 2.64e-07
3,835,002 0.000030 0.000030 3.70e-07
3,849,069 0.001327 0.001327 2.03e-07
3,856,102 0.006149 0.006149 3.37e-07
3,863,135 0.022643 0.022643 2.25e-07
3,864,542 0.028604 0.028604 4.82e-07
3,865,949 0.035817 0.035817 4.29e-07
3,866,652 0.039943 0.039943 1.04e-07
3,867,355 0.044447 0.044447 1.90e-07
3,868,059 0.049359 0.049359 5.24e-10
3,868,762 0.054687 0.054687 4.45e-07
3,870,169 0.066705 0.066705 1.06e-07
3,877,202 0.158658 0.158658 2.92e-07
3,880,718 0.226704 0.226704 2.36e-07
3,884,235 0.308708 0.308708 1.90e-07
3,887,752 0.401538 0.401538 3.02e-07
3,891,268 0.500249 0.500249 3.90e-07
3,894,785 0.598941 0.598941 4.53e-07
3,898,302 0.691642 0.691642 3.46e-07
3,901,818 0.773450 0.773450 1.18e-08
3,905,335 0.841343 0.841343 2.87e-07
3,912,368 0.933083 0.933083 1.29e-07
3,919,402 0.977145 0.977145 3.92e-07
3,926,435 0.993730 0.993730 2.21e-07
3,933,468 0.998627 0.998627 3.89e-07
3,947,535 0.999967 0.999967 8.37e-09
3,961,602 1.000000 1.000000 3.11e-07
4,003,802 1.000000 1.000000 7.43e-12

GT(pd.DataFrame([{'rows compared': len(t7),
'largest CDF difference': float(t7['diff'].max()),
'paper seconds for its own method': 1950,
'aggregate seconds': elapsed}]),

formatters={'largest CDF difference': '{x:.2e}', 'aggregate seconds': 2})
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Table 21.11.: Worst error over Table 7, and the run time beside the paper’s own 1,950 seconds.

rows
compared

largest
CDF

difference

paper seconds
for its own
method

aggregate
seconds

28 4.82e-07 1,950 0.69

Table 21.10 and Table 21.11 have all 28 values exact at six decimals, in the fraction of a second Ta-
ble 21.9 records.

21.6. Comments

21.6.1. The timing claim has not aged well

The paper’s case rests on operation counts andwall clock. Table 3 argues the FFT needs 6 to 41 times
more real multiplications than direct thresholded convolution, and Table 4 shows the FFT taking
3,850 seconds at 𝜆 = 5004.8 against 41 for the proposed method.
The multiplication count was never the right proxy, and the paper half says so: “the number of
multiplications is only one of so many elements affecting the procedure’s processing time”. What it
misses is the direction of the error. The authors count the FFT as 𝑂(𝑁 log𝑁) per convolution and
then sum over 92,832 convolutions, because their formalization performs the convolutions one at a
time, each an inverse transform of 𝜙𝑛−1𝜙1. That is not how one computes a compound distribution
with an FFT. The frequency enters through its probability generating function applied pointwise
to the severity transform, so the whole compound distribution costs two transforms of length 223
regardless of whether 𝜆 is 500 or 91,000. Their equation (19) sums a per-convolution cost that a
correct implementation never pays.

That is why the reproduction runs in seconds rather than hours, and why the ratio to their reported
time is four orders of magnitude rather than the factor of 40 they anticipated in the other direction.
Some of the gap is twenty years of hardware. The structural part is not.

21.6.2. What survives, and it is not nothing

The threshold idea is sound and aggregate uses a version of it. Table 21.8 needed the frequency
vector only out to 𝑛 = 17, because 𝑝(𝑛) had fallen below 10−14 by then, and that truncation is exactly
the paper’s first phase. Their control, choosing the cutoff so that the retained mass and the first
three moments are accurate to a stated tolerance, rather than by eye, is a good discipline and the
closest thing in the paper to a genuinely portable idea. aggregate’s validation reports the analogous
quantity as a moment comparison after the fact.

The underflow point also survives. Panjer recursion really does fail at 𝜆 = 1004.8 here while the
transform does not, and that is a real structural difference between recursions that propagate a small
𝑔(0) andmethods that do not. It just happens to be an argument for the FFT rather than against it.
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21.6.3. The severity is the interesting part

The 14-point severity carries 45.6% of its mass at the single value 60 and another 9.9% at 55, so more
than half the distribution sits on two atoms at the top of the range. That is what makes the case a fair
stress test: the aggregate is a convolution of a very lumpy lattice law, and a method that smoothed
it would show up immediately. Both the paper’s method and aggregate reproduce the probability
column, not just the CDF, which is the stronger test of the two.
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22. Gollini and Rougier on a catastrophe model event
loss table

Reproducing Gollini and Rougier (2016)

22.1. Context and problem

A catastrophe model summarizes its output as an event loss table (ELT): one row per simulated
event, giving the event’s annual rate of occurrence 𝜆𝑖 and the loss to the portfolio should it occur.
The loss may be a fixed amount 𝑥𝑖 or a distribution around it, the secondary uncertainty. Gollini
and Rougier (2016) model the annual loss as a compound Poisson: events arrive at rate 𝜆 = ∑𝑖 𝜆𝑖,
and each arriving event is event 𝑖 with probability 𝜆𝑖/𝜆, so the severity 𝑌 is a mixture with as many
components as the table has rows. Over 𝑡 years the loss is 𝑆𝑡 = 𝑌1 +⋯+ 𝑌 𝑁𝑡 with 𝑁𝑡 Poisson with
mean 𝜆𝑡.
The question they ask is the solvency one: given capital 𝑠0, is 𝖯(𝑆1 ≥ 𝑠0) ≤ 𝜅0, with 𝜅0 = 0.005 under
Solvency II? They compare four upper bounds on 𝖯(𝑆𝑡 ≥ 𝑠), Markov, Cantelli, a moment bound and
Chernoff, against two methods they call approximately exact: Monte Carlo simulation, sized by a
design calculation on a Jeffreys interval, and Panjer recursion on a compressed table. The test case
is a US hurricane ELT with 32,060 events. The authors conclude that the moment bound gives the
best blend of tightness and speed, and they write that “there are no exact methods for computing tail
probabilities when taking into account limited computing resources”. Their Panjer recursion took
4,651 seconds on the table rounded to the nearest $100 and was not attempted on anything finer.

Gollini and Rougier (2016) is a method paper, and the roles reverse. aggregate computes the distri-
bution of the full table, and that distribution is the ground truth every bound and every compressed
result is measured against. The chapter reproduces the arXiv version of 2015, whose exhibit num-
bersmatch the authors’ published script; the version in The Journal of Operational Riskmay number
its exhibits differently.

22.2. Paper solution and gold standard

22.2.1. The four bounds

Write 𝑆 for 𝑆𝑡, with mean 𝜇 = 𝖯𝑆 and variance 𝜎2. The four bounds are
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Markov: 𝖯(𝑆 ≥ 𝑠) ≤ 𝜇/𝑠,

Cantelli: 𝖯(𝑆 ≥ 𝑠) ≤ 𝜎2
𝜎2 + (𝑠 − 𝜇)2 , 𝑠 ≥ 𝜇,

moment: 𝖯(𝑆 ≥ 𝑠) ≤ min
𝑘=1,2,…

𝖯𝑆𝑘
𝑠𝑘 ,

Chernoff: 𝖯(𝑆 ≥ 𝑠) ≤ inf
𝑣>0

𝑒−𝑣𝑠𝑀𝑆(𝑣), 𝑀𝑆(𝑣) = exp{𝜆𝑡(𝑀𝑌 (𝑣) − 1)}.

The moments of a compound Poisson follow from the recursion the authors take from Ross, their
equation (3),

𝖯𝑆𝑘 = 𝜆𝑡
𝑘−1
∑
𝑗=0

(𝑘 − 1
𝑗 ) 𝖯𝑆𝑗 𝖯𝑌𝑘−𝑗 , 𝖯𝑌𝑘 = ∑

𝑖

𝜆𝑖
𝜆 𝖯𝑋

𝑘
𝑖 ,

where 𝑋𝑖 is the loss from event 𝑖. Section 5 of the paper treats fixed, gamma and capped gamma
losses. A fixed loss has 𝖯𝑋𝑘

𝑖 = 𝑥𝑘𝑖 and 𝑀𝑖(𝑣) = 𝑒𝑣𝑥𝑖 . A gamma loss with mean 𝑥𝑖 and a common
coefficient of variation 𝜃 has shape 𝛼 = 1/𝜃2 and rate 𝛽𝑖 = 𝛼/𝑥𝑖, with 𝖯𝑋𝑘

𝑖 = Γ(𝛼 + 𝑘)/(Γ(𝛼)𝛽𝑘𝑖 ) and
𝑀𝑖(𝑣) = (𝛽𝑖/(𝛽𝑖 − 𝑣))𝛼 for 𝑣 < 𝛽𝑖. A gamma loss capped at 𝑢moves the mass above 𝑢 to an atom at
𝑢, so that, with 𝑃 the regularized lower incomplete gamma function,

𝖯min(𝑋𝑖, 𝑢)𝑘 =
Γ(𝛼 + 𝑘)
Γ(𝛼)𝛽𝑘𝑖

𝑃(𝛼 + 𝑘, 𝛽𝑖𝑢) + 𝑢𝑘{1 − 𝑃(𝛼, 𝛽𝑖𝑢)},

𝑀𝑖(𝑣; 𝑢) = ( 𝛽𝑖
𝛽𝑖 − 𝑣)

𝛼
𝑃(𝛼, (𝛽𝑖 − 𝑣)𝑢) + {1 − 𝑃(𝛼, 𝛽𝑖𝑢)}𝑒𝑣𝑢.

TheAppendix sets the optimizations. Themoment bound isminimized over integer 𝑘 up to a ceiling
found from a gamma approximation to 𝑆. The Chernoff bound is minimized over 1,001 equally
spaced values of 𝑣 in (0,min𝑖 𝛽𝑖); for fixed losses the authors substitute 𝜃 = 0.1, which gives 𝑣 <
min𝑖 100/𝑥𝑖. Compression rounds each loss to the nearest 10−𝑑 dollars, merges rows with equal
losses by adding their rates, and drops any row that rounds to zero; 𝑑 = −4 rounds to the nearest
$10,000 and 𝑑 = 0 leaves the table alone.

22.2.2. What the paper publishes that can be checked

The authors publish no table of probabilities. Four things can be matched exactly: Table II, the first
and last five rows of the ELT; Table III, the same after compression at 𝑑 = −4, whose rates are sums
over the raw table; the row count at each 𝑑, in the legend of Figure 2; and Figure 1, a binomial
calculation with no data in it. The curves of Figures 2, 3 and 5 to 7 can be compared by eye with the
exhibit images, and the bound curves can be recomputed exactly from the paper’s equations. The
timings of Tables IV toVII are seconds on a laptop of 2015 and are re-timed rather than reproduced.

22.2.3. The data

The ELT is distributed with the authors’ R package tailloss, version 1.0, published on CRAN in
2015 under the GPL. It was supplied by Peter Taylor and Dickie Whitaker. The file is committed
to this book’s repository unchanged, as data/UShurricane.csv.gz, with its source and license
recorded beside it. The package also contains the authors’ script for every figure and timing ta-
ble, and the script settles the conventions the paper leaves loose: the grids of 𝑠, the random number
seeds, and the search ranges above. This chapter implements the bounds from the paper’s equations
and consults the script only for those settings.
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Figure 22.1 shows Tables II and III. Table 22.1 is Table II recomputed from the committed file, and
Table 22.2 is Table III recomputed by compression.

Figure 22.1.: Gollini and Rougier (2016), Tables II and III.

%xmode minimal
import time

import matplotlib as mpl
import numpy as np
import pandas as pd
from scipy import optimize, special, stats

from aggregate import Aggregate, build as library_build
from bookstyle import BOOK_ROOT, GT, build, show
from house import figure

M = 1e6 # one million dollars, the paper's unit for s
ELT = pd.read_csv(BOOK_ROOT / 'data' / 'UShurricane.csv.gz', sep=';')
LAM = ELT.Rate.sum()
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def ends(frame, n=5):
"""The first and last `n` rows, the layout of the paper's Tables II and III."""
return pd.concat([frame.head(n), frame.tail(n)])

ii = ends(ELT.set_index('EventID').rename_axis('event'))
ii['Table II rate'] = [.09265, .03143, .02159, .01231, .01472] + [.00001] * 5
ii['Table II loss'] = [1, 2, 3, 4, 5, 17593790, 18218506, 18297003, 19970669, 24391615]
GT(ii[['Rate', 'Table II rate', 'Loss', 'Table II loss']]

.rename(columns={'Rate': 'rate', 'Loss': 'loss'}),
formatters={'rate': 7, 'Table II rate': 5, 'loss': '{x:,.0f}',

'Table II loss': '{x:,.0f}'})

Exception reporting mode: Minimal

Table 22.1.: Table II recomputed from the committed file, the first and last five events, against the
printed values.

event rate
Table
II rate loss

Table II
loss

1 0.0926503 0.09265 1 1
2 0.0314305 0.03143 2 2
3 0.0215918 0.02159 3 3
4 0.0123111 0.01231 4 4
5 0.0147244 0.01472 5 5
32,056 0.0000147 0.00001 17,593,790 17,593,790
32,057 0.0000147 0.00001 18,218,506 18,218,506
32,058 0.0000147 0.00001 18,297,003 18,297,003
32,059 0.0000147 0.00001 19,970,669 19,970,669
32,060 0.0000147 0.00001 24,391,615 24,391,615

def compress(d):
"""The authors' compression at `d`: round, merge equal losses, drop zeros.

The loss is returned in units of 10^-d dollars, as in the paper's tables,
and in dollars. numpy and R both round halves to even, so ties go the same way.
"""
loss = np.round(np.round(ELT.Loss.to_numpy(float), d) * 10.0 ** d)
table = (pd.DataFrame({'Loss': loss, 'Rate': ELT.Rate.to_numpy()})

.groupby('Loss', as_index=False).Rate.sum())
table = table[table.Loss > 0].reset_index(drop=True)
table.index = pd.RangeIndex(1, len(table) + 1, name='event')
table['Dollars'] = table.Loss * 10.0 ** -d
return table

TABLES = {d: compress(d) for d in range(-7, 1)}
iii = ends(TABLES[-4])
iii['Table III rate'] = [.35764, .16864, .16088, .12135, .12239] + [.00001] * 5
iii['Table III loss'] = [1, 2, 3, 4, 5, 1759, 1822, 1830, 1997, 2439]
GT(iii[['Rate', 'Table III rate', 'Loss', 'Table III loss']]

.rename(columns={'Rate': 'rate', 'Loss': 'loss'}),
formatters={'rate': 7, 'Table III rate': 5, 'loss': '{x:,.0f}',

'Table III loss': '{x:,.0f}'})
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Table 22.2.: Table III recomputed by compression at 𝑑 = −4, losses in units of $10,000, against the
printed values.

event rate
Table
III rate loss

Table
III
loss

1 0.3576421 0.35764 1 1
2 0.1686408 0.16864 2 2
3 0.1608763 0.16088 3 3
4 0.1213495 0.12135 4 4
5 0.1223939 0.12239 5 5
1,141 0.0000147 0.00001 1,759 1,759
1,142 0.0000147 0.00001 1,822 1,822
1,143 0.0000147 0.00001 1,830 1,830
1,144 0.0000147 0.00001 1,997 1,997
1,145 0.0000147 0.00001 2,439 2,439

Every rate in Table 22.1 and Table 22.2 rounds to the printed value, and every loss is exact. The
losses in the raw table are whole dollars, all distinct, running from $1 to $24,391,615. Figure 22.2 is
the paper’s study of compression, and its legend gives the number of rows at each 𝑑, which Table 22.3
reproduces exactly. The table also shows what compression does to the model: a coarse rounding
sends the small events to zero, so the event rate falls from 6.89 a year to 2.97 at 𝑑 = −6 and to 0.18
at 𝑑 = −7, while the mean annual loss holds up much better.

Figure 22.2.: Gollini and Rougier (2016), Figure 2.
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LEGEND = {-7: 2, -6: 20, -5: 167, -4: 1145, -3: 5017, -2: 15078, -1: 25865,
0: 32060}

GT(pd.DataFrame([{'d': d, 'rounded to': 10.0 ** -d, 'rows': len(t),
'Figure 2 rows': LEGEND[d], 'event rate': t.Rate.sum(),
'mean annual loss': t.Rate @ t.Dollars}

for d, t in TABLES.items()]).set_index('d'),
formatters={'rounded to': '{x:,.0f}', 'rows': '{x:,.0f}',

'Figure 2 rows': '{x:,.0f}', 'event rate': 5,
'mean annual loss': '{x:,.0f}'})

Table 22.3.: The compressed table at each 𝑑, its number of rows against the legend of Figure 2, its
event rate and its mean annual loss in dollars.

d
rounded

to rows
Figure
2 rows

event
rate

mean
annual loss

-7 10,000,000 2 2 0.18190 1,984,682
-6 1,000,000 20 20 2.97418 6,071,824
-5 100,000 167 167 4.80390 6,289,254
-4 10,000 1,145 1,145 5.66444 6,308,357
-3 1,000 5,017 5,017 6.23392 6,309,300
-2 100 15,078 15,078 6.52876 6,309,374
-1 10 25,865 25,865 6.72018 6,309,377
0 1 32,060 32,060 6.89289 6,309,377

Table 22.4 gives the moments of the full table two ways: summed directly from the rows, and from
the Aggregate object built on the full table in the next section, both its exact moments and the
moments of its discretized distribution. Agreement checks the build. The largest event on the grid
is the largest event in the table rounded to the $10 bucket.

def elt_aggregate(dollars, rate, bs, log2, t=1):
"""An ELT with fixed losses as an `Aggregate`, built through the class.

The class takes vectors of any length. DecL does not; see the section on
the model in DecL.
"""
a = Aggregate('ELT', exp_en=rate.sum() * t, sev_name='dhistogram',

sev_xs=np.asarray(dollars, float),
sev_ps=np.asarray(rate) / rate.sum(), freq_name='poisson')

a.update(log2=log2, bs=bs, normalize=False)
return a

def exceed(a, s):
"""Pr(S >= s) from the grid of `a`, counting any mass beyond the grid.

The tail is summed from the right, so a small probability keeps its
relative precision instead of being 1 - F.
"""
p = a.agg_density
tail = np.cumsum(p[::-1])[::-1]
i = np.ceil(np.asarray(s, float) / a.bs - 1e-9).astype(int)
out = (np.where(i < len(p), tail[np.minimum(i, len(p) - 1)], 0.0)

+ max(0.0, 1 - p.sum()))
return np.where(i <= 0, 1.0, out)
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EY = ELT.Rate @ ELT.Loss / LAM
EY2 = ELT.Rate @ ELT.Loss ** 2 / LAM
start = time.perf_counter()
H = elt_aggregate(ELT.Loss, ELT.Rate, 10.0, 23)
H_SECONDS = time.perf_counter() - start
GT(pd.DataFrame({

'from the rows': [EY, EY2 ** 0.5, LAM * EY, (LAM * EY2) ** 0.5,
ELT.Loss.max()],

'aggregate, exact': [H.sev_m, np.hypot(H.sev_m, H.sev_sd), H.actual_m,
H.actual_sd, np.nan],

'aggregate, on the grid': [H.est_sev_m, np.hypot(H.est_sev_m, H.est_sev_sd),
H.est_m, H.est_sd,
H.xs[np.flatnonzero(H.sev_density)[-1]]],

}, index=pd.Index([r'$\mathsf P Y$', r'$(\mathsf P Y^2)^{1/2}$',
r'$\mathsf P S_1$', r'$\mathrm{sd}(S_1)$', 'largest event'],
name='quantity')),

float_format='{x:,.0f}')

Table 22.4.: Moments of the full table in dollars, summed from the rows, from the Aggregate object,
and from its distribution on a grid of $10 buckets.

quantity
from the
rows

aggregate,
exact

aggregate,
on the grid

𝖯𝑌 915,346 915,346 915,346
(𝖯𝑌2)1/2 1,948,883 1,948,883 1,948,883
𝖯𝑆1 6,309,377 6,309,377 6,309,377
sd(𝑆1) 5,116,658 5,116,658 5,116,658
largest event 24,391,615 — 24,391,620

22.3. The aggregate reproduction

22.3.1. The model in DecL

At 𝑑 = −6 the table has twenty rows, losses of $1m to $24m, and it is small enough to write by hand.
Rounding to the nearest million sends every event under $0.5m to zero, so the rate is the 2.974 of
Table 22.3. In millions, the DecL program is

T6 = TABLES[-6]
LAM6 = T6.Rate.sum()
# Eight decimals, with the rounding residual put on the largest probability so
# that the vector as printed sums to one.
P6 = np.round(T6.Rate.to_numpy() / LAM6, 8)
P6[P6.argmax()] += 1 - P6.sum()
XS6 = ' '.join(f'{x:.0f}' for x in T6.Loss)
PS6 = ' '.join(f'{p:.8f}'.rstrip('0') for p in P6)
hurricane = build(f'''
agg Hurricane
{LAM6:.6f} claims
dsev [{XS6}] [{PS6}]
poisson

''', bs=1 / 64, log2=13, normalize=False)
show(hurricane)
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agg Hurricane
2.974183 claims
dsev [1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 20 24] [0.58889746 0.21928748 0.0672295
0.05374453 0.01379374 0.01411 0.00846236 0.0061182 0.00446063 0.00941256 0.00198404 0.00452247
7.436e-05 0.00025122 0.00253892 0.00435067 0.0007371 1.486e-05 4.95e-06 4.95e-06]
poisson

The dsev clause gives the losses and their probabilities 𝜆𝑖/𝜆, and poissonmakes the count Poisson
with the stated mean. The cap of Section 6.4 is a limit clause, 5 xs 0, placed before the severity:
every event loss is replaced by its minimum with $5m.

capped = build(f'''
agg Hurricane.Capped
{LAM6:.6f} claims
5 xs 0
dsev [{XS6}] [{PS6}]
poisson

''', bs=1 / 64, log2=13, normalize=False)
show(capped)

agg Hurricane.Capped
2.974183 claims
5 xs 0
dsev [1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 20 24] [0.58889746 0.21928748 0.0672295
0.05374453 0.01379374 0.01411 0.00846236 0.0061182 0.00446063 0.00941256 0.00198404 0.00452247
7.436e-05 0.00025122 0.00253892 0.00435067 0.0007371 1.486e-05 4.95e-06 4.95e-06]
poisson

The gamma losses of Section 6.3 are a mixed severity: sev gammawith a vector of means, a common
coefficient of variation, and the probabilities as weights.

gamma = build(f'''
agg Hurricane.Gamma
{LAM6:.6f} claims
sev gamma [{XS6}] cv 0.5 wts [{PS6}]
poisson

''', bs=1 / 64, log2=13, normalize=False)
show(gamma)

agg Hurricane.Gamma
2.974183 claims
sev gamma [1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 20 24] cv 0.5 wts [0.58889746 0.21928748
0.0672295 0.05374453 0.01379374 0.01411 0.00846236 0.0061182 0.00446063 0.00941256 0.00198404
0.00452247 7.436e-05 0.00025122 0.00253892 0.00435067 0.0007371 1.486e-05 4.95e-06 4.95e-06]
poisson

Table 22.5 sets the three programs beside the exact values for the same three models, which the
following sections compute. The coarse table is about 4% high at $20mwith fixed losses, 5 to 7% low
with gamma losses, and 15 to 20% high under the cap. Compression to $1m drops the events under
$0.5m, which lowers themean, and rounds the large events, whichmoves the tail in either direction.
Under the cap the rounding sends the events between $4.5m and $5m up to the cap, and the far tail
of the capped loss is the probability that many events reach it.
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def gamma_severity(table, h, cap=np.inf, theta=0.5, chunk=400):
"""The rate weighted gamma mixture, discretized to a grid of buckets of h.

Each event's loss is gamma with mean its tabulated loss and coefficient of
variation theta. A bucket holds the probability of the interval of width h
centered on it; under a cap, everything above the cap goes to the atom at
the cap. Returns the grid, its probabilities, and any mass lost past the
end of an uncapped grid.
"""
alpha = 1 / theta ** 2
x = table.Dollars.to_numpy()
w = table.Rate.to_numpy() / table.Rate.sum()
top = cap if np.isfinite(cap) else 8 * x.max()
n = int(round(top / h)) + 1
edges = (np.arange(n) + 0.5) * h
F = np.zeros(n)
for i in range(0, len(x), chunk): # chunks bound the memory

F += (special.gammainc(alpha, alpha * edges[:, None] / x[None, i:i + chunk])
@ w[i:i + chunk])

p = np.diff(F, prepend=0.0)
if np.isfinite(cap):

p[-1] += 1 - F[-1]
return np.arange(n) * h, p, 1 - F[-1]

def gamma_aggregate(table, h, log2, t=1, cap=np.inf):
"""The gamma ELT as an `Aggregate`, on a severity built by `gamma_severity`."""
xs, ps, _ = gamma_severity(table, h, cap)
keep = ps > 0
a = Aggregate('ELT', exp_en=table.Rate.sum() * t, sev_name='dhistogram',

sev_xs=xs[keep], sev_ps=ps[keep] / ps[keep].sum(),
freq_name='poisson')

a.update(log2=log2, bs=h, normalize=False)
return a

S3 = np.array([20, 30, 40]) * M
H_CAPPED = elt_aggregate(np.minimum(ELT.Loss, 5 * M), ELT.Rate, 10.0, 23)
start = time.perf_counter()
G4 = gamma_aggregate(TABLES[-4], 1e4, 15)
G4_SECONDS = time.perf_counter() - start
coarse = pd.DataFrame(

[(name, s / M, exceed(obj, s / M)[()], exceed(ref, s)[()])
for name, obj, ref in (('Hurricane', hurricane, H),

('Hurricane.Capped', capped, H_CAPPED),
('Hurricane.Gamma', gamma, G4))

for s in S3],
columns=['program', 's, $m', 'DecL, d = -6', 'exact'])

coarse['ratio'] = coarse['DecL, d = -6'] / coarse['exact']
GT(coarse.set_index(['program', 's, $m']),

formatters={'DecL, d = -6': '{x:.3e}', 'exact': '{x:.3e}', 'ratio': 3})
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Table 22.5.: The three DecL programs on the table compressed to $1m, against the exact values on
the full table (fixed losses) and on the table compressed to $10,000 (gamma losses), at
$20m, $30m and $40m.

program
s,
$m DecL, d = -6 exact ratio

Hurricane 20 2.602e-02 2.496e-02 1.043
30 2.254e-03 2.200e-03 1.024
40 1.654e-04 1.633e-04 1.013

Hurricane.Capped 20 2.431e-03 2.108e-03 1.153
30 1.388e-05 1.173e-05 1.184
40 3.687e-08 3.064e-08 1.203

Hurricane.Gamma 20 3.185e-02 3.357e-02 0.949
30 6.638e-03 7.077e-03 0.938
40 1.371e-03 1.475e-03 0.930

22.3.2. The full table

A DecL vector of about 500 elements does not parse, as the comments below show, and the full
table has 32,060. The full table is data rather than a model a person writes, so it goes through the
Aggregate class, which takes vectors of any length. Table 22.6 shows it built on a ladder of bucket
sizes. Building on a bucket of size ℎ rounds every loss to the nearest multiple of ℎ, which is the
authors’ compression by another route, so a $10,000 bucket corresponds to 𝑑 = −4 and a $10 bucket
to 𝑑 = −1.

S4 = np.array([10, 20, 30, 40]) * M
ladder = []
for bs, log2, d in ((1e4, 14, -4), (1e3, 17, -3), (1e2, 20, -2)):

start = time.perf_counter()
a = elt_aggregate(ELT.Loss, ELT.Rate, bs, log2)
ladder.append((bs, log2, d, time.perf_counter() - start, *exceed(a, S4)))

ladder.append((10.0, 23, -1, H_SECONDS, *exceed(H, S4)))
GT(pd.DataFrame(ladder, columns=['bucket', 'log2', 'd', 'seconds', '10m', '20m',

'30m', '40m']).set_index('bucket'),
formatters={'bucket': '{x:,.0f}', 'seconds': 3, '10m': 6, '20m': 6, '30m': 6,

'40m': 6})

Table 22.6.: The full table on four bucket sizes: the grid, the compression each bucket corresponds
to, the seconds to build, and 𝖯(𝑆1 ≥ 𝑠) at $10m to $40m.

bucket log2 d seconds 10m 20m 30m 40m
10,000 14 -4 0.020 0.182844 0.024991 0.002203 0.000164
1,000 17 -3 0.030 0.182686 0.024965 0.002201 0.000163
100 20 -2 0.116 0.182670 0.024962 0.002200 0.000163
10 23 -1 0.794 0.182668 0.024962 0.002200 0.000163

The $100 and $10 rows of Table 22.6 agree to five significant figures at every 𝑠, and the $1,000 row to
four. The rounding error of a bucket of ℎ is at most ℎ/2 per event, and with about seven events a year
the total moves by tens of dollars on losses of tens of millions, so the $10 row is the uncompressed
answer to the precision shown. A $1 bucket, which would put every loss exactly on the grid, needs
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227 buckets to hold the tail, and the transform of that length needsmorememory than a book should
ask of a reader’s machine. It is not needed: the $10 row is the 𝑑 = 0 answer that the authors ruled
out, in under a second, and the rest of the chapter uses it as the reference.

22.3.3. Panjer recursion on a compressed table

The authors’ Panjer recursion runs on the table compressed to an integer lattice. On the same com-
pressed table, Panjer recursion and the FFT compute the same discrete distribution, so they must
agree to rounding error. Table 22.7 sets a vectorized Panjer recursion at 𝑑 = −4, the paper’s working
compression, beside aggregate on the same table with a $10,000 bucket, and compares both with
the uncompressed reference. The last column is the compression error, which the authors had no
means of measuring.

def panjer(table, n_max, t=1):
"""Pr(S_t = n), n = 0, ..., n_max, by Panjer's recursion on an integer table.

For a compound Poisson, n g_n = sum_j a_j g_{n-j} with a_j the rate of loss j
times j times t; each step is one dot product.
"""
loss = table.Loss.to_numpy().astype(int)
a = np.zeros(loss.max() + 1)
np.add.at(a, loss, t * loss * table.Rate.to_numpy())
g = np.zeros(n_max + 1)
g[0] = np.exp(-t * table.Rate.sum())
for n in range(1, n_max + 1):

k = min(n, len(a) - 1)
g[n] = a[1:k + 1] @ g[n - 1::-1][:k] / n

return g

g4 = panjer(TABLES[-4], int(40 * M / 1e4))
A4 = elt_aggregate(TABLES[-4].Dollars, TABLES[-4].Rate, 1e4, 14)
EXACT = exceed(H, S4)
pj = pd.DataFrame({'s, $m': S4 / M,

'Panjer, d = -4': [1 - g4[:int(s / 1e4)].sum() for s in S4],
'aggregate, d = -4': exceed(A4, S4), 'uncompressed': EXACT})

pj['Panjer abs err'] = (pj['Panjer, d = -4'] - pj['aggregate, d = -4']).abs()
pj['compression rel err'] = pj['aggregate, d = -4'] / pj['uncompressed'] - 1
GT(pj.set_index('s, $m'),

formatters={'Panjer, d = -4': 6, 'aggregate, d = -4': 6, 'uncompressed': 6})

Table 22.7.: Panjer recursion and aggregate on the table compressed to $10,000, against the uncom-
pressed reference: 𝖯(𝑆1 ≥ 𝑠) and the relative error of compression.

s,
$m

Panjer,
d = -4

aggregate,
d = -4 uncompressed

Panjer
abs err

compression
rel err

10 0.182807 0.182807 0.182668 1.39e-16 7.62e-04
20 0.024987 0.024987 0.024962 8.67e-17 1.02e-03
30 0.002203 0.002203 0.002200 1.65e-16 1.11e-03
40 0.000164 0.000164 0.000163 1.34e-16 1.32e-03

The two methods agree to rounding error in Table 22.7, as they must. Compression to $10,000 over-
states the tail by about 0.1%, which is negligible for any purpose the authors had in mind. The cost
of the recursion explains why they stopped where they did. Each of its steps sums over every loss on
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the lattice, and both the number of steps and the number of losses grow tenfold with each step in 𝑑,
so the time grows a hundredfold: Table IV has 0.46 seconds at 𝑑 = −4, 41 at 𝑑 = −3 and 4,651 at
𝑑 = −2.

22.3.4. Compression measured against the exact distribution

The authors judged compression with the moment bound, because Panjer recursion is too slow to
run without compression and because the moment bound, as they write, “converges to the actual
value when the number of events in the time-interval is large”. Figure 22.3 shows Figure 22.2 re-
drawn in its left panel and, on a log scale in its right, the exact distribution of each compressed table,
each computed on its own lattice of 10−𝑑 dollars.

def moment_bound(table, s, t=1, theta=0.0, cap=np.inf, kmax=200, argmin=False):
"""min over k <= kmax of P S^k / s^k, the moments by the recursion (3).

Moments are taken in units of the largest s, which keeps P S^k in range up
to k = 200; the authors' heuristic ceiling on k is replaced by a fixed
generous one, which can only tighten the bound.
"""
unit = np.max(s)
x = table.Dollars.to_numpy() / unit
w = table.Rate.to_numpy() / table.Rate.sum()
k = np.arange(1, kmax + 1)
if theta == 0:

ey = w @ np.minimum(x, cap / unit)[:, None] ** k
else:

alpha = 1 / theta ** 2
beta = alpha / x
raw = np.exp(special.gammaln(alpha + k)[None, :] - special.gammaln(alpha)

- k[None, :] * np.log(beta)[:, None])
if np.isfinite(cap):

u = cap / unit
raw = (raw * special.gammainc(alpha + k[None, :], (beta * u)[:, None])

+ special.gammaincc(alpha, beta * u)[:, None] * u ** k[None, :])
ey = w @ raw

lam = table.Rate.sum() * t
es = np.ones(kmax + 1)
for n in range(1, kmax + 1):

j = np.arange(n)
es[n] = lam * (special.comb(n - 1, j) * es[j] * ey[n - j - 1]).sum()

r = np.asarray(s, float) / unit
with np.errstate(divide='ignore', over='ignore', invalid='ignore'):

ratio = es[None, 1:] / r[:, None] ** k[None, :]
ratio = np.where(np.isfinite(ratio), ratio, np.inf)
bound = np.minimum(1, ratio.min(axis=1))
return (bound, ratio.argmin(axis=1) + 1) if argmin else bound

SV = np.linspace(0, 40, 101) * M
LATTICE_LOG2 = {-7: 6, -6: 8, -5: 11, -4: 14, -3: 17, -2: 20}
EXACT_D = {d: exceed(elt_aggregate(TABLES[d].Dollars, TABLES[d].Rate,

10.0 ** -d, log2), SV)
for d, log2 in LATTICE_LOG2.items()}

EXACT_D[-1] = EXACT_D[0] = exceed(H, SV)
BOUND_D = {d: moment_bound(TABLES[d], SV) for d in TABLES}

fig, axs = figure('full', 1, 2, layout='constrained')
colors = dict(zip(TABLES, mpl.colormaps['viridis'](np.linspace(0, 0.9, 8))))
for d in TABLES:
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axs[0].plot(SV / M, BOUND_D[d], c=colors[d], lw=1, label=f'd = {d}')
axs[1].semilogy(SV / M, EXACT_D[d], c=colors[d], lw=1)
axs[1].semilogy(SV / M, BOUND_D[d], c=colors[d], lw=1, ls='--')

axs[0].set(xlabel='s, $m', ylabel='moment bound', title='Figure 2, as drawn')
axs[0].legend(fontsize=6)
axs[1].set(xlabel='s, $m', ylabel=r'$\mathsf{P}(S_1 \geq s)$', ylim=(1e-5, 1.5),

title='exact (solid) and bound (dashed)');
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Figure 22.3.: Reproducing Figure 2. Left, themoment bound for each compressed table, as the paper
draws it. Right, the same bounds (dashed) with the exact exceedance probability of
each compressed table (solid), on a log scale; 𝑑 = −1 and 𝑑 = 0 are the uncompressed
reference.

Table 22.8 gives the values behind Figure 22.3 at three points, each entry the ratio to the uncom-
pressed value. At 𝑑 = −6, the twenty row table the authors describe as “almost the same as that
with no compression at all”, the exact tail probability is 4% high at $20m, while the moment bound
moves the other way, 6% low. The bound is no guide to the compression error because it changes
with the table for reasons of its own: compression lowers the mean and the higher moments, so the
bound falls, while the rounding of the large events raises the tail. From 𝑑 = −4 on, both are within
0.2% of the uncompressed values.

pick = [np.flatnonzero(np.isclose(SV, s))[0] for s in S3]
GT(pd.DataFrame([{'d': d, 'rows': len(TABLES[d]),

**{f'exact {s / M:.0f}m': EXACT_D[d][i] / EXACT_D[0][i]
for s, i in zip(S3, pick)},

**{f'bound {s / M:.0f}m': BOUND_D[d][i] / BOUND_D[0][i]
for s, i in zip(S3, pick)}}

for d in range(-7, -1)]).set_index('d'),
float_format=4, formatters={'rows': '{x:,.0f}'})
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Table 22.8.: The exact exceedance probability and themoment bound of each compressed table, each
as a ratio to its uncompressed value, at $20m, $30m and $40m.

d rows
exact
20m

exact
30m

exact
40m

bound
20m

bound
30m

bound
40m

-7 2 1.1411 1.4880 2.2189 0.4906 0.5927 0.7999
-6 20 1.0426 1.0244 1.0129 0.9360 0.9125 0.8915
-5 167 1.0065 1.0065 1.0071 0.9952 0.9944 0.9938
-4 1,145 1.0010 1.0011 1.0013 0.9998 0.9999 0.9999
-3 5,017 1.0001 1.0001 1.0001 1.0000 1.0000 1.0000
-2 15,078 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

22.3.5. Fixed event losses: Figure 3

Figure 22.4 is the paper’s main comparison: losses fixed at their tabulated values, one year, no cap,
and every method at 𝑑 = −4. The authors’ script evaluates the curves at 101 points from $5m to
$40m, which is what the figure’s axis shows; the caption gives $0m. The authors observe that “the
Chernoff and Moment bounds converge, and also, in this case, converge on the Panjer and Monte
Carlo estimates.”

Figure 22.4.: Gollini and Rougier (2016), Figure 3.

def mean_var(table, t=1, theta=0.0, cap=np.inf):
"""Mean and variance of S_t, in dollars; the variance is lambda t P Y^2."""
x = table.Dollars.to_numpy()
w = table.Rate.to_numpy() / table.Rate.sum()
lam = table.Rate.sum() * t

234



if theta == 0:
y = np.minimum(x, cap)
return lam * (w @ y), lam * (w @ y ** 2)

alpha = 1 / theta ** 2
beta = alpha / x
m1 = (alpha / beta) * (special.gammainc(alpha + 1, beta * cap) if np.isfinite(cap) else 1)
m2 = (alpha * (alpha + 1) / beta ** 2) * (special.gammainc(alpha + 2, beta * cap)

if np.isfinite(cap) else 1)
if np.isfinite(cap):

tail = special.gammaincc(alpha, beta * cap)
m1, m2 = m1 + cap * tail, m2 + cap ** 2 * tail

return lam * (w @ m1), lam * (w @ m2)

def markov(table, s, **model):
"""The Markov bound."""
return np.minimum(1, mean_var(table, **model)[0] / np.asarray(s, float))

def cantelli(table, s, **model):
"""The Cantelli bound, one above the mean."""
mu, var = mean_var(table, **model)
s = np.asarray(s, float)
return np.where(s >= mu, var / (var + (s - mu) ** 2), 1.0)

def event_mgf(x, v, theta=0.0, cap=np.inf):
"""Each event's MGF at each v: rows are events, columns values of v, in $m.

Under a cap the gamma MGF is finite for every v. Where v >= beta the
integral over [0, cap] is a confluent hypergeometric function rather than
an incomplete gamma function.
"""
if theta == 0:

return np.exp(np.outer(np.minimum(x, cap), v))
alpha = 1 / theta ** 2
beta = np.broadcast_to((alpha / x)[:, None], (len(x), len(v)))
c = beta - v[None, :]
pos = c > 0
body = np.full(c.shape, np.inf)
if np.isinf(cap):

body[pos] = (beta[pos] / c[pos]) ** alpha
return body

body[pos] = special.gammainc(alpha, c[pos] * cap) * (beta[pos] / c[pos]) ** alpha
body[~pos] = ((beta[~pos] * cap) ** alpha / special.gamma(alpha + 1)

* special.hyp1f1(alpha, alpha + 1, -c[~pos] * cap))
return body + special.gammaincc(alpha, beta * cap) * np.exp(v[None, :] * cap)

def paper_v(table, theta=0.0, cap=np.inf, nk=1001):
"""The authors' Chernoff search: nk equally spaced v, per $m, from the Appendix."""
x = table.Dollars.to_numpy() / M
if theta == 0:

return np.linspace(0, np.min(100 / np.minimum(x, cap / M)), nk)
alpha = 1 / theta ** 2
return np.linspace(0, min(np.min(100 / x), np.min(alpha / x)), nk + 1)[:-1]

def chernoff(table, s, v, t=1, theta=0.0, cap=np.inf, interior=False):
"""The Chernoff bound minimized over the grid v, set to 1 below the mean."""
x = table.Dollars.to_numpy() / M
rate = table.Rate.to_numpy()
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log_mgf = t * (rate @ event_mgf(x, v, theta, cap / M) - rate.sum())
s_m = np.asarray(s, float) / M
objective = log_mgf[None, :] - np.outer(s_m, v)
if interior: # an unrestricted search must not hit its edge

assert (objective.argmin(axis=1) < len(v) - 1).all()
mu = mean_var(table, t, theta, cap)[0] / M
return np.where(s_m > mu, np.minimum(1, np.exp(objective.min(axis=1))), 1.0)

def bounds(table, s, t=1, theta=0.0, cap=np.inf):
"""Every bound for one case, keyed by the paper's legend.

With fixed losses the optimal v must lie inside the authors' range, which
the interior check enforces; with gamma losses it may sit at the edge.
"""
model = dict(t=t, theta=theta, cap=cap)
out = {'Moment': moment_bound(table, s, **model),

'Chernoff': chernoff(table, s, paper_v(table, theta, cap),
interior=theta == 0, **model),

'Cantelli': cantelli(table, s, **model)}
if theta == 0:

out['Markov'] = markov(table, s, **model)
return out

STYLE = {'exact': dict(c='k', lw=1.4), 'Moment': dict(c='C0', lw=1),
'Chernoff': dict(c='C1', lw=1),
'Chernoff, unrestricted': dict(c='C1', lw=1, ls='--'),
'Cantelli': dict(c='C2', lw=1), 'Markov': dict(c='C3', lw=1, ls=':')}

def case_figure(s, curves, t=1, floor=1e-5):
"""The paper's linear panel beside a log panel, every curve in both."""
fig, axs = figure('full', 1, 2, layout='constrained')
for name, y in curves.items():

axs[0].plot(s / M, y, label=name, **STYLE[name])
axs[1].semilogy(s / M, y, **STYLE[name])

ylabel = rf'$\mathsf{{P}}(S_{{{t}}} \geq s)$'
axs[0].set(xlabel='s, $m', ylabel=ylabel, ylim=(0, 1.02), title='as the paper draws it')
axs[1].set(xlabel='s, $m', ylabel=ylabel, ylim=(floor, 1.5), title='log scale')
axs[0].legend(fontsize=6)
return fig

T4 = TABLES[-4]
CASES = {'Figure 3': dict(t=1, theta=0.0, cap=np.inf, s=np.linspace(5, 40, 101) * M,

points=np.array([10, 20, 30, 40]) * M),
'Figure 5': dict(t=1, theta=0.5, cap=np.inf, s=np.linspace(0, 60, 101) * M,

points=np.array([20, 40, 60]) * M),
'Figure 6': dict(t=1, theta=0.5, cap=5 * M, s=np.linspace(0, 40, 101) * M,

points=S3),
'Figure 7': dict(t=10, theta=0.5, cap=5 * M, s=np.linspace(0, 120, 101) * M,

points=np.array([60, 90, 120]) * M)}
EXACT_CASE = {'Figure 3': H}
case = CASES['Figure 3']
case_figure(case['s'], {'exact': exceed(H, case['s']),

**bounds(T4, case['s'], case['t'], case['theta'], case['cap'])});
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Figure 22.5.: Reproducing Figure 3: fixed losses, 𝑡 = 1, no cap, bounds at 𝑑 = −4, against the exact
uncompressed probability. Left as the paper draws it, right on a log scale.

Figure 22.5 shows what the paper’s linear axis cannot. The moment and Chernoff curves do ap-
proach the exact curve on a linear axis, because all three approach zero. On the log scale they run
parallel to it at several times its value, and the gap widens as 𝑠 grows: Table 22.11, after the four
figures, has the moment bound 4.5 times the exact value at $20m and 7.4 times at $40m, and the
Chernoff bound nearly twice the moment bound. The moment bound’s best 𝑘 is 4 at $20m and 10
at $40m, far inside a search that runs to 200, so the gap is a property of the bound and not of where
the search stopped. Likewise the optimal 𝑣 for fixed losses lies inside the authors’ range, so their
Chernoff curve here is the Chernoff bound.

22.3.6. Gamma event losses: Figure 5

Figure 22.6 makes each event’s loss gamma with its tabulated loss as the mean and a coefficient of
variation of 0.5. There is no closed form for the exact distribution, but it is easy to compute: the
severity is the rate weightedmixture of 1,145 gammas at 𝑑 = −4, each discretized to $10,000 buckets
from its distribution function, and aggregate convolves the mixture as it would any other severity.
Under a 50% coefficient of variation the $10,000 rounding of the means is invisible, as Table 22.9
shows by repeating the calculation at 𝑑 = −3, so the table compressed to $10,000 serves as the exact
reference whenever losses are gamma.
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Figure 22.6.: Gollini and Rougier (2016), Figure 5.

S5 = CASES['Figure 5']['points']
start = time.perf_counter()
G3 = gamma_aggregate(TABLES[-3], 1e4, 15)
G3_SECONDS = time.perf_counter() - start
check = pd.DataFrame({'s, $m': S5 / M, 'd = -4': exceed(G4, S5),

'd = -3': exceed(G3, S5)})
check['rel err'] = check['d = -4'] / check['d = -3'] - 1
GT(check.set_index('s, $m'), formatters={'d = -4': '{x:.4e}', 'd = -3': '{x:.4e}'})

Table 22.9.: Gamma losses with a coefficient of variation of 0.5: 𝖯(𝑆1 ≥ 𝑠) computed on the table
compressed to $10,000 and to $1,000, with the seconds each took.

s,
$m d = -4 d = -3 rel err
20 3.3568e-02 3.3568e-02 1.25e-05
40 1.4745e-03 1.4743e-03 1.33e-04
60 5.8163e-05 5.8150e-05 2.27e-04

The two compressions in Table 22.9 agree to better than 0.03% at every 𝑠; the 𝑑 = −4 build took
about a second and the 𝑑 = −3 build a few. Figure 22.7 reproduces Figure 5. The authors drop the
Markov bound from here on.

EXACT_CASE['Figure 5'] = G4
case = CASES['Figure 5']
case_figure(case['s'], {'exact': exceed(G4, case['s']),

**bounds(T4, case['s'], case['t'], case['theta'], case['cap'])});
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Figure 22.7.: Reproducing Figure 5: gamma losses with a coefficient of variation of 0.5, 𝑡 = 1, no cap,
bounds at 𝑑 = −4. Left as the paper draws it, right on a log scale.

In Figure 22.7 the moment bound is between 4.8 and 7.6 times the exact value from $20m to $60m.
The Chernoff bound is further off than with fixed losses, because the gamma MGF of the largest
event is infinite at 𝑣 = 𝛽𝑖, so the search must stop at min𝑖 𝛽𝑖, about 0.16 per $m, which is short of
where the bound would like to go.

22.3.7. Capped gamma losses: Figures 6 and 7

Figure 22.8 caps each event’s loss at $5m, and Figure 22.10 runs the same model over ten years. The
exact distribution comes from the same construction with the mass above $5mmoved to the bucket
at $5m, and ten years multiply the event rate by ten.

Figure 22.8.: Gollini and Rougier (2016), Figure 6.
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V_FREE = np.linspace(0, 1.5, 3001) # per $m; the capped MGF is finite everywhere
CAPPED_SECONDS = {}
for name in ('Figure 6', 'Figure 7'):

case = CASES[name]
start = time.perf_counter()
EXACT_CASE[name] = gamma_aggregate(T4, 1e4, 15 if case['t'] == 1 else 16,

t=case['t'], cap=case['cap'])
CAPPED_SECONDS[name] = time.perf_counter() - start

def capped_curves(name):
"""The exact curve, the paper's bounds, and the unrestricted Chernoff bound."""
case = CASES[name]
model = dict(t=case['t'], theta=case['theta'], cap=case['cap'])
return {'exact': exceed(EXACT_CASE[name], case['s']),

**bounds(T4, case['s'], **model),
'Chernoff, unrestricted': chernoff(T4, case['s'], V_FREE, interior=True,

**model)}

case_figure(CASES['Figure 6']['s'], capped_curves('Figure 6'), floor=1e-9);
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Figure 22.9.: Reproducing Figure 6: gamma losses capped at $5m, 𝑡 = 1, bounds at 𝑑 = −4, with the
Chernoff bound also over an unrestricted range of 𝑣. Left as the paper draws it, right
on a log scale.
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Figure 22.10.: Gollini and Rougier (2016), Figure 7.

case_figure(CASES['Figure 7']['s'], capped_curves('Figure 7'), t=10, floor=1e-7);
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Figure 22.11.: Reproducing Figure 7: gamma losses capped at $5m, 𝑡 = 10, bounds at 𝑑 = −4, with
the Chernoff bound also over an unrestricted range of 𝑣. Left as the paper draws it,
right on a log scale.

The cap changes the Chernoff bound. A capped loss is bounded, so its MGF is finite for every 𝑣, but
the authors keep the search range of the uncapped gamma, 𝑣 < min𝑖 𝛽𝑖. Their Appendix gives that
range for the gamma, and it was not revisited for the cap. Figure 22.9 and Figure 22.11 show the
Chernoff bound both ways, and Table 22.10 gives the values at three points. At $40m in one year
the bound over the authors’ range is 0.0043 and the bound over all 𝑣 is 7.1 × 10−7, against an exact
probability of 3.6×10−8: the Chernoff curve in Figure 6 is not the Chernoff bound, and it is looser by
a factor of about 6,000. Over all 𝑣 the Chernoff bound lies between one and two times the moment
bound, which is the order the authors cite from Philips and Nelson (1995): optimized over its full
range, the moment bound is never worse than the Chernoff bound.
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rows = []
for name in ('Figure 6', 'Figure 7'):

case = CASES[name]
model = dict(t=case['t'], theta=case['theta'], cap=case['cap'])
s = case['points']
rows.append(pd.DataFrame({

'case': name, 't': case['t'], 's, $m': s / M,
'exact': exceed(EXACT_CASE[name], s),
'moment': moment_bound(T4, s, **model),
'Chernoff, paper': chernoff(T4, s, paper_v(T4, 0.5, case['cap']), **model),
'Chernoff, all v': chernoff(T4, s, V_FREE, interior=True, **model)}))

chern = pd.concat(rows).set_index(['case', 't', 's, $m'])
GT(chern, float_format='{x:.3e}')

Table 22.10.: Capped gamma losses: the Chernoff bound over the authors’ range of 𝑣 and over all 𝑣,
beside the moment bound and the exact probability.

case t
s,
$m exact moment

Chernoff,
paper

Chernoff,
all v

Figure 6 1 20 2.071e-03 1.310e-02 1.147e-01 2.118e-02
30 1.241e-05 1.065e-04 2.229e-02 1.888e-04
40 3.571e-08 3.788e-07 4.330e-03 7.079e-07

Figure 7 10 60 2.847e-01 8.232e-01 8.736e-01 8.736e-01
90 2.965e-03 2.024e-02 2.649e-02 2.539e-02
120 1.861e-06 1.920e-05 1.943e-04 2.659e-05

Table 22.11 collects the four cases at three or four points each, every bound as a multiple of the exact
probability. The paper’s linear axes show none of these multiples. A factor of 7 at a probability of
0.0002 is a gap of a millimeter on a page whose vertical axis runs from 0 to 1.

rows = []
for name, case in CASES.items():

s = case['points']
ex = exceed(EXACT_CASE[name], s)
b = bounds(T4, s, case['t'], case['theta'], case['cap'])
k = moment_bound(T4, s, case['t'], case['theta'], case['cap'], argmin=True)[1]
rows.append(pd.DataFrame({'case': name, 's, $m': s / M, 'exact': ex,

'Moment': b['Moment'] / ex, 'k': k,
'Chernoff': b['Chernoff'] / ex,
'Cantelli': b['Cantelli'] / ex}))

GT(pd.concat(rows).set_index(['case', 's, $m']),
formatters={'exact': '{x:.3e}', 'Moment': 2, 'k': '{x:.0f}', 'Chernoff': 2,

'Cantelli': 2})
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Table 22.11.: The exact probability for each of the paper’s four cases, each bound as a multiple of it,
and the 𝑘 that minimizes the moment bound. The Chernoff bound is over the authors’
range of 𝑣.

case
s,
$m exact Moment k Chernoff Cantelli

Figure 3 10 1.827e-01 3.45 1 4.53 3.60
20 2.496e-02 4.51 4 7.89 4.91
30 2.200e-03 6.15 7 11.73 20.25
40 1.633e-04 7.39 10 14.94 138.07

Figure 5 20 3.357e-02 4.78 3 9.95 4.43
40 1.475e-03 6.11 6 17.10 19.00
60 5.816e-05 7.57 9 25.31 192.99

Figure 6 20 2.071e-03 6.32 9 55.40 29.45
30 1.241e-05 8.58 16 1,796.11 1,805.06
40 3.571e-08 10.61 24 121,278.92 320,873.94

Figure 7 60 2.847e-01 2.89 3 3.07 2.73
90 2.965e-03 6.83 17 8.93 32.19
120 1.861e-06 10.31 33 104.36 16,469.22

22.3.8. Figure 1 and the Monte Carlo sample size

Figure 22.12 is a design calculation for Monte Carlo. Let 𝑢0.95(𝑥; 𝑛) be the upper limit of the 95% Jef-
freys interval for a probability, which the authors take from Brown et al. (2001), after 𝑥 exceedances
in 𝑛 draws: the 0.975 quantile of a beta distribution with parameters 𝑥 + 1/2 and 𝑛 − 𝑥 + 1/2. The
figure plots 𝖯{𝑢0.95(𝑋; 𝑛) ≤ 𝜅0} for 𝑋 binomial with 𝑛 trials and probability 𝑝0 = 𝜅0/2, so that it gives
the chance that a simulation of size 𝑛 demonstrates, with 95% confidence, a probability that is in
fact half the regulatory limit. The calculation is exact and needs no simulation: for each 𝑥, find the
smallest 𝑛 at which 𝑢0.95(𝑥; 𝑛) ≤ 𝜅0, and sum the binomial probabilities of the 𝑥 that qualify.

Figure 22.12.: Gollini and Rougier (2016), Figure 1.
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def design_probability(ns, p0, kappa=0.005, level=0.95):
"""Pr{u(X; n) <= kappa}, X ~ Binomial(n, p0), at every n in ns.

u(x; n) falls as n grows, so each x qualifies from a first n onward; the
largest qualifying x at n is found by search, and the answer is a binomial
distribution function.
"""
q = (1 + level) / 2
first = []
for x in range(int(ns.max() * kappa) + 2):

lo, hi = x + 1, 10 * ns.max()
while lo < hi:

mid = (lo + hi) // 2
if stats.beta.ppf(q, x + 0.5, mid - x + 0.5) <= kappa:

hi = mid
else:

lo = mid + 1
first.append(lo)

xstar = np.searchsorted(np.array(first), ns, side='right') - 1
return np.where(xstar >= 0, stats.binom.cdf(xstar, ns, p0), 0.0)

KAPPA = 0.005
NS = np.unique(np.round(np.logspace(3, 5, 2000)).astype(int))
fig, ax = figure('three-quarter')
ax.semilogx(NS, design_probability(NS, KAPPA / 2), lw=0.6, c='k')
ax.axvline(1e4, c='k', lw=0.6, ls=':')
ax.set(xlabel='size of Monte Carlo sample, n',

ylabel=r'$\mathsf{P}\{u_{0.95}(X; n) \leq \kappa_0\}$', ylim=(0, 1.02));
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Figure 22.13.: Reproducing Figure 1, at about 2,000 values of 𝑛 from 1,000 to 100,000, evenly spaced
on the log scale: the probability that the upper limit of the 95% Jeffreys interval is at
most 𝜅0 = 0.005 when 𝑝0 = 𝜅0/2. The paper’s axis stops at the dotted line.

Figure 22.13 matches the paper’s curve, 0.29 at 𝑛 = 1,000 and 0.986 at 𝑛 = 10,000, and the saw
teeth are the discreteness of 𝑋 . Beyond 104 the probability is within 10−4 of one by 𝑛 = 20,000. The
paper’s figure therefore shows that 104 draws already suffice, which is also the conclusion of the
authors’ summary, “10,000Monte Carlo simulations should suffice”. Beside the figure, though, they
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write that “𝑛 = 105 seems to be a good choice”, and in Section 6.2 they report using 105. Their script
calls the simulation with the package default, nsim = 10e3, which is 104, so the figures were drawn
from 104 draws, not the 105 reported in the text.
The design is for a probability of 𝜅0/2. At the point where the figures draw theirMonte Carlo interval,
𝑠0 = $40m, the probability is far smaller, and Table 22.12 shows what that means for the interval.

P40 = EXACT[-1]
mc = []
for n in (10 ** 3, 10 ** 4, 10 ** 5):

x = round(n * P40)
lo, hi = stats.beta.ppf([0.025, 0.975], x + 0.5, n - x + 0.5)
mc.append({'n': n, 'design probability': design_probability(np.array([n]), KAPPA / 2)[0],

'expected exceedances': n * P40, 'x': x,
'Jeffreys lower': lo if x > 0 else 0.0, 'Jeffreys upper': hi,
'exact': P40})

GT(pd.DataFrame(mc).set_index('n'),
formatters={'n': '{x:,.0f}', 'design probability': 4, 'expected exceedances': 2,

'x': '{x:,.0f}', 'Jeffreys lower': '{x:.2e}', 'Jeffreys upper': '{x:.2e}',
'exact': '{x:.2e}'})

Table 22.12.: Monte Carlo at $40m with fixed losses: the expected number of exceedances, and the
95% Jeffreys interval at that count, against the exact probability, with the design proba-
bility of Figure 1.

n
design

probability
expected

exceedances x
Jeffreys
lower

Jeffreys
upper exact

1,000 0.2869 0.16 0 0.00e+00 2.51e-03 1.63e-04
10,000 0.9856 1.63 2 4.16e-05 6.41e-04 1.63e-04
100,000 1.0000 16.33 16 9.52e-05 2.54e-04 1.63e-04

With 104 draws the expected number of exceedances at $40m is 1.6, and the interval at two ex-
ceedances in Table 22.12 spans a factor of fifteen. The small count is no criticism of the design,
which addresses a different question, but it does mean that the right end of the Monte Carlo curves
in Figures 3, 5, 6 and 7 rests on a handful of draws.

22.3.9. Timings

Tables IV to VII, Figure 22.14 to Figure 22.17, give the time each method took on each compression
for Figures 3, 5, 6 and 7. The Panjer recursion is the only method whose time grows quickly with
the table, and the authors stopped it at 𝑑 = −2 for Figure 3 and at 𝑑 = −3 for the others.

Figure 22.14.: Gollini and Rougier (2016), Table IV.
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Figure 22.15.: Gollini and Rougier (2016), Table V.

Figure 22.16.: Gollini and Rougier (2016), Table VI.

Figure 22.17.: Gollini and Rougier (2016), Table VII.

Table 22.13 sets the paper’s Panjer times beside the time aggregate took for each exact reference in
this chapter, measured when the book was rendered: the full table at a $10 bucket for fixed losses,
and the gamma mixture at 𝑑 = −4 for the others, including the construction of the severity. The
seconds are on different machines a decade apart, so the ratios matter less than the structure. The
FFT computes a compound distribution with two transforms whatever the size of the table, and the
size of the table enters only through the severity, once.

GT(pd.DataFrame([
('Figure 3', 0.461, -2, 4651.298, 'full table, $10 bucket', H_SECONDS),
('Figure 5', 1.509, -3, 121.062, 'd = -4, gamma, $10,000 bucket', G4_SECONDS),
('Figure 6', 0.275, -3, 11.950, 'd = -4, capped gamma', CAPPED_SECONDS['Figure 6']),
('Figure 7', 0.587, -3, 46.000, 'd = -4, capped gamma, ten years',
CAPPED_SECONDS['Figure 7']),

], columns=['case', 'Panjer, d = -4', 'finest d', 'Panjer, finest d', 'aggregate model',
'aggregate seconds']).set_index('case'),

formatters={'Panjer, d = -4': 3, 'finest d': '{x:.0f}', 'Panjer, finest d': '{x:,.3f}',
'aggregate seconds': 3})
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Table 22.13.: The paper’s Panjer recursion at 𝑑 = −4 and at its finest compression, against aggre-
gate building each exact reference in this chapter, in seconds.

case
Panjer,
d = -4

finest
d

Panjer,
finest d aggregate model

aggregate
seconds

Figure 3 0.461 -2 4,651.298 full table, $10 bucket 0.794
Figure 5 1.509 -3 121.062 d = -4, gamma, $10,000 bucket 0.873
Figure 6 0.275 -3 11.950 d = -4, capped gamma 0.034
Figure 7 0.587 -3 46.000 d = -4, capped gamma, ten years 0.035

22.4. Comments

22.4.1. Reach of the exact computation

The authors’ case for bounds rests on exact methods being too slow without compression. On the
evidence of Table 22.6 and Table 22.13 that premise no longer holds, and it did not hold in 2015
either: the FFT was as available then as now, and the reason it is fast is the structure of the com-
pound Poisson, not the speed of the machine. The uncompressed table takes a fraction of a second
at a $100 bucket, and the gamma version takes about a second. The bounds keep a use where only
the moments of a table are known, or where a bound is needed in closed form inside some larger
calculation, but as a substitute for computing the distribution of a table that is in hand they are not
needed.

22.4.2. Looseness of the bounds

The exact 1-in-200 annual loss with fixed event losses is $26.6m. Table 22.14 gives, for each bound,
the smallest capital 𝑠 at which the bound falls to 0.005, which is the solvency question asked of the
bound directly. On the full table themoment bound calls for 29%more capital than the exact answer,
Chernoff for 39%more, and Cantelli for nearly three times asmuch. A regulator satisfied by a bound
is satisfied at a cost, and the exact answer costs a second.

def chernoff_fixed(table, s, t=1):
"""The Chernoff bound for fixed losses at its exact optimum, and the optimal v.

With fixed losses the MGF is finite everywhere and the optimum solves
lambda t P[Y e^{vY}] = s, monotone in v.
"""
x = table.Dollars.to_numpy() / M
rate = table.Rate.to_numpy()
out = []
for s_m in np.atleast_1d(np.asarray(s, float)) / M:

slope = lambda v: t * (rate * x * np.exp(v * x)).sum() - s_m
if slope(0) >= 0:

out.append((1.0, 0.0))
continue

hi = 1.0
while slope(hi) < 0:

hi *= 2
v = optimize.brentq(slope, 0, hi, xtol=1e-14)
out.append((np.exp(-v * s_m + t * (rate @ np.exp(v * x) - rate.sum())), v))

return np.array(out).T
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def quantile(a, p):
"""The p quantile of the distribution on the grid of `a`."""
return a.xs[np.searchsorted(np.cumsum(a.agg_density), p)]

FULL = TABLES[0]
VAR = quantile(H, 0.995)
capital = {'exact': VAR}
for name, fn in (('moment', lambda s: moment_bound(FULL, [s])[0]),

('Chernoff', lambda s: chernoff_fixed(FULL, [s])[0][0]),
('Cantelli', lambda s: cantelli(FULL, [s])[0]),
('Markov', lambda s: markov(FULL, [s])[0])):

capital[name] = optimize.brentq(lambda s: fn(s) - 0.005, 10 * M, 1e4 * M, xtol=1e3)
GT(pd.DataFrame({'capital, $m': pd.Series(capital) / M,

'multiple of exact': pd.Series(capital) / VAR})
.rename_axis('method'), formatters={'capital, $m': '{x:,.2f}', 'multiple of exact': 2})

Table 22.14.: The capital each method requires for a 1-in-200 annual probability, fixed losses, full
table, in millions of dollars and as a multiple of the exact value.

method
capital,
$m multiple of exact

exact 26.62 1.00
moment 34.25 1.29
Chernoff 37.07 1.39
Cantelli 78.49 2.95
Markov 1,261.88 47.41

22.4.3. Large deviations and the Chernoff bound

In Section 3 the authors argue from large deviations that “as 𝑡 becomes large the Chernoff upper
bound becomes exact”, and that, themoment bound being tighter, “both bounds are converging from
above on the actual probability”. In Section 6.1 they rely on the argument to judge compression with
the moment bound. The large deviations limit is a statement about the exponent: for a fixed loss per
year 𝑎 above the mean, 𝑡−1 log𝖯(𝑆𝑡 ≥ 𝑎𝑡) → −𝐼(𝑎), and the Chernoff bound is 𝑒−𝑡𝐼(𝑎) exactly. The
𝑜(𝑡) term in the authors’ display allows any factor that grows more slowly than an exponential. By
the theorem of Bahadur and Rao (1960) the factor is

𝑒−𝑡𝐼(𝑎)
𝖯(𝑆𝑡 ≥ 𝑎𝑡) ∼ 𝑣𝑎𝜎𝑎√2𝜋𝑡,

where 𝑣𝑎 is the optimal 𝑣 and 𝜎2𝑎 = 𝜆𝖯(𝑌 2𝑒𝑣𝑎𝑌 ) is the annual variance under the tilted measure. The
ratio of the bound to the probability grows like √𝑡; the bound is exact on a logarithmic scale and
not otherwise. Table 22.15 shows the ratio at $15m a year on the full table with fixed losses, and the
ratio follows the prediction ever more closely as 𝑡 grows. The moment bound’s ratio grows too.

A_RATE = 15 * M
LOG2_BY_T = {1: 17, 2: 18, 4: 18, 8: 19, 16: 20}
x_m, rate = FULL.Dollars.to_numpy() / M, FULL.Rate.to_numpy()
ld = []
for t, log2 in LOG2_BY_T.items():

s = A_RATE * t
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ex = exceed(elt_aggregate(ELT.Loss, ELT.Rate, 1e3, log2, t=t), s)[()]
(ch,), (v,) = chernoff_fixed(FULL, [s], t)
sigma = np.sqrt(rate @ (x_m ** 2 * np.exp(v * x_m)))
ld.append({'t': t, 's, $m': s / M, 'exact': ex, 'Chernoff multiple': ch / ex,

'predicted': v * sigma * np.sqrt(2 * np.pi * t),
'moment multiple': moment_bound(FULL, [s], t=t)[0] / ex})

GT(pd.DataFrame(ld).set_index('t'),
formatters={'s, $m': '{x:,.0f}', 'exact': '{x:.3e}', 'Chernoff multiple': 2,

'predicted': 2, 'moment multiple': 2})

Table 22.15.: Fixed losses, full table, at a loss of $15m a year over 𝑡 years: the exact probability, each
bound as amultiple of it, and theBahadur andRao prediction for theChernoffmultiple.

t
s,
$m exact

Chernoff
multiple predicted

moment
multiple

1 15 7.093e-02 6.34 4.04 4.04
2 30 2.694e-02 7.51 5.72 4.91
4 60 4.324e-03 9.47 8.09 6.31
8 120 1.343e-04 12.48 11.44 8.38
16 240 1.657e-07 16.95 16.18 11.44

Holding the probability fixed instead of the loss per year gives the same answer by another route. At
the 99.5% point of 𝑆𝑡 the central limit theorem takes over as 𝑡 grows, the Chernoff bound tends to
𝑒−𝑧2/2 with 𝑧 the normal 99.5% point, and the ratio to 0.005 tends to 7.25, not to 1. Table 22.16 shows
the ratio at one year and at ten on its way there.

z = stats.norm.ppf(0.995)
fl = []
for t, log2 in ((1, 17), (10, 18)):

a = elt_aggregate(ELT.Loss, ELT.Rate, 1e3, log2, t=t)
q = quantile(a, 0.995)
ex = exceed(a, q)[()]
fl.append({'t': str(t), 'VaR 99.5%, $m': q / M, 'exact': ex,

'Chernoff multiple': chernoff_fixed(FULL, [q], t)[0][0] / ex,
'moment multiple': moment_bound(FULL, [q], t=t)[0] / ex})

fl.append({'t': 'normal limit', 'VaR 99.5%, $m': np.nan, 'exact': 0.005,
'Chernoff multiple': np.exp(-z * z / 2) / 0.005, 'moment multiple': np.nan})

GT(pd.DataFrame(fl).set_index('t'),
formatters={'VaR 99.5%, $m': '{x:,.2f}', 'exact': 5, 'Chernoff multiple': 2,

'moment multiple': 2})

Table 22.16.: Fixed losses, full table, at the 99.5% point of 𝑆𝑡: each bound as a multiple of the exact
probability, at one and ten years and in the normal limit.

t

VaR
99.5%,
$m exact

Chernoff
multiple

moment
multiple

1 26.62 0.00500 10.73 5.77
10 112.45 0.00500 8.66 6.55
normal limit — 0.00500 7.25 —

Neither limit is 1. The squeeze the authors describe does not occur, and a bound that is several
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times the probability at every horizon cannot serve as the yardstick for a compression error of a few
percent, which is what Table 22.8 found.

22.4.4. The Monte Carlo sample size

The authors give two sample sizes. In Section 4 and Section 6.2 they give 105. Figure 1 supports
104, the summary in Section 7 recommends 10,000, and the package default, fromwhich the figures
were drawn, is 104. On the authors’ owndesign calculation, Figure 22.13, 104 is the defensible choice,
with a probability of 0.986, and 105 is ample. The inconsistency is in what the text reports: a sample
ten times the one the figures were computed from.

22.4.5. The Monte Carlo time in Table VII

In Figure 22.17 Monte Carlo takes 918.101 seconds at 𝑑 = −4 and 2.312 seconds at 𝑑 = −3. Every
other Monte Carlo time in the four tables is between 0.9 and 15 seconds and grows with the size of
the table, as it should, since a simulation draws from the table. The value at 𝑑 = −4 is out of line by
a factor of several hundred and is most likely an interruption during the run rather than a property
of the method. A timing cannot be reproduced, so the point stays an observation.

22.4.6. The capped gamma and the DecL limit

The authors prefer a capped gamma to a beta scaled to [0, 𝑢] because the cap leaves an atom at 𝑢,
which is what a maximum insured loss does, while a scaled beta has none. A DecL limit, 5 xs 0
in the Hurricane.Capped program, places exactly that atom on the severity, and aggregate applies
it to any severity, the gamma mixture included. The cap also bounds the loss, which is what makes
the MGF finite everywhere and the authors’ Chernoff range too narrow, as Table 22.10 showed.

22.4.7. Long vectors in DecL

A DecL vector of 450 elements parses, and one of 500 exceeds Python’s recursion limit inside the
parser, as Table 22.17 shows for the version of aggregate named in the preface. The full table,
32,060 rows, and even the table at 𝑑 = −4, 1,145 rows, are beyond that limit, which is why this
chapter builds them through the Aggregate class. The division is a reasonable one in any case: a
DecL program is a model a person writes and reads, and a table of thirty thousand rows is data,
which belongs in a file and in the class, which accepts vectors of any length.

def parses(n):
"""Whether a dsev of n equally likely losses parses.

The library's own build is used, not the book's recording one, so that the
test programs stay out of the appendix.
"""
vector = ' '.join(str(i + 1) for i in range(n))
try:

library_build(f'agg T 1 claim dsev [{vector}] fixed', update=False)
return 'parses'

except RecursionError:
return 'RecursionError'
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GT(pd.DataFrame({'n': [450, 500], 'result': [parses(450), parses(500)]}).set_index('n'),
formatters={'n': '{x:,.0f}'})

Table 22.17.: Parsing a dsev of n equally likely losses, on the version of aggregate named in the
preface.

n result
450 parses
500 RecursionError
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23. Wilson and Keich on accurate FFT convolution

Reproducing Wilson and Keich (2016)

23.1. Introduction

Wilson andKeich (2016) asks a narrow questionwith awide answer: given two non-negative vectors,
can you compute their convolution by FFT and guarantee the relative accuracy of every entry?

The answer is yes, and the algorithm is aFFT-C. It matters here because aggregate computes com-
pound distributions by exactly the FFT convolution these authors show is unreliable, and because
the companion paper Ben Rached et al. (2024) reaches the same conclusion by a different route and
recommends abandoning the FFT entirely. This paper does not. It keeps the FFT and fixes it, which
is the better outcome for a library that needs 𝑂(𝑁 log𝑁).
The mechanism has three parts:

1. A computable error bound. For each output index, a bound on the FFT roundoff error that
can be evaluated at runtime. This is the part that matters most, because it converts a silent
failure into a detected one.

2. PITS (partitioning into thin slices). Decompose each input pmf into components of re-
duced dynamic range, so that FFT-C applied to each pair is accurate, then reassemble. Round-
off cannot swamp small values if the small values are never in the same vector as the large
ones.

3. An exponential shift. Precondition by 𝑝𝜃(𝑘) = 𝑝(𝑘)𝑒𝑘𝜃/𝑀𝑝(𝜃), which commutes with con-
volution, so it can be peeled off afterward. Its role here is to reduce the number of slices PITS
needs, and hence the number of FFT calls.

23.2. What is reproducible

Table / result Content Reproducible
Section 1 toy example A four-element pmf with exact

rational convolution, and the
measured relative errors of NC,
FFT-C and aFFT-C

Yes, and now exactly: the
reference column is
library-computed rational
arithmetic

Table 1 Number of PITS splits with
and without the exponential
shift

No, internal to aFFT-C
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Table / result Content Reproducible
Table 2 Median and maximum relative

error of aFFT-C and FFT-C
over six declared pmf classes

The FFT-C columns,
statistically

Figures 4 and 5 Timing of aFFT-C against
naive convolution and FFT-C

No, implementation timing

The aFFT-C columns of Table 2 are not reproducible without implementing aFFT-C. The FFT-C
columns are, because FFT-C is what aggregate already does.

23.3. The Section 1 example

This is the whole paper in seven numbers. Take 𝑝 = (0, 𝑎, 𝑏, 𝑐) with 𝑏 = 10−5, 𝑐 = 10−20 and
𝑎 = 1 − 𝑏 − 𝑐. Then

𝑝 ∗ 𝑝 = (0, 0, 𝑎2, 2𝑎𝑏, 2𝑎𝑐 + 𝑏2, 2𝑏𝑐, 𝑐2),

which is exact and needs no numerics at all. The last two entries are 2 × 10−25 and 10−40, both far
below double precision machine epsilon relative to the leading entry of 1.
Figure 23.1 is the paper’s own illustration, and Table 23.1 recomputes it three ways.

Figure 23.1.: Wilson and Keich (2016), Figure 1, illustrating the Section 1 example.

%xmode minimal
import numpy as np
import pandas as pd
from functools import partial

from bookstyle import GT, build

# Tail probabilities and relative errors read as powers of ten, not SI prefixes.
GT = partial(GT, eng_style='exp')
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b, c = 1e-5, 1e-20
a = 1 - b - c
exact = np.array([0.0, 0.0, a * a, 2 * a * b, 2 * a * c + b * b, 2 * b * c, c * c])

naive = np.convolve([0, a, b, c], [0, a, b, c]) # NC
fftc = np.fft.irfft(np.fft.rfft([0, a, b, c], 8) ** 2, 8)[:7] # FFT-C

# the same convolution through aggregate: a three-point severity, two claims
obj = build(f'agg Toy dfreq [2] dsev [1 2 3] [{a!r} {b!r} {c!r}]',

log2=6, bs=1, normalize=False)
agg = np.array([obj.agg_density[k] for k in range(7)])

def rel(x):
return np.where(exact > 0, np.abs(x - exact) / np.where(exact > 0, exact, 1.0), 0.0)

GT(pd.DataFrame({'k': range(7), 'exact': exact, 'NC': naive, 'FFT-C': fftc,
'agg': agg, 'rel NC': rel(naive), 'rel FFT-C': rel(fftc),
'rel agg': rel(agg)}))

Exception reporting mode: Minimal

Table 23.1.: The seven entry convolution exactly, by naive convolution, by textbook FFT-C and
through the library, with relative errors.

k exact NC FFT-C agg
rel
NC rel FFT-C rel agg

0 0.000e+00 0.000e+00 1.832e-18 -12.029e-18 0 0.000e+00 0.000e+00
1 0.000e+00 0.000e+00 -7.266e-18 -11.396e-18 0 0.000e+00 0.000e+00
2 999.980e-03 999.980e-03 999.980e-03 999.980e-03 0 0.000e+00 111.025e-18
3 20.000e-06 20.000e-06 20.000e-06 20.000e-06 0 3.036e-12 1.090e-12
4 100.000e-12 100.000e-12 100.000e-12 100.000e-12 0 64.219e-09 752.951e-09
5 200.000e-27 200.000e-27 -46.519e-18 9.233e-18 0 232.595e+06 46.165e+06
6 100.000e-42 100.000e-42 -55.511e-18 -6.419e-18 0 555.112e+21 64.192e+21

Three things to read off Table 23.1.

Naive convolution is exacthere. Thepaper reports 𝑟𝑁𝐶,64 = (0, 0, 2⋅10−16, 10−20, 2⋅10−16, 10−16, 3⋅
10−17), and this run gives zero throughout because the individual products happen to be exactly
representable. Either way the point stands: NC preserves relative accuracy at every entry, because a
sum of non-negative products has no cancellation.

FFT-C destroys the last two entries. Index 5 has a relative error around 108 and index 6 around
1023. Both computed values are negative, which is impossible for a convolution of non-negative
vectors.

aggregate behaves exactly like textbook FFT-C. Same failure at the same two indices, same or-
ders of magnitude of error. The signs differ, agg returning a positive value at index 5 where FFT-C
returns a negative one, because the sign of accumulated rounding is arbitrary and the two routines
pad and transform slightly differently. That is the confirmation that agg’s engine is FFT-C and in-
herits its properties without modification, and also a warning that a negative-value check catches
only some of these failures.

Note also index 4, where the true value is 10−10: FFT-C is already wrong in the seventh significant
figure and agg in the sixth. The degradation is gradual on the way down to the cliff, not sudden.

For contrast the paper reports what aFFT-C achieves on this example:
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𝑟aFFT-C,109 = (0, 0, 8 ⋅ 10−15, 4 ⋅ 10−12, 2 ⋅ 10−15, 4 ⋅ 10−12, 1 ⋅ 10−14)

Every entry to eleven significant figures or better, including the 10−40 one, at 𝑂(𝑁 log𝑁) cost.

23.4. The Section 1 example, exactly

Since this chapter was written the library has grown an exact engine. The DecL kind nttagg com-
putes a bounded discrete compound with no floating point at all: input probabilities are parsed text-
exactly as rational numbers, the convolution runs over 32-bit prime fields via the number-theoretic
transform, and the answer is reconstructed by the Chinese remainder theorem as exact integer nu-
merators over one common denominator. The float FFT pipeline still runs beside it, driven from the
same spec, so one object carries both the textbook computation and the exact answer it should have
produced.

That changes the status of this example. The exact column of Table 23.1 was hand algebra, trust-
worthy because the convolution has seven entries. It is now library output, and the hand algebra
becomes the check on the library rather than the reference for it.

from fractions import Fraction

b = Fraction(1, 10**5)
c = Fraction(1, 10**20)
a = 1 - b - c

wil = build(f'nttagg Wilson dfreq [2] dsev [1 2 3] [{a} {b} {c}]')

closed_form = [a * a, 2 * a * b, 2 * a * c + b * b, 2 * b * c, c * c]
nonzero = wil.p_exact[wil.p_exact != 0]
assert list(nonzero) == closed_form, 'library p_exact differs from the closed form'
print('p_exact == [a^2, 2ab, 2ac + b^2, 2bc, c^2] as exact Fractions: True')

GT(wil.density_df.query('p_exact_float > 0')[['p_total', 'p_exact_float', 'p_exact_log10']])

p_exact == [a^2, 2ab, 2ac + b^2, 2bc, c^2] as exact Fractions: True

Table 23.2.: The Section 1 example computed exactly by the library. The exact column matches the
closed form identically, as Fractions, and p_exact_log10 resolves the entries that are
invisible to a double.

loss p_total p_exact_float p_exact_log10
2 999.980e-03 999.980e-03 -8.686e-06
3 20.000e-06 20.000e-06 -4.699e+00
4 100.000e-12 100.000e-12 -10.000e+00
5 0.000e+00 200.000e-27 -24.699e+00
6 0.000e+00 100.000e-42 -40.000e+00

Two readings of Table 23.2. First, the assert passed: the five nonzero probabilities the engine recon-
structs equal (𝑎2, 2𝑎𝑏, 2𝑎𝑐 + 𝑏2, 2𝑏𝑐, 𝑐2) as exact rational numbers, not to any tolerance. Second,
p_total, the float pipeline’s answer inside the same object, reads exactly zero at losses 5 and 6,
where the truth is 2 × 10−25 and 10−40. The float pipeline does not merely get these entries wrong;
after cleanup it reports them as structurally absent.
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The paper’s central contribution is a runtime certificate: a computable bound that tells the caller
which entries of an FFT convolution are trustworthy. On this envelope, nonnegative integer out-
comes with bounded support and rational probabilities, the library now does something categori-
cally stronger. It does not bound the error of the float pipeline; it computes it, per bucket, exactly
before the final rounding. Table 23.3 is the paper’s Figure 1 regenerated from inside the library.

GT(wil.accuracy_df.loc[2:6])

Table 23.3.: The per-bucket error of the float FFTpipeline against the exact answer, computed exactly.
p_fft is the raw signed FFT output before cleanup, and the relative errors at losses 5 and
6 are the catastrophe the paper exhibits.

loss p_exact_float p_fft err abs_err rel_err
2 999.980e-03 999.980e-03 9.93e-17 9.93e-17 9.93e-17
3 20.000e-06 20.000e-06 -4.30e-17 4.30e-17 -2.15e-12
4 100.000e-12 100.000e-12 -2.04e-17 2.04e-17 -2.04e-07
5 200.000e-27 18.316e-18 1.83e-17 1.83e-17 9.16e+07
6 100.000e-42 27.756e-18 2.78e-17 2.78e-17 2.78e+23

The relative errors at losses 5 and 6 in Table 23.3 are the failures of Table 23.1, now library-reported
rather than hand-measured, and p_fft preserves the raw signed noise that p_total clips, so the
arbitrary sign discussed under Table 23.1 is visible too.

23.4.1. Adjudicating the naive convolution claim

The discussion under Table 23.1 noted a small discrepancywith the paper: the paper reports nonzero
relative errors for naive convolution, around 10−16, while our run measured zero throughout. With
an exact yardstick the discrepancy resolves, and both observations turn out to be right.

af, bf, cf = float(a), float(b), float(c)
naive_f = np.convolve([0, af, bf, cf], [0, af, bf, cf])
float_form = [af * af, 2 * af * bf, 2 * af * cf + bf * bf, 2 * bf * cf, cf * cf]

rows = []
for k in range(2, 7):

e = closed_form[k - 2]
rows.append({'k': k, 'NC': naive_f[k],

'rel err vs float closed form':
float((Fraction(naive_f[k]) - Fraction(float_form[k - 2])) / e),

'rel err vs exact':
float((Fraction(naive_f[k]) - e) / e)})

GT(pd.DataFrame(rows))
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Table 23.4.: Naive convolution against two yardsticks. Against the float evaluation of the closed form
it is bit-identical; against the exact rational answer it carries the input representation
error, which is what the paper’s r_NC reports.

k NC
rel err vs float
closed form

rel err
vs exact

2 999.980e-03 0 9.93e-17
3 20.000e-06 0 5.99e-17
4 100.000e-12 0 2.21e-16
5 200.000e-27 0 3.85e-17
6 100.000e-42 0 -7.07e-17

In Table 23.4 the middle column is identically zero: the doubles naive convolution returns are bit-
for-bit the float evaluation of the closed form, so the arithmetic commits no error at all, which is the
no-cancellation property the paper proves. The right column sits at 10−16 to 10−17, and every bit of
it is the cost of writing 𝑎, 𝑏, 𝑐 as doubles in the first place, before any arithmetic runs. The paper’s
𝑟𝑁𝐶,64 = (0, 0, 2 ⋅10−16, 10−20, 2 ⋅10−16, 10−16, 3 ⋅10−17) is the same quantity measured on its authors’
machine. Our earlier “zero throughout” was an artifact of a yardstick that was itself computed in
doubles and therefore shared the inputs’ rounding.

23.5. Table 2: the FFT‐C columns

Table 2, Figure 23.2, measures relative error over six pmf classes, which the paper defines precisely.
With 𝑎, 𝑏, 𝑐 ∼ 𝑈(0, 1) fixed per pmf, 𝑢𝑖 ∼ 𝑈(0, 1) per entry, and 𝐴 normalizing:

1. constant, 𝑝(𝑖) ≡ 𝐴
2. random, 𝑝(𝑖) = 𝐴 exp(−40𝑢𝑖)
3. quadratic, 𝑝(𝑖) = 𝐴 exp(−30(𝑎 + 1)𝑥2𝑖 + 20(2𝑏 − 1)𝑥𝑖 + 20(2𝑐 − 1)), 𝑥 even on [0, 1]
4. sinusoid, 𝑝(𝑖) = 𝐴 exp(10(3𝑎 + 1) sin(𝑥𝑖 + 𝑏/10) + 10(5𝑐 − 4)𝑥𝑖), 𝑥 even on [0, 3𝜋]
5. multi-scaled I, a random fifth are 𝐴 exp(−30𝑢𝑖), the rest 𝐴 exp(−100(𝑢𝑖 + 1))
6. multi-scaled II, a random third are𝐴 exp(−15(2𝑎+1)𝑢𝑖), the rest𝐴 exp(−50((2𝑎+1)𝑢𝑖+2𝑏+1))

Figure 23.2.: Wilson and Keich (2016), Table 2.
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from scipy.special import logsumexp

rng = np.random.default_rng(20260806)
N_DRAW = 12 # the paper uses 100 per class

def make(cls, L, rng):
a_, b_, c_ = rng.uniform(size=3)
u = rng.uniform(size=L)
if cls == 1:

lv = np.zeros(L)
elif cls == 2:

lv = -40 * u
elif cls == 3:

x = np.linspace(0, 1, L)
lv = -30 * (a_ + 1) * x ** 2 + 20 * (2 * b_ - 1) * x + 20 * (2 * c_ - 1)

elif cls == 4:
x = np.linspace(0, 3 * np.pi, L)
lv = 10 * (3 * a_ + 1) * np.sin(x + b_ / 10) + 10 * (5 * c_ - 4) * x

elif cls == 5:
idx = rng.permutation(L)
lv = -100 * (u + 1)
lv[idx[:L // 5]] = -30 * u[idx[:L // 5]]

else:
idx = rng.permutation(L)
lv = -50 * ((2 * a_ + 1) * u + 2 * b_ + 1)
lv[idx[:L // 3]] = -15 * (2 * a_ + 1) * u[idx[:L // 3]]

return np.exp(lv - logsumexp(lv))

published = {8: ('7e62', '4e303'), 128: ('2e69', 'Overflow'),
1024: ('2e70', 'Overflow'), 8192: ('1e69', 'Overflow')}

rows = []
for L in [8, 128, 1024, 8192]:

worst, per_pair = 0.0, []
for cls in range(1, 7):

ps = [make(cls, L, rng) for _ in range(N_DRAW)]
for i in range(N_DRAW):

for j in range(i, N_DRAW):
ex = np.convolve(ps[i], ps[j])
nq = 1 << int(np.ceil(np.log2(2 * L - 1)))
ap = np.fft.irfft(np.fft.rfft(ps[i], nq)

* np.fft.rfft(ps[j], nq), nq)[:2 * L - 1]
ok = ex > 0
r = np.abs(ap[ok] - ex[ok]) / ex[ok]
per_pair.append(r.max())
worst = max(worst, r.max())

pm, px = published[L]
rows.append({'L': L, 'FFT-C median (here)': np.median(per_pair),

'FFT-C max (here)': worst,
'paper median': pm, 'paper max': px})

GT(pd.DataFrame(rows))
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Table 23.5.: FFT-C relative error over the six pmf classes at four lengths, beside the median andmax-
imum Table 2 reports.

L
FFT-C median

(here)
FFT-C max
(here)

paper
median

paper
max

8 23.123e+30 361.344e+288 7e62 4e303
128 5.998e+33 7.114e+225 2e69 Overflow

1,024 130.059e+27 1.438e+177 2e70 Overflow
8,192 30.762e+42 1.461e+276 1e69 Overflow

Qualitatively Table 23.5 is an exact reproduction: FFT-C’s relative error on these classes is astronom-
ically large at every length, and the maxima run into the hundreds of orders of magnitude. Quanti-
tatively it is not a close match. The medians here are around 1029 to 1043 against the paper’s 1062 to
1070. With 12 draws per class rather than 100, a different generator, and a statistic that spans three
hundred orders of magnitude, that gap is unsurprising and I would not read anything into it. This
block establishes the regime, not the digits.

23.6. Discussion

The result thatmatters for aggregate is not the size of the error but its detectability. In Table 23.1 the
two wrong entries came back negative, which is a free diagnostic. In general they do not: FFT-C can
return a plausible positive number that is wrong by a hundred orders of magnitude, with nothing in
the output to indicate it.

That is the gap aFFT-C closes. Its contribution is less the slicing than the runtime bound, which
lets the algorithm report which indices are trustworthy. A convolution routine that returns values
and a certificate is categorically more useful than one that returns values alone, and it is the piece
aggregate currently lacks. The refinement heuristic used on the Ben Rached et al. (2024) page,
build twice and compare, is a poor substitute: it costs a second build and it only detects instability,
not error.

Two caveats on transferring this wholesale. First, the paper’s setting is pairwise convolution of two
arbitrary lattice pmfs, whereas aggregate iterates one severity against itself under a frequency distri-
bution, which is the setting of the companion paper Wilson and Keich (2017). Second, the dynamic
ranges here are extreme by construction. Classes 5 and 6 mix components differing by 𝑒−100 against
𝑒−30, which is far beyond a severity curve. The failure is real, but the test problems are adversarial,
and an actuarial severity is closer to the benign end.

Where this bites in practice is not a pathological pmf but an ordinary one evaluated far into a tail,
which is exactly what Wilson and Keich (2017) addresses.

Since this chapter was written the gap it identifies has closed, on this paper’s own terrain. The nt-
tagg kind computes a bounded discrete compound exactly, in rational arithmetic over prime fields,
and reports the float pipeline’s error per bucket, exactly, in accuracy_df. On the lattice, the library
now returns values and something stronger than a certificate: the error itself. What aFFT-C’s bound
still offers that the exact engine does not is generality, since the exact route needs rational inputs,
integer outcomes and bounded support, while the bound asks nothing of the pmf. For the continu-
ous severities and unbounded frequencies thatmake up ordinary actuarial work, the runtime bound
remains the relevant idea and remains unimplemented.

259



24. Wilson and Keich’s sisFFT for small tail
probabilities

Reproducing Wilson and Keich (2017), and repairing aggregate on its own worst case

24.1. Introduction

Wilson and Keich (2017) computes 𝑃 = ∑𝑠≥𝑠0 𝑝
∗𝐿(𝑠), the upper tail of an 𝐿-fold convolution of a

lattice-valued pmf, when 𝑃 is very small. This is the same problem as Ben Rached et al. (2024)
and Asmussen et al. (2016), on a lattice rather than a continuum, and reached from bioinformatics
rather than insurance: the quantity is a 𝑝-value for a sequence motif, and it may need to be accurate
at 10−150 because it is later multiplied by 10150 candidate alignments.

Accurately computing very small tail probabilities of a sum of independent and identi-
cally distributed lattice-valued random variables is numerically challenging. The only
general purpose algorithms that can guarantee the desired accuracy have a quadratic
runtime complexity which is often too slow. While Fast Fourier Transform (FFT)-based
convolutions have an essentially linear runtime complexity, they can introduce over-
whelming roundoff errors. We present sisFFT (segmented iterated shifted FFT), which
harnesses the speed of FFT while retaining control of the relative error of the computed
tail probability.

That last sentence is why this paper is the most important of the group for aggregate. Ben Rached
et al. (2024) diagnoses the same failure and prescribes direct convolution at 𝑂(𝑁2). This one keeps
the FFT.

sisFFT combines two ideas. The first is Keich’s shifted FFT, sFFT (Keich 2005):

It works by borrowing from large deviation theory the idea of using an exponential shift
to essentially rotate log𝑝 before applying FFT-C. That is, for a suitably chosen 𝜃 this
rotation will make the values 𝑝(𝑠), for 𝑠 close to 𝑠0, the largest, and therefore FFT-C’s
roundoff error will be negligible with respect to them.

The second is the slicing and runtime error bound of aFFT-C (Wilson and Keich 2016), which re-
pairs the case where a single shift is not enough, namely when 𝑝 is not essentially log-concave.
sisFFT chooses between shortcuts and the full path based on computable bounds, so it always knows
whether its answer is trustworthy.
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24.2. What is reproducible

The main text has no tables. It has the algorithm, its proof, and timing figures. The reproducible
content is a single fully specified example in the supplementary material, and it is worth more than
a table because it is exact, self-contained, and lands precisely on aggregate’s failure mode. Since
the chapter was first written the library has gained the means to compute that exact value itself, and
Table 24.3 certifies every method on the page against exact rational arithmetic rather than trusting
naive convolution for the reference.

From the caption to Supplementary Figure 1, Figure 24.1:

Here 𝑝(𝑠) = 𝐴 ⋅ exp( 1
60
𝑠(10 − 𝑠)) for 𝑠 = 0, 1,… , 127, where 𝐴 guarantees 𝑝 is a pmf.

In this case, the 𝑝-value of 𝑠0 = 215 […] is computed to be ̃𝑃 ≈ 3 ⋅ 10−16 when the
convolution is performed via FFT-C. However, the true value is 𝑃 ≈ 6 ⋅ 10−154, hence
FFT’s computed value is off by more than 138 orders of magnitude.

Here 𝐿 = 2. Because the problem is lattice-valued there is no discretization error at all, which
makes this the cleanest possible probe of aggregate’s numerical floor: whatever goes wrong is pure
roundoff.

24.3. Setup

Figure 24.1.: Wilson and Keich (2017), Supplementary Figure 1.
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%xmode minimal
import numpy as np
import pandas as pd
from functools import partial

from bookstyle import GT, build

# Tail probabilities and relative errors read as powers of ten, not SI prefixes.
GT = partial(GT, eng_style='exp')
from scipy.optimize import brentq
from scipy.special import logsumexp

S_MAX, L, S0 = 127, 2, 215
s = np.arange(S_MAX + 1)
log_w = s * (10 - s) / 60
log_p = log_w - logsumexp(log_w)
p = np.exp(log_p)

print(f'dynamic range of p: {p.max():.3e} down to {p.min():.3e}')

Exception reporting mode: Minimal
dynamic range of p: 8.643e-02 down to 1.595e-109

24.4. The true value, and what aggregate returns

Naive convolution is the reference. It is 𝑂(𝑁2) and, as Wilson and Keich (2016) establishes, it pre-
serves relative accuracy at every entry because a sum of non-negative products cannot cancel. Ta-
ble 24.1 puts the three routes side by side.

truth = np.convolve(p, p)[S0:].sum()

n = 1 << int(np.ceil(np.log2(L * S_MAX + 1)))
fftc = np.fft.irfft(np.fft.rfft(p, n) ** L, n)[:L * S_MAX + 1][S0:].sum()

outcomes = ' '.join(str(int(k)) for k in s)
probs = ' '.join(repr(float(v)) for v in p)
obj = build(f'agg WK dfreq [{L}] dsev [{outcomes}] [{probs}]',

log2=10, bs=1, normalize=False)
agg = float(obj.agg_density[obj.xs >= S0].sum())

GT(pd.DataFrame([
{'method': 'naive convolution (reference)', 'P': truth,
'paper': '~6e-154'},
{'method': 'FFT-C', 'P': fftc, 'paper': '~3e-16'},
{'method': 'aggregate', 'P': agg, 'paper': 'n/a'},

]))

Table 24.1.: The tail probability by naive convolution, by textbook FFT-C and through the library,
against the paper’s quoted values.

method P paper
naive convolution (reference) 604.393e-156 ~6e-154
FFT-C -7.381e-18 ~3e-16
aggregate 58.947e-18 n/a
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In Table 24.1 the reference comes out at 6.043933e-154 against the paper’s quoted 6 × 10−154.
Both FFT routes return numbers of magnitude 10−17 where the answer is 10−154. Note that plain
FFT-C comes back negative here while aggregate comes back positive, and the paper’s own FFT-C
landed positive at 3 × 10−16. All three are the same quantity: accumulated rounding of a transform,
whose sign is arbitrary and whose magnitude is machine epsilon. Only the magnitude is meaning-
ful.

That is worth dwelling on, because it kills the most tempting diagnostic. A negative probability is
a free and unambiguous failure signal, and it does appear, both here in FFT-C and in several rows
on the Ben Rached et al. (2024) page. But it appears only about half the time. The other half the
method returns a positive, plausible, entirely wrong number. Sign checking catches some failures
and cannot be relied on to catch any particular one.

factor = abs(agg) / truth
print(f'|agg| exceeds the true value by {factor:.3e}, '

f'i.e. {np.log10(factor):.1f} orders of magnitude')
print('paper reports "more than 138" for its own FFT-C')

|agg| exceeds the true value by 9.753e+136, i.e. 137.0 orders of magnitude
paper reports "more than 138" for its own FFT-C

24.5. Where the pmf goes wrong

The tail sum fails because the individual convolved values fail. Locating the crossover shows how
far into the distribution aggregate can be trusted.

exact_pmf = np.convolve(p, p)
fft_pmf = np.fft.irfft(np.fft.rfft(p, n) ** L, n)[:L * S_MAX + 1]
rel = np.where(exact_pmf > 0,

np.abs(fft_pmf - exact_pmf) / np.where(exact_pmf > 0, exact_pmf, 1.0),
0.0)

bad = np.flatnonzero(rel > 1e-6)
print(f'first index with relative error above 1e-6: s = {bad[0]}, '

f'where the true pmf is {exact_pmf[bad[0]]:.3e}')
print(f'absolute deviation from truth: median {np.median(np.abs(fft_pmf - exact_pmf)):.3e}, '

f'max {np.abs(fft_pmf - exact_pmf).max():.3e}')

first index with relative error above 1e-6: s = 67, where the true pmf is 1.265e-13
absolute deviation from truth: median 1.735e-18, max 1.388e-17

The departure begins where the true pmf is around 10−12 to 10−13, and the absolute deviation sits at
machine epsilon regardless of position. That is the same floor found on the Ben Rached et al. (2024)
page from a completely different problem, and it is the general rule: FFT convolution is accurate
in absolute terms at order 𝜀, and therefore accurate in relative terms only while the values exceed
roughly 10−13.

24.6. The fix, applied

sFFT is the first half of sisFFT and is a few lines. Write
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𝑝𝜃(𝑠) =
𝑝(𝑠)𝑒𝜃𝑠
𝑀𝑝(𝜃)

, 𝑀𝑝(𝜃) = ∑
𝑠
𝑝(𝑠)𝑒𝜃𝑠.

The shift commutes with convolution, so 𝑝∗𝐿 is recovered exactly:

𝑝∗𝐿(𝑠) = 𝑀𝑝(𝜃)𝐿 𝑒−𝜃𝑠 𝑝∗𝐿𝜃 (𝑠).

Choosing 𝜃 so the tilted mean sits at 𝑠0/𝐿makes the values near 𝑠0 the largest in the vector, so FFT
roundoff is negligible relative to them. Everything is done in log space so that 𝑒𝜃𝑠 never overflows.

def sfft_tail(theta):
"""Keich's shifted FFT, in log space throughout."""
log_m = logsumexp(log_p + theta * s)
q = np.exp(log_p + theta * s - log_m)
m = 1 << int(np.ceil(np.log2(L * S_MAX + 1)))
conv = np.fft.irfft(np.fft.rfft(q, m) ** L, m)[:L * S_MAX + 1]
t = np.arange(L * S_MAX + 1)
keep = (t >= S0) & (conv > 0)
return np.exp(logsumexp(np.log(conv[keep]) + L * log_m - theta * t[keep]))

def tilted_mean_gap(theta):
lw = log_p + theta * s
w = np.exp(lw - lw.max())
return (w @ s) / w.sum() - S0 / L

theta0 = brentq(tilted_mean_gap, 0.0, 50.0)
print(f'theta0 = {theta0:.4f}')
print(f'sFFT = {sfft_tail(theta0):.6e}')
print(f'truth = {truth:.6e}')
print(f'relative error = {abs(sfft_tail(theta0) / truth - 1):.3e}')

theta0 = 3.4168
sFFT = 6.043933e-154
truth = 6.043933e-154
relative error = 6.106e-14

Thirteen significant figures, from the same FFT, at the same 𝑂(𝑁 log𝑁) cost, on a problem where
the unshifted version returns a negative number. That is the entire result.

24.6.1. The shift has a working window

A single shift is not unconditionally safe, which is why sisFFT wraps it in bounds and segmentation
rather than using it alone. Table 24.2 sweeps the shift.

rows = []
for th in [1.0, 2.0, 3.0, theta0, 4.0, 4.5, 5.0]:

v = sfft_tail(th)
rows.append({'theta': th, 'P': v, 'relative error': abs(v / truth - 1),

'note': 'theta0 (saddlepoint)' if th == theta0 else ''})
GT(pd.DataFrame(rows))
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Table 24.2.: The shifted tail probability across a range of tilts, showing the window in which the shift
works.

theta P relative error note
1.000 8.644e-96 1.43e+58
2.000 244.302e-150 4.04e+05
3.000 604.393e-156 4.44e-15
3.417 604.393e-156 6.11e-14 theta0 (saddlepoint)
4.000 604.393e-156 1.76e-12
4.500 604.376e-156 2.90e-05
5.000 498.449e-159 9.99e-01

In Table 24.2, under-tilting leaves the target below the roundoff floor. Over-tilting pushes the tilted
mass past the lattice boundary at 𝑠 = 127, so it piles up at the top and the region near 𝑠0 becomes
relatively small again, recreating the original problem from the other side. The usable window here
is roughly 𝜃 ∈ [3, 4] and 𝜃0 = 3.42 sits inside it, but a method that has to guess 𝜃 correctly is not a
method. sisFFT’s contribution is that it computes bounds and therefore knows.

24.7. An exact reference

Everything above rests on trusting naive convolution, on the theorem that a sum of non-negative
products cannot cancel. The trust is well placed, but since this chapter was written the library has
grown themeans to replace it with proof. The nttagg kind computes a bounded discrete compound
exactly, in rational arithmetic, and this problem sits squarely inside its envelope: a lattice pmf on
𝑠 = 0,… , 127 convolved with itself.
The pmf itself is transcendental, built from exponentials, so “exact” needs stating carefully. The
doubles actually handed to every method above are rational numbers, each exactly 𝑚/2𝑘, and the
exact engine can convolve precisely those. One wrinkle: the engine requires a pmf that sums to
exactly one, and the floats sum to 1 − 6.3 × 10−17. So we feed it the float pmf exactly renormalized,
dividing each entry by the exact rational sum 𝑆, andmultiply by 𝑆𝐿when comparing againstmethods
that used the raw floats. The result is the exact answer to the question the float pipeline was actually
asked, which is the right yardstick for a roundoff study: discretization of the exponential was never
the issue, and at 𝐿 = 2 on a lattice there is none.

from fractions import Fraction
import math

fr = [Fraction(float(v)) for v in p]
S = sum(fr) # the exact rational sum of the float pmf
q = [f / S for f in fr] # the float pmf, exactly renormalized
assert sum(q) == 1

outcomes_q = ' '.join(str(int(k)) for k in s)
probs_q = ' '.join(str(f) for f in q)
wk = build(f'nttagg WKExact dfreq [{L}] dsev [{outcomes_q}] [{probs_q}]')

pe = wk.p_exact
exact_tail = sum(pe[pe.index >= S0]) # a Fraction
scale = S ** L # back to the unnormalized floats

def certify(x):
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return float((Fraction(x) - exact_tail * scale) / (exact_tail * scale))

sfft = sfft_tail(theta0)
nttagg_tail = float(wk.density_df.loc[wk.density_df.index >= S0, 'p_total'].sum())

GT(pd.DataFrame([
{'method': 'exact (nttagg)', 'P': float(exact_tail),
'certified rel err': 0.0},
{'method': 'naive convolution', 'P': truth,
'certified rel err': certify(truth)},
{'method': 'sFFT at theta0', 'P': sfft,
'certified rel err': certify(sfft)},
{'method': 'FFT-C', 'P': fftc, 'certified rel err': certify(fftc)},
{'method': 'float pipeline (same object)', 'P': nttagg_tail,
'certified rel err': certify(nttagg_tail) if nttagg_tail else -1.0},

]))

Table 24.3.: Everymethod on the table, certified against the exact tail probability. The naive convolu-
tion reference is confirmed tomachine epsilon and the sFFT repair to thirteen significant
figures.

method P certified rel err
exact (nttagg) 604.393e-156 0.00e+00
naive convolution 604.393e-156 4.21e-17
sFFT at theta0 604.393e-156 6.12e-14
FFT-C -7.381e-18 -1.22e+136
float pipeline (same object) 0.000e+00 -1.00e+00

print(f'exact tail P = {float(exact_tail):.15e}')
print(f'log10 P = {math.log10(exact_tail.numerator) -
math.log10(exact_tail.denominator):.6f}')

exact tail P = 6.043933266692327e-154
log10 P = -153.218680

Three promotions happen in Table 24.3 at once. The reference is promoted: naive convolution agrees
with the exact rational tail to 4 × 10−17 relative, so the chapter’s foundation moves from theorem to
measurement. The repair is promoted: sFFT’s thirteen significant figures were previouslymeasured
against naive convolution and are now certified against exact arithmetic. And the paper’s quoted
𝑃 ≈ 6 × 10−154 gains its digits: the exact value is 6.0439 × 10−154, held as a ratio of integers with an
826-bit denominator. The float pipeline inside the same object, for its part, reports a tail of exactly
zero, which is at least amore honest failure than a plausible wrong number, and the raw signed noise
behind it is preserved in accuracy_df.

24.7.1. The crossover, read from the library

The section on where the pmf goes wrong located the crossover by hand, thresholding against
np.convolve. The exact object reports the same structure as a property. Table 24.4 shows the audit
record; the resolved, unresolved and underflow bucket counts partition the support into exactly the
regions the hand analysis found.
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adf = wk.accuracy_df
bad_q = adf[(adf.p_exact_float > 0) & (adf.rel_err.abs() > 1e-6)]
print(f'first bucket with relative error above 1e-6: s = {bad_q.index[0]:.0f}, '

f'where the exact pmf is {bad_q.p_exact_float.iloc[0]:.3e}')

first bucket with relative error above 1e-6: s = 64, where the exact pmf is 2.028e-12

GT(wk.ntt_audit.to_frame('value'))

Table 24.4.: The audit record of the exact computation. max_rel_err is taken over resolved buck-
ets only, those whose exact probability exceeds the float pipeline’s own noise floor; the
unresolved count is the tail the float pipeline never had.

level_0 value
support 254
transform_length 256
denominator_bits 826
primes_used 26
prime_bits_min 32
prime_bits_max 32
workers 4
engine python
engine_version
engine_protocol
transform_seconds 0.0057045998983085155
crt_seconds 0.0016194002237170935
limb_decode_seconds 0.0
max_abs_err 2.466907576201129e-17
max_rel_err 0.2383517271833104
rel_err_buckets 78
unresolved_buckets 177
underflow_buckets 0
noise_floor 2.2908624789245938e-18
exact_zero_nonzero_float 1

The hand analysis found the departure where the true pmf passes 10−12 to 10−13; the library’s per-
bucket frame puts the first relative error above 10−6 at 𝑠 = 66, where the exact pmf is 3.2 × 10−13.
The two agree, and the hand version is retained above as the independent check on the library’s own
diagnostic.

24.7.2. The envelope

This example is small, 128 support points and two claims. The exact engine’s envelope is consider-
ably larger, and one build shows its character.

import time

t0 = time.time()
dd = build('nttagg DiceOfDice dfreq [1:200] dsev [1:200]')
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elapsed = time.time() - t0

assert dd.p_exact_at(40000) == Fraction(1, 200 ** 201)
ddf = dd.density_df
deepest = ddf.p_exact_log10.replace(-np.inf, np.nan).min()
underflow = int(((ddf.p_exact_float == 0) & np.isfinite(ddf.p_exact_log10)).sum())
print(f'built in {elapsed:.2f} s; endpoint confirmed equal to 1/200^201 exactly')
print(f'deepest bucket carrying mass: 10^{deepest:.1f}; '

f'{underflow} nonzero buckets underflow to 0.0 as doubles')

GT(dd.ntt_audit.to_frame('value'))

built in 0.87 s; endpoint confirmed equal to 1/200^201 exactly
deepest bucket carrying mass: 10^-462.5; 277 nonzero buckets underflow to 0.0 as doubles

Table 24.5.: A 200-sided die thrown a 200-sided-die number of times, exactly. Support 40,000, a
1,537-bit common denominator, 49 primes, and 277 buckets whose exact probability
underflows every double.

level_0 value
support 40000
transform_length 65536
denominator_bits 1537
primes_used 49
prime_bits_min 32
prime_bits_max 32
workers 4
engine python
engine_version
engine_protocol
transform_seconds 2.786275899852626
crt_seconds 0.5030452996725217
limb_decode_seconds 0.0
max_abs_err 6.78786576029826e-19
max_rel_err 0.11588171367167198
rel_err_buckets 26322
unresolved_buckets 13678
underflow_buckets 277
noise_floor 3.8285889215894375e-19
exact_zero_nonzero_float 25536

The deepest bucket in Table 24.5 holds probability 10−462.5, which no double can represent:
p_exact_float reads zero on 277 buckets that provably carry mass, and p_exact_log10 is how
the exact answer stays visible below the representable range. The endpoint is confirmed equal
to 1/200201 by an exact comparison of integers, the pattern of the 10−40 check in the Wilson and
Keich (2016) chapter at four hundred more orders of magnitude. All of this runs in pure Python
in about a second and a half. An optional compiled engine, the Rust add-in aggregate-ntt, is
discovered automatically when installed and returns bit-identical answers; it works over 64-bit
primes rather than 32-bit, so it needs about half as many, and it extends the practical range to cases
like a 1000-sided die of dice, support 106 over a 9,976-bit denominator, in about eleven seconds.
This book deliberately runs the pure-Python reference path. The method and its development are
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the subject of two blog posts, Dice of Dice: The FFTMeets Exact Arithmetic and Dice of Dice: Exact
Finite FFTs.

24.8. Discussion

Three papers now agree on the diagnosis. Ben Rached et al. (2024) proves the FFT error is bounded
absolutely rather than relatively; Wilson and Keich (2016) exhibits it on adversarial pmfs; this paper
exhibits it on a benign one and reproduces here to the digit. aggregate sits exactly on the predicted
floor in all three.

They disagree on the prescription, and that disagreement is the useful part. Ben Rached et al. (2024)
abandons the FFT for direct convolution at𝑂(𝑁2), restricted to [0, 𝛾]. That is a real solution to a nar-
rower problem: it answers one question about one threshold, and it gives up the whole distribution.
aggregate cannot take that trade, because carrying the whole distribution is the point. Wilson and
Keich keep the FFT and repair it, which is the trade aggregate can take.

What this suggests for the library, in increasing order of ambition:

Detect. The cheapest useful change is a warning. The absolute error floor is roughly 𝜀‖𝑓‖1, which
is computable at build time with no extra work, and any returned probability below a small multiple
of it is noise. Negative density or negative tail mass should say so outright rather than being silently
returned or clipped. Today the failure is invisible unless the user happens to notice a minus sign.

Bound. The aFFT-C runtime boundwould let aggregatemarkwhich part of the computed density
is trustworthy, turning the floor from a caveat in the documentation into a property of the object.

Repair. An optional tilted build. For a fixed count and a target region this is close to what the
sfft_tail function above does, and the payoff is 13 significant figures where there are currently
none. The complication is that aggregate supports arbitrary frequency distributions, not just a fixed
𝐿, and the shift interacts with the probability generating function step, so this is a design question
and not a patch.

Since this chapter was written, the ladder has gained a rung that outranks Bound on this paper’s
own terrain. Compute. The nttagg kind answers the question “which part of the output is trust-
worthy” not with a bound but with the exact error, per bucket, and validation runs against exact
moments rather than estimated ones. Its envelope is precisely the setting of this paper and the last:
nonnegative integer outcomes, bounded support, rational probabilities. Everything outside that en-
velope, a continuous severity, an unbounded frequency, a tail probability of a lognormal, still has
only the float pipeline, which is whyRepair, the tilt, remains the open design question and why the
scope note below stands.

A note on scope, to keep the enthusiasm honest. Everything above concerns probabilities below
about 10−13. For pricing, reserving, capital and reinsurance the interesting range is 10−1 to 10−6,
where aggregate is accurate to four significant figures or better and none of this arises. The tilt
matters for the tail of the tail, and the strongest reason to want it is not that anyone needs a 10−154
answer, but that a library which silently returns one wrong by 138 orders of magnitude should at
least be able to say so.
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Part VI.

Rare events and the far tail
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25. Asmussen, Jensen and Rojas‐Nandayapa on the
lognormal left tail

Reproducing Asmussen, Jensen and Rojas-Nandayapa (2016)

25.1. The paper

Asmussen et al. (2016) studies the left tail of a sum of i.i.d. log-normals. The motivation is value at
risk: if a portfolio of 𝑛 assets has next-period values 𝑋1,… , 𝑋𝑛, each log-normal, then a loss corre-
sponds to a small value of 𝑆𝑛 = 𝑋1+⋯+𝑋𝑛, and Basel II asks for quantiles as extreme as𝛼 = 0.03%.

The distribution of a sum of 𝑛 lognormals 𝑆𝑛 is not available in explicit form and its
numerical approximation is considered to be a challenging problem. In consequence, a
number of methods for its evaluation has been developed across several decades, but
these can rarely deliver arbitrary precisions in the whole support of the distribution,
particularly in the tails.

The authors’ route is the Esscher transform. Because the right tail of the log-normal is heavy the
moment generating function does not exist, but the Laplace transform 𝐿(𝜃) = 𝖤𝑒−𝜃𝑋 is finite for all
𝜃 ≥ 0, so the exponential family tilted toward the left is well defined. They obtain an asymptotic
expression for 𝐿(𝜃) in terms of the Lambert𝑊 function, approximate the Cramér function 𝜃(𝑥) in
closed form, and from these build two estimators: a saddlepoint approximation to 𝐹𝑛(𝑛𝑥) and 𝑓𝑛(𝑛𝑥),
and an exponentially twisted importance sampling estimator.

This is exactly the sort of paper aggregate should be checked against, because unlike Ben Amar et
al. (2023) it reports the actual quantities rather than the cost of estimating them.

25.2. What is reproducible

Fourteen tables are reproduced. Two of them, Table 1 (Newton-Raphson iterates for the saddlepoint)
and Table 4 (powers of the Laplace transform), are internal to the authors’ algorithm and have no
counterpart here. The other twelve are the CDF and PDF of 𝑆𝑛 and are reproducible in full:

Table Quantity 𝑛 𝜎 Columns
2 CDF 4 0.250 Saddle0, Saddle1,

two Monte Carlo
variants

3 CDF 64 0.250 Saddle0, Saddle1
5 CDF 4 0.250 Saddle, MC with

standard error
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Table Quantity 𝑛 𝜎 Columns
6 CDF 64 0.250 Saddle, MC with

standard error
7 CDF 256 0.250 Saddle, MC with

standard error
8 CDF 64 0.125 Saddle, MC with

standard error
9 CDF 64 0.072 Saddle, MC with

standard error
10 to 14 PDF as above as above Saddle, MC with

standard error

The parameter choices are stated:

A yearly volatility of order 0.25 is often argued to be typical. We have considered periods
of lengths one year, one quarter, one month and one week, corresponding to 𝜎 = 0.25,
𝜎 = 0.125, 𝜎 = 0.072, resp. 𝜎 = 0.035. Real-life portfolios are often large, even in
the thousands; the values we have chosen are 𝑛 = 4, 16, 64, 256. […] In all numerical
experiments involving simulation we have employed 𝑅 = 100,000 replications.

Because the Monte Carlo columns carry standard errors, this is a reproduction with a built-in accep-
tance test: aggregate should sit within a standard error or two of the MC column.

25.3. Setup

Throughout, 𝑋 ∼ LN(0, 𝜎2), so in scipy parameterization the scale is 1 and the shape is 𝜎. Sums
are indexed so that every published table reports 𝐹𝑛(𝑛𝑥) and 𝑓𝑛(𝑛𝑥), that is, the argument is 𝑛 times
the tabulated 𝑥.

%xmode minimal
import numpy as np
import pandas as pd
from functools import partial

from bookstyle import GT, build

# Tail probabilities and relative errors read as powers of ten, not SI prefixes.
GT = partial(GT, eng_style='exp')

def lognormal_sum(n, sigma, log2=22, bs=2.0 ** -12):
"""S_n = X_1 + ... + X_n with X_i iid LN(0, sigma^2).

The count is deterministic, hence ``dfreq [n]``; the severity is written
in scipy scale-shape form, ``sev 1 * lognorm sigma``.
"""
return build(f'agg S dfreq [{n}] sev 1 * lognorm {sigma}',

log2=log2, bs=bs, normalize=False)

def compare(obj, rows, columns):
"""Assemble a comparison frame; ``rows`` are (x, n, paper values...)."""
return pd.DataFrame([dict(zip(columns, r)) for r in rows])

Exception reporting mode: Minimal
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25.4. Tables 5 and 10: 𝑛 = 4, 𝜎 = 0.25

The smallest case, and the most demanding for a saddlepoint approximation, whose error is 𝑂(1/𝑛)
at first order. The targets are Figure 25.1 and Figure 25.2, reproduced in Table 25.1.

Figure 25.1.: Asmussen, Jensen and Rojas-Nandayapa (2016), Table 5.

Figure 25.2.: Asmussen, Jensen and Rojas-Nandayapa (2016), Table 10.

S4 = lognormal_sum(4, 0.25)

paper = [(0.65, 1.53e-4, 1.61e-4, 1.83e-6, 1.90e-3, 1.88e-3),
(0.70, 1.24e-3, 1.30e-3, 1.37e-5, 1.23e-2, 1.22e-2),
(0.75, 6.54e-3, 6.92e-3, 6.66e-5, 5.15e-2, 5.08e-2),
(0.80, 2.40e-2, 2.55e-2, 2.24e-4, 1.49e-1, 1.47e-1),
(0.85, 6.59e-2, 7.11e-2, 5.61e-4, 3.16e-1, 3.16e-1),
(0.90, 1.44e-1, 1.55e-1, 1.10e-3, 5.25e-1, 5.24e-1)]

rows = []
for x, saddle, mc, se, saddle_pdf, mc_pdf in paper:

nx = 4 * x
cdf, pdf = S4.cdf(nx), S4.pdf(nx)
rows.append({'x': x, 'nx': nx,

'Saddle CDF': saddle, 'MC CDF': mc, 'agg CDF': cdf,
'z': (cdf - mc) / se,
'Saddle PDF': saddle_pdf, 'MC PDF': mc_pdf, 'agg PDF': pdf})

GT(pd.DataFrame(rows))
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Table 25.1.: Tables 5 and 10, 𝑛 = 4 at 𝜎 = 0.25, the CDF and PDF against the saddlepoint andMonte
Carlo columns.

x nx
Saddle
CDF

MC
CDF

agg
CDF z

Saddle
PDF

MC
PDF

agg
PDF

0.65000 2.600 0.00015 0.00016 0.00016 -1.03746 0.00190 0.00188 0.00187
0.70000 2.800 0.00124 0.00130 0.00130 -0.00791 0.01230 0.01220 0.01215
0.75000 3.000 0.00654 0.00692 0.00689 -0.51960 0.05150 0.05080 0.05077
0.80000 3.200 0.02400 0.02550 0.02552 0.07434 0.14900 0.14700 0.14734
0.85000 3.400 0.06590 0.07110 0.07071 -0.69297 0.31600 0.31600 0.31553
0.90000 3.600 0.14400 0.15500 0.15444 -0.50661 0.52500 0.52400 0.52328

Every agg value sits within about one Monte Carlo standard error of the MC column. The saddle-
point column is systematically 4% to 7% low, which is the expected 𝑂(1/𝑛) behavior at 𝑛 = 4.

25.5. Table 3: aggregate as referee between first and second order

Table 3, Figure 25.3, is the interesting one, because it reports the first-order and second-order sad-
dlepoint side by side with no Monte Carlo column to arbitrate between them.

General results for the saddlepoint approximation state that for a fixed 𝑥 the relative
error is 𝑂(1/𝑛) for the first order approximation and 𝑂(1/𝑛2) for the second order ap-
proximation.

aggregate supplies the missing reference value.

Figure 25.3.: Asmussen, Jensen and Rojas-Nandayapa (2016), Table 3.

S64 = lognormal_sum(64, 0.25)

paper = [(0.90, 8.693420e-06, 8.772302e-06),
(0.91, 3.951385e-05, 3.989503e-05),
(0.92, 1.575592e-04, 1.591772e-04),
(0.93, 5.538798e-04, 5.599406e-04),
(0.95, 4.782814e-03, 4.842303e-03),
(0.97, 2.646345e-02, 2.683567e-02),
(0.99, 9.774927e-02, 9.926919e-02)]
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rows = []
for x, s0, s1 in paper:

ref = S64.cdf(64 * x)
rows.append({'x': x, 'nx': 64 * x, 'Saddle0': s0, 'Saddle1': s1,

'agg': ref,
'Saddle0 rel err': s0 / ref - 1,
'Saddle1 rel err': s1 / ref - 1})

GT(pd.DataFrame(rows))

Table 25.2.: Table 3, the first and second order saddlepoint at 𝑛 = 64, with the library supplying the
missing reference column.

x nx Saddle0 Saddle1 agg
Saddle0
rel err

Saddle1
rel err

0.90000 57.60 8.693e-06 8.772e-06 8.771e-06 -8.87e-03 1.22e-04
0.91000 58.24 39.514e-06 39.895e-06 39.903e-06 -9.75e-03 -1.93e-04
0.92000 58.88 157.559e-06 159.177e-06 159.169e-06 -1.01e-02 4.97e-05
0.93000 59.52 553.880e-06 559.941e-06 559.801e-06 -1.06e-02 2.50e-04
0.95000 60.80 4.783e-03 4.842e-03 4.842e-03 -1.21e-02 1.64e-04
0.97000 62.08 26.463e-03 26.836e-03 26.833e-03 -1.38e-02 9.77e-05
0.99000 63.36 97.749e-03 99.269e-03 99.264e-03 -1.53e-02 4.97e-05

Table 25.2 is unambiguous. At 𝑛 = 64 the first-order saddlepoint runs from 0.9% to 1.5% low across
the range, and the second-order saddlepoint is correct to within three parts in 104 everywhere. The
second-order correction buys roughly two orders of magnitude, and aggregate can say so because
it is not itself a saddlepoint method.

A cleaner comparison is available because Tables 2 and 3 share the point 𝑥 = 0.90 at 𝜎 = 0.25,
differing only in 𝑛, and Table 25.3 makes it.

shared = [(4, 3.6, 0.1456850237, 0.1545557418, S4),
(64, 57.6, 8.693420e-06, 8.772302e-06, S64)]

rows = []
for n, nx, s0, s1, obj in shared:

ref = obj.cdf(nx)
rows.append({'n': n, 'x': 0.90, 'agg': ref,

'Saddle0 rel err': s0 / ref - 1,
'Saddle1 rel err': s1 / ref - 1})

GT(pd.DataFrame(rows))

Table 25.3.: The two saddlepoint orders at the one abscissa Tables 2 and 3 share, at 𝑛 = 4 and 𝑛 = 64.

n x agg
Saddle0
rel err

Saddle1
rel err

4 0.90000 154.443e-03 -5.67e-02 7.32e-04
64 0.90000 8.771e-06 -8.87e-03 1.22e-04

In Table 25.3 both orders improve by a factor of roughly six going from 𝑛 = 4 to 𝑛 = 64. That is far
short of the 16 and 256 that the stated 𝑂(1/𝑛) and 𝑂(1/𝑛2) rates would suggest, but the comparison
is not the one those rates describe: holding 𝑥 = 0.90 fixed while raising 𝑛 drives the probability from
0.154 down to 8.8×10−6, so the two rows are not in the same regime. Read it as a measurement, not
as a rate test.
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25.6. Tables 6 and 11: 𝑛 = 64, 𝜎 = 0.25

The targets are Figure 25.4 and Figure 25.5, reproduced in Table 25.4.

Figure 25.4.: Asmussen, Jensen and Rojas-Nandayapa (2016), Table 6.

Figure 25.5.: Asmussen, Jensen and Rojas-Nandayapa (2016), Table 11.

paper = [(0.9219, 59.00, 2.00e-4, 2.04e-4, 2.56e-6, 4.19e-4, 4.12e-4),
(0.9336, 59.75, 8.31e-4, 8.56e-4, 1.01e-5, 1.55e-3, 1.55e-3),
(0.9453, 60.50, 2.97e-3, 3.06e-3, 3.35e-5, 4.90e-3, 4.83e-3),
(0.9570, 61.25, 8.99e-3, 9.22e-3, 9.43e-5, 1.29e-2, 1.28e-2),
(0.9688, 62.00, 2.40e-2, 2.45e-2, 2.30e-4, 2.98e-2, 2.91e-2),
(0.9805, 62.75, 5.45e-2, 5.59e-2, 4.79e-4, 5.72e-2, 5.64e-2)]

rows = []
for x, nx, saddle, mc, se, saddle_pdf, mc_pdf in paper:

cdf, pdf = S64.cdf(nx), S64.pdf(nx)
rows.append({'x': x, 'nx': nx, 'Saddle CDF': saddle, 'MC CDF': mc,

'agg CDF': cdf, 'z': (cdf - mc) / se,
'Saddle PDF': saddle_pdf, 'MC PDF': mc_pdf, 'agg PDF': pdf})

GT(pd.DataFrame(rows))
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Table 25.4.: Tables 6 and 11, 𝑛 = 64 at 𝜎 = 0.25, the CDF and PDF against the saddlepoint andMonte
Carlo columns.

x nx
Saddle
CDF

MC
CDF

agg
CDF z

Saddle
PDF

MC
PDF

agg
PDF

0.92190 59.00 0.00020 0.00020 0.00020 -0.20914 0.00042 0.00041 0.00041
0.93360 59.75 0.00083 0.00086 0.00085 -0.17581 0.00155 0.00155 0.00154
0.94530 60.50 0.00297 0.00306 0.00304 -0.46655 0.00490 0.00483 0.00484
0.95700 61.25 0.00899 0.00922 0.00928 0.66760 0.01290 0.01280 0.01286
0.96880 62.00 0.02400 0.02450 0.02441 -0.38119 0.02980 0.02910 0.02915
0.98050 62.75 0.05450 0.05590 0.05583 -0.15317 0.05720 0.05640 0.05657

25.7. Tables 7 and 12: 𝑛 = 256, 𝜎 = 0.25

A 256-fold convolution, which is the case the authors describe as realistic for a large portfolio. It
costs the same single build. The targets are Figure 25.6 and Figure 25.7, reproduced in Table 25.5.

Figure 25.6.: Asmussen, Jensen and Rojas-Nandayapa (2016), Table 7.

Figure 25.7.: Asmussen, Jensen and Rojas-Nandayapa (2016), Table 12.

S256 = lognormal_sum(256, 0.25)

paper = [(0.9727, 249.0, 9.96e-5, 1.06e-4, 1.38e-6, 1.03e-4, 1.05e-4),
(0.9805, 251.0, 6.47e-4, 6.75e-4, 8.16e-6, 5.84e-4, 5.86e-4),
(0.9844, 252.0, 1.52e-3, 1.57e-3, 1.82e-5, 1.27e-3, 1.26e-3),
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(0.9883, 253.0, 3.52e-3, 3.43e-3, 3.79e-5, 2.73e-3, 2.57e-3),
(0.9922, 254.0, 6.70e-3, 7.02e-3, 7.41e-5, 4.78e-3, 4.87e-3),
(1.0000, 256.0, 2.39e-2, 2.50e-2, 2.37e-4, 1.42e-2, 1.45e-2)]

rows = []
for x, nx, saddle, mc, se, saddle_pdf, mc_pdf in paper:

cdf, pdf = S256.cdf(nx), S256.pdf(nx)
rows.append({'x': x, 'nx': nx, 'Saddle CDF': saddle, 'MC CDF': mc,

'agg CDF': cdf, 'z': (cdf - mc) / se,
'Saddle PDF': saddle_pdf, 'MC PDF': mc_pdf, 'agg PDF': pdf})

GT(pd.DataFrame(rows))

Table 25.5.: Tables 7 and 12, 𝑛 = 256 at 𝜎 = 0.25, the CDF and PDF against the saddlepoint and
Monte Carlo columns.

x nx
Saddle
CDF

MC
CDF

agg
CDF z

Saddle
PDF

MC
PDF

agg
PDF

0.97270 249 0.00010 0.00011 0.00010 -1.69690 0.00010 0.00011 0.00010
0.98050 251 0.00065 0.00068 0.00067 -0.05182 0.00058 0.00059 0.00059
0.98440 252 0.00152 0.00157 0.00157 -0.23734 0.00127 0.00126 0.00127
0.98830 253 0.00352 0.00343 0.00342 -0.32962 0.00273 0.00257 0.00256
0.99220 254 0.00670 0.00702 0.00702 0.05763 0.00478 0.00487 0.00485
1.00000 256 0.02390 0.02500 0.02491 -0.37478 0.01420 0.01450 0.01435

25.7.1. A probable error in the published table

The 𝑥 = 0.9883 row of Table 25.5 deserves attention. Everywhere else in Tables 7 and 12 the saddle-
point value sits below the Monte Carlo value, by 3% to 5% for the CDF and by 0% to 1.5% for the PDF,
which is the systematic bias expected of the approximation. At 𝑥 = 0.9883 both entries jump the
other way: the CDF is 3.0% above the reference and the PDF is 6.5% above, as Table 25.6 isolates.

paper = [(0.9727, 249.0, 9.96e-5, 1.06e-4, 1.03e-4, 1.05e-4),
(0.9805, 251.0, 6.47e-4, 6.75e-4, 5.84e-4, 5.86e-4),
(0.9844, 252.0, 1.52e-3, 1.57e-3, 1.27e-3, 1.26e-3),
(0.9883, 253.0, 3.52e-3, 3.43e-3, 2.73e-3, 2.57e-3),
(0.9922, 254.0, 6.70e-3, 7.02e-3, 4.78e-3, 4.87e-3),
(1.0000, 256.0, 2.39e-2, 2.50e-2, 1.42e-2, 1.45e-2)]

rows = []
for x, nx, saddle, mc, saddle_pdf, mc_pdf in paper:

cdf, pdf = S256.cdf(nx), S256.pdf(nx)
rows.append({'x': x,

'Saddle CDF vs agg': saddle / cdf - 1,
'MC CDF vs agg': mc / cdf - 1,
'Saddle PDF vs agg': saddle_pdf / pdf - 1,
'MC PDF vs agg': mc_pdf / pdf - 1})

GT(pd.DataFrame(rows))

278



Table 25.6.: Each published column as a relative difference from the library, showing the sign flip at
one abscissa.

x

Saddle
CDF vs
agg

MC
CDF vs
agg

Saddle
PDF vs
agg

MC
PDF vs
agg

0.97270 -0.03915 0.02259 -0.00689 0.01240
0.98050 -0.04088 0.00063 -0.00834 -0.00495
0.98440 -0.02918 0.00276 0.00017 -0.00771
0.98830 0.02999 0.00366 0.06475 0.00235
0.99220 -0.04616 -0.00061 -0.01489 0.00366
1.00000 -0.04059 0.00357 -0.01046 0.01044

In Table 25.6 the Monte Carlo columns agree with aggregate at every row, including 𝑥 = 0.9883,
where the CDF is within 0.33 standard errors and the PDF within 0.11. Only the two saddlepoint
entries are out of line, and they are out of line together. A single mis-solved 𝜃(𝑥) at that one abscissa
would produce exactly this pattern, since both the CDF and the PDF saddlepoint formulas take 𝜃(𝑥)
as input. The evidence points to an error in that row of the published tables rather than to a failure
of the method, but it is worth flagging rather than quietly averaging over.

25.8. Tables 8, 9, 13 and 14: shorter horizons

Quarterly and monthly volatility, 𝑛 = 64. The targets are Figure 25.8 and Figure 25.9, reproduced in
Table 25.7.

Figure 25.8.: Asmussen, Jensen and Rojas-Nandayapa (2016), Tables 8 and 9.
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Figure 25.9.: Asmussen, Jensen and Rojas-Nandayapa (2016), Tables 13 and 14.

cases = {
0.125: [(0.9500, 60.80, 8.37e-5, 8.51e-5, 3.55e-4, 3.58e-4),

(0.9563, 61.20, 4.15e-4, 4.16e-4, 1.58e-3, 1.56e-3),
(0.9625, 61.60, 1.70e-3, 1.69e-3, 5.73e-3, 5.70e-3),
(0.9688, 62.00, 5.87e-3, 5.88e-3, 1.73e-2, 1.72e-2),
(0.9750, 62.40, 1.73e-2, 1.78e-2, 4.41e-2, 4.49e-2),
(0.9812, 62.80, 4.40e-2, 4.45e-2, 9.54e-2, 9.56e-2)],

0.072: [(0.9703, 62.10, 1.44e-4, 1.43e-4, 9.99e-4, 9.84e-4),
(0.9734, 62.30, 5.35e-4, 5.37e-4, 3.39e-3, 3.39e-3),
(0.9766, 62.50, 1.76e-3, 1.78e-3, 1.01e-2, 1.01e-2),
(0.9797, 62.70, 5.17e-3, 5.26e-3, 2.65e-2, 2.68e-2),
(0.9828, 62.90, 1.36e-2, 1.37e-2, 6.19e-2, 6.17e-2),
(0.9859, 63.10, 3.17e-2, 3.21e-2, 1.26e-1, 1.26e-1)],

}

frames = []
for sigma, paper in cases.items():

obj = lognormal_sum(64, sigma)
for x, nx, saddle, mc, saddle_pdf, mc_pdf in paper:

frames.append({'sigma': sigma, 'x': x, 'nx': nx,
'Saddle CDF': saddle, 'MC CDF': mc,
'agg CDF': obj.cdf(nx),
'Saddle PDF': saddle_pdf, 'MC PDF': mc_pdf,
'agg PDF': obj.pdf(nx)})

GT(pd.DataFrame(frames))
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Table 25.7.: Tables 8, 9, 13 and 14, quarterly andmonthly volatility at 𝑛 = 64, against the saddlepoint
and Monte Carlo columns.

sigma x nx
Saddle
CDF

MC
CDF

agg
CDF

Saddle
PDF

MC
PDF

agg
PDF

0.12500 0.95000 60.80 0.00008 0.00009 0.00008 0.00036 0.00036 0.00035
0.12500 0.95630 61.20 0.00042 0.00042 0.00041 0.00158 0.00156 0.00156
0.12500 0.96250 61.60 0.00170 0.00169 0.00171 0.00573 0.00570 0.00569
0.12500 0.96880 62.00 0.00587 0.00588 0.00596 0.01730 0.01720 0.01738
0.12500 0.97500 62.40 0.01730 0.01780 0.01767 0.04410 0.04490 0.04452
0.12500 0.98120 62.80 0.04400 0.04450 0.04484 0.09540 0.09560 0.09597
0.07200 0.97030 62.10 0.00014 0.00014 0.00014 0.00100 0.00098 0.00099
0.07200 0.97340 62.30 0.00053 0.00054 0.00054 0.00339 0.00339 0.00338
0.07200 0.97660 62.50 0.00176 0.00178 0.00178 0.01010 0.01010 0.01012
0.07200 0.97970 62.70 0.00517 0.00526 0.00523 0.02650 0.02680 0.02662
0.07200 0.98280 62.90 0.01360 0.01370 0.01366 0.06190 0.06170 0.06163
0.07200 0.98590 63.10 0.03170 0.03210 0.03181 0.12600 0.12600 0.12563

At 𝜎 = 0.072 the summands are nearly deterministic and all three methods coincide to three figures.
The interest is at 𝜎 = 0.25, where they separate.

25.9. Discussion

Twelve tables, both CDF and PDF, 𝑛 from 4 to 256, 𝜎 from 0.072 to 0.25, all reproduced from five
build calls. aggregate sits inside the Monte Carlo error bars throughout, which is the acceptance
test the paper itself supplies.

The more useful outcome is the referee role. The paper reports two saddlepoint orders and a Monte
Carlo estimate with 100,000 replications, and in several places they disagree at the third significant
figure. Because aggregate is neither a saddlepoint expansion nor a sampler, it can adjudicate: the
second-order saddlepoint is accurate to a few parts in 104 at 𝑛 = 64, the first-order version is about
1% low, and where the two published columns conflict at 𝑛 = 256 the Monte Carlo column is the
one to trust.

None of this diminishes the paper. The saddlepoint approximation costs almost nothing to evaluate
once the Lambert 𝑊 machinery is in place, and it extends to regimes far beyond what any grid
method can reach. The reproduction below 10−13 is not attempted here for exactly that reason, and
the companion page on Ben Rached et al. (2024) explains where the FFT floor sits and why refining
the grid does not move it.

The parameterization is worth recording, since it is the one place a reproduction can silently go
wrong. The paper writes 𝑋 ∼ LN(0, 𝜎2)with 𝜇 = 0 throughout, noting that 𝜇 is only a scaling factor,
and tabulates against 𝑥while evaluating at 𝑛𝑥. In DecL that is sev 1 * lognorm sigmawith dfreq
[n], and the argument to cdf is 𝑛𝑥.
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26. Ben Amar et al. on state‐dependent importance
sampling

Reproducing Ben Amar, Ben Rached, Haji-Ali and Tempone (2023)

26.1. The paper

Ben Amar et al. (2023) proposes a state-dependent importance sampling scheme for quantities of
the form

𝛼 = 𝖤[𝑔(𝑆𝑁)], 𝑆𝑁 =
𝑁
∑
𝑛=1

𝑋𝑛,

with the 𝑋𝑛 independent and positive. The change of measure is a hazard rate twist whose twist-
ing parameter is allowed to depend on the current partial sum and on time, and the optimal state-
dependent parameters are found by solving a stochastic optimal control problem backward in time
on amesh. The authors call the resulting estimatorHRT-SOC, and an accelerated variant that shares
one control across a block of summands HRT-SOC-AG.

The two worked applications are both log-normal:

1. the left tail 𝖯(𝑆𝑁 ≤ 𝛾𝑡ℎ), which is the outage probability at the output of a diversity receiver;
2. the CDF of a ratio, 𝖯(𝑋0/(𝑆𝑁 + 𝜂) ≤ 𝛾𝑡ℎ) = 𝖤[𝐹𝑋0(𝛾𝑡ℎ(𝑆𝑁 + 𝜂))], the outage probability with

co-channel interference.

26.2. What is reproducible, and what is not

The paper contains no tables. All ten figures report efficiency metrics: the number of simulation
runs 𝑀 needed for a 5% relative error (Figures 2, 4, 7, 9), CPU seconds (Figures 3, 5, 8, 10), and
estimator variance against mesh size 𝐾 (Figure 1). None of that is reproducible here, and none of it
should be. Those figures measure how expensive four importance sampling schemes are, which is
orthogonal to what aggregate does.

What is reproducible is the quantity all four estimators are chasing. The authors quote it in passing,
to tell the reader how rare the regime is, and there are seven such anchors scattered through the
captions and body text. Two are given to two significant figures. This page checks all seven.

There is also a direct invitation in the paper’s own method. To make the block variant tractable the
authors need the density of a partial sum of i.i.d. log-normals, and write:
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Given that the PDF of sums of i.i.d. log-normal RVs is unknown, we suggest approxi-
mating it using a univariate log-normal PDF 𝑓𝑌𝑚+1(⋅), whose parameters are computed
using moment matching.

That approximation sits inside their algorithm. It is the object aggregate computes to machine-
adjacent precision, which is the theme of this page.

26.3. Setup

%xmode minimal
import numpy as np
import pandas as pd
from functools import partial

from bookstyle import GT, build

# Tail probabilities and relative errors read as powers of ten, not SI prefixes.
GT = partial(GT, eng_style='exp')
from scipy.stats import lognorm

XI = np.log(10) / 10 # 0.2302585..., the dB conversion constant

def db(x):
"""Decibels to linear power ratio."""
return 10.0 ** (x / 10.0)

Exception reporting mode: Minimal

The paper states its parameters in decibels: N = 10, m = 0 dB, sigma = 3 dB. The convention is
the standard one for log-normal shadowing: if 𝑋 is the linear power, then 10 log10 𝑋 ∼ 𝒩(𝑚dB, 𝜎2dB).
In scipy parameterization that is a lognorm with shape 𝑠 = 𝜎dB ⋅ ln(10)/10 and scale 10𝑚dB/10.

def sum_of_lognormals(n, m_db, sigma_db, log2=22, bs=2.0 ** -11):
"""S_n = X_1 + ... + X_n, i.i.d. log-normal stated in dB.

The count is deterministic, so the DecL frequency clause is ``dfreq [n]``
and the severity is given in scipy scale-shape form.
"""
shape = sigma_db * XI
scale = db(m_db)
program = f'agg S{n} dfreq [{n}] sev {scale} * lognorm {shape}'
return build(program, log2=log2, bs=bs, normalize=False)

S10 = sum_of_lognormals(10, 0.0, 3.0)
print(f'E[S_10] from agg {S10.est_m:.10f}')
print(f'E[S_10] exact {10 * np.exp((3 * XI) ** 2 / 2):.10f}')

E[S_10] from agg 12.6945213162
E[S_10] exact 12.6945213162

One build produces the whole distribution. Every threshold below is then a lookup, not a fresh
estimation problem.
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26.4. Application 1: left tail of a log‐normal sum

Here are the relevant passages and the value each one pins down:

Figure 2 plots the number of samples, required for the various approaches, to ensure
TOL = 5% as a function of 𝛾𝑡ℎ. The range of 𝛾𝑡ℎ ensures a range of probabilities between
2 × 10−12 and 6 × 10−6.

For example, the number of simulations reduces by about 41,775 times for a small thresh-
old (4 dB), corresponding to an OP value of 2 × 10−12.

However, for an OP greater than 3.6 × 10−8, the proposed approach is more expensive
than others due to the additional computational time for the backward step.

The last of these is the useful one. It is quoted to two significant figures and the threshold is not
stated, so it doubles as a test of whether the whole setup has been read correctly. Sweeping on a half
dB grid locates it, in Table 26.1.

anchors = {4.0: '2e-12 quoted, "small threshold (4 dB)"',
5.5: '3.6e-8 quoted crossover, two significant figures',
6.5: '6e-6 quoted top of the range'}

rows = []
for g_db in np.arange(4.0, 7.01, 0.5):

rows.append({'gamma_th (dB)': g_db,
'gamma_th': db(g_db),
'P(S_10 <= gamma_th)': S10.cdf(db(g_db)),
'paper': anchors.get(round(g_db, 1), '')})

GT(pd.DataFrame(rows))

Table 26.1.: The outage probability swept on a half dB grid, against the three values the text quotes.

gamma_th
(dB) gamma_th

P(S_10 <=
gamma_th) paper

4.000 2.512 2.336e-12 2e-12 quoted, ”small threshold (4 dB)”
4.500 2.818 76.124e-12
5.000 3.162 1.903e-09
5.500 3.548 36.686e-09 3.6e-8 quoted crossover, two significant

figures
6.000 3.981 547.212e-09
6.500 4.467 6.314e-06 6e-6 quoted top of the range
7.000 5.012 56.527e-06

All three are reproduced successfully in Table 26.1. The 5.5 dB row gives 3.669e-8 against a quoted
3.6e-8, and it also reveals that Figures 2 and 3 sweep 𝛾𝑡ℎ on a half dB grid from 4.0 to 6.5, which is
not stated anywhere in the text.

The second experiment fixes the threshold and varies the number of antennas:

The range of the OP is between 10−5 and 2.5 × 10−12 when using a range between nine
and 13 antennae and a fixed threshold 𝛾𝑡ℎ = 6 dB.
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rows = []
for n in [9, 10, 11, 12, 13]:

Sn = sum_of_lognormals(n, 0.0, 3.0)
rows.append({'N': n,

'P(S_N <= 3.98107)': Sn.cdf(db(6)),
'paper': {9: '1e-5', 13: '2.5e-12'}.get(n, '')})

GT(pd.DataFrame(rows))

Table 26.2.: The outage probability against the antenna count at a fixed 6 dB threshold, with the two
endpoints the text quotes.

N P(S_N <= 3.98107) paper
9 14.906e-06 1e-5
10 547.212e-09
11 13.457e-09
12 225.340e-12
13 2.610e-12 2.5e-12

In Table 26.2, 𝑁 = 9 gives 1.49e-5 against a quoted 10−5, and 𝑁 = 13 gives 2.61e-12 against a
quoted 2.5e-12. The latter is a 4% discrepancy, which sits inside the paper’s own 5% relative error
tolerance.

26.5. Application 2: CDF of a ratio

Conditioning on the interferers turns the ratio into an expectation:

𝑃out = 𝖯( 𝑋0
∑𝑁

𝑛=1 𝑋𝑛 + 𝜂
≤ 𝛾𝑡ℎ) = 𝖤[𝐹𝑋0(𝛾𝑡ℎ(𝑆𝑁 + 𝜂))] .

This is the form aggregate handles most naturally. Because the build already returns the full dis-
cretized density of 𝑆𝑁 , the expectation of any measurable 𝑔 is a dot product. The paper needs a
bespoke estimator, a backward dynamic programming solve, and a mesh for each new 𝑔. Table 26.3
sweeps the threshold.

S10b = sum_of_lognormals(10, 0.0, 4.0) # interferers, sigma = 4 dB
xs, density = S10b.xs, S10b.agg_density
shape0, scale0 = 4 * XI, db(10.0) # desired signal, m0 = 10 dB, sigma0 = 4 dB
eta = db(-10.0) # noise variance

def p_out(g_db):
"""E[F_X0(gamma_th (S_N + eta))] as a dot product against the density."""
gth = db(g_db)
return float(density @ lognorm.cdf(gth * (xs + eta), shape0, scale=scale0))

quoted = {-25.0: '3e-8 quoted crossover',
-24.0: '1e-7 quoted, the Figures 9 and 10 setting'}

rows = [{'gamma_th (dB)': g, 'P_out': p_out(g), 'paper': quoted.get(g, '')}
for g in np.arange(-30.0, -17.9, 1.0)]

GT(pd.DataFrame(rows))
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Table 26.3.: The outage probability of the ratio swept over threshold, against the two values the text
quotes.

gamma_th (dB) P_out paper
-30 36.527e-12
-29 150.242e-12
-28 599.049e-12
-27 2.309e-09
-26 8.578e-09
-25 30.653e-09 3e-8 quoted crossover
-24 105.130e-09 1e-7 quoted, the Figures 9 and 10 setting
-23 345.445e-09
-22 1.086e-06
-21 3.262e-06
-20 9.354e-06
-19 25.584e-06
-18 66.709e-06

Both quoted values land in Table 26.3: −25 dB gives 3.065e-8 against 3e-8, and−24 dB gives 1.051e-7
against a quoted “approximately 10−7”.

26.6. Figure 6

Figure 6, Figure 26.1, is the one figure in the paper that is not an efficiency metric. It plots the
density of 𝑆𝑁 , the functional 𝑔, and the unnormalized optimal importance sampling density 𝑔 ⋅ 𝑓𝑆𝑁 ,
tomotivate why sampling from the original measure wastes effort. Figure 26.2 is the reproduction.
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Figure 26.1.: Ben Amar et al (2023), Figure 6.

import matplotlib.pyplot as plt

gth = db(-18.0)
g_vals = lognorm.cdf(gth * (xs + eta), shape0, scale=scale0)
f_vals = density / S10b.bs # bucket mass to density
product = g_vals * f_vals

window = (xs > 0) & (xs < 60)
fig, ax = plt.subplots(1, 1, figsize=(6.0, 3.5), layout='constrained')
ax.plot(xs[window], f_vals[window], label=r'$f_{S_N}$')
ax.plot(xs[window], g_vals[window], label=r'$g$')
ax.plot(xs[window], product[window], label=r'$g \cdot f_{S_N}$ (unnormalized)')
ax.set_yscale('log')
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ax.set_ylim(1e-9, 1)
ax.set_xlabel(r'$x$')
ax.set_ylabel('density')
ax.legend(loc='lower right', fontsize=8)
ax.set_title('Why importance sampling is needed', fontsize=10)

print(f'E[g(S)] = P_out(-18 dB) {product.sum() * S10b.bs:.6e}')
print(f'mode of f_S {xs[np.argmax(f_vals)]:.4f}')
print(f'mode of g . f_S {xs[np.argmax(product)]:.4f}')

E[g(S)] = P_out(-18 dB) 6.670881e-05
mode of f_S 12.6343
mode of g . f_S 20.8047

0 10 20 30 40 50 60
x

10−8

10−6

10−4

10−2

100
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fSN

g
g ⋅ fSN  (unnormalized)

Figure 26.2.: Reproduction of Figure 6. N=10, m0=10 dB, sigma0=4 dB, m=0 dB, sigma=4 dB,
gamma_th=-18 dB, eta=-10 dB.

The rightward shift of the optimal sampling density is the whole point of Figure 26.1, and in Fig-
ure 26.2 it comes out at 12.63 against 20.80. Note that aggregate draws this figure with the exact
𝑓𝑆𝑁 , not with the moment-matched log-normal surrogate the paper’s own method has to fall back
on.

26.7. Where the FFT method breaks down

The 4 dB target is 2 × 10−12, which is close to the floor of a double precision FFT. Table 26.4 shows
how close.

rows = []
for log2, bs in [(20, 2.0 ** -9), (21, 2.0 ** -10), (22, 2.0 ** -11),

(23, 2.0 ** -12), (24, 2.0 ** -13)]:
Sx = sum_of_lognormals(10, 0.0, 3.0, log2=log2, bs=bs)
rows.append({'log2': log2, 'bs': f'2^{int(np.log2(bs))}',
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'P(S_10 <= 2.51189)': Sx.cdf(db(4))})
df = pd.DataFrame(rows)
lo, hi = df['P(S_10 <= 2.51189)'].min(), df['P(S_10 <= 2.51189)'].max()
print(f'spread across five grids: {(hi / lo - 1) * 100:.2f}%')
GT(df)

spread across five grids: 1.09%

Table 26.4.: The 4 dB probability across five grid settings, showing the spread the floor leaves behind.

log2 bs P(S_10 <= 2.51189)
20 2^-9 2.358e-12
21 2^-10 2.343e-12
22 2^-11 2.336e-12
23 2^-12 2.332e-12
24 2^-13 2.334e-12

Two to three significant figures, and no more. The value is 2.33e-12 to 2.36e-12 across five grids
spanning a factor of 16 in resolution. For a page like this that is a feature: it showswhere themethod’s
floor actually is. The companion page on Ben Rached et al. (2024) quantifies that floor precisely, and
it explains why it cannot be pushed lower by refining the grid.

26.8. Discussion

Ben Amar et al. (2023) is a variance reduction paper. Its contribution is an estimator, not a number,
and the numbers exist only to establish that the regime is rare enough to be interesting. So the
interesting comparison is not “does aggregatematch their estimate” but “what does it cost to obtain
the quantity at all”. Their best estimator needs a backward dynamic programming solve on a mesh
of 𝐾 = 20 points for each of𝑁 steps, followed by𝑀 forward samples, and it delivers 5% relative error.
The build above delivers the entire left tail curve, every threshold at once, to two or three significant
figures, in a few seconds.

The second application is the sharper illustration. aggregate returns a density, and 𝖤[𝑔(𝑆𝑁)] for
any 𝑔 is then a dot product against it. Changing 𝑔 costs nothing. In the importance sampling frame-
work, changing 𝑔 changes the optimal control, so the entire backward solve has to be redone. That
asymmetry, one distribution against one estimator per functional, is the argument.

The limits are obviously in the deep tail, where double precision FFT convolution runs out below
roughly 10−13, and any severity whose right tail is too heavy to carry on a uniform grid. Both are
explored on the Ben Rached et al. (2024) page.
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27. Ben Rached, Hoel and Meo on the FFT accuracy
floor

Reproducing Ben Rached, Hoel and Meo (2024), and testing its central claim against aggregate

27.1. Introduction

Ben Rached et al. (2024) is a paper about aggregate’s FFT-based method, and its central claim is a
criticism of it.

The authors compute𝛼 = 𝖯(∑𝑛
𝑖=1 𝑋𝑖 < 𝛾) for small 𝛾 by discretizing the severity density on a uniform

mesh and convolving it 𝑛 times. That is what aggregate does. The difference is the convolution:
they use direct summation, and they argue, with a theorem and with numerical evidence, that using
the FFT instead loses relative accuracy in the deep left tail.

We further compare direct-based convolution to FFT-based convolution, and show by
formal theoretical arguments and in numerical experiments that FFT-based convolution
is more sensitive to rounding errors and a less reliable method when the magnitude of
the probability of failure is sufficiently small.

Their Lemma 4 and Theorem 3 make this quantitative. The FFT error is bounded in absolute terms,
proportional to machine epsilon times the total mass, whereas direct convolution admits a relative
bound, because summing and multiplying non-negative floating point numbers never cancels:

when 𝛼 ≪ 1, the result indicates that for a given resolution 𝑁, the relative error may be
substantially smaller for direct-based convolution than for FFT-based convolution.

So this example has two jobs. First, to reproduce what the paper publishes. And second, take the
criticism seriously and find out exactly where aggregate stops working.

27.2. What is reproducible

Three published tables carry values rather than convergence rates.

• Table 6, Figure 27.1: CDF and PDF of 𝑆16 for 𝑋𝑖 ∼ LN(0, 0.1252), ten values of 𝑥with 𝛾 = 16𝑥,
quoted to four significant figures, computed two independent ways (their convolutionmethod
and their implementation of the saddlepoint method of Asmussen et al. (2016)) which agree.

• Table 3, Figure 27.2: a reference solution column for the same distribution, computed at 512-
bit precision, spanning𝛼 from 1.63×10−4 down to 2.05×10−83, alongside themeasured relative
error of 64-bit direct convolution and of FFT at four precisions.
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• Table 4, Figure 27.3: the same for Lévy summands, where the exact answer is known in closed
form because the Lévy distribution is stable.

Figures 1 to 5 are convergence plots and are not reproduced here.

27.3. Setup

%xmode minimal
import numpy as np
import pandas as pd
from functools import partial

from bookstyle import GT, build

# Tail probabilities and relative errors read as powers of ten, not SI prefixes.
GT = partial(GT, eng_style='exp')
from scipy.special import erfc

def lognormal_sum(n, sigma, log2=22, bs=2.0 ** -13):
return build(f'agg S dfreq [{n}] sev 1 * lognorm {sigma}',

log2=log2, bs=bs, normalize=False)

S16 = lognormal_sum(16, 0.125)
print(f'E[S_16] from agg {S16.est_m:.10f}')
print(f'E[S_16] exact {16 * np.exp(0.125 ** 2 / 2):.10f}')

Exception reporting mode: Minimal
E[S_16] from agg 16.1254895553
E[S_16] exact 16.1254895553

27.4. Table 6: CDF and PDF

The problem is 𝛼 = 𝐹𝑌 (𝛾) with 𝛾 = 16𝑥, 𝑌 = ∑16
𝑖=1 𝑋𝑖, 𝑋𝑖 ∼ LN(0, 𝜎2) and 𝜎 = 0.125. The paper

notes a caveat on its own saddlepoint column:

Note that the values calculatedwith our implementation of the saddlepointmethod gives
slightly different values compared with the values listed in the paper (Asmussen et al.
2016) (±1 in the third digit of the significand).

Figure 27.1.: Ben Rached, Hoel and Meo (2024), Table 6, approximations of the CDF and PDF of 𝑌 .
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paper = [(0.70, 1.761e-31, 5.873e-30), (0.80, 9.806e-14, 1.829e-12),
(0.85, 3.031e-08, 3.975e-07), (0.90, 1.631e-04, 1.388e-03),
(0.91, 5.955e-04, 4.577e-03), (0.92, 1.911e-03, 1.318e-02),
(0.93, 5.423e-03, 3.332e-02), (0.94, 1.368e-02, 7.416e-02),
(0.95, 3.081e-02, 1.460e-01), (0.98, 1.901e-01, 5.520e-01)]

rows = []
for x, cdf_paper, pdf_paper in paper:

gamma = 16 * x
cdf, pdf = S16.cdf(gamma), S16.pdf(gamma)
rows.append({'x': x, 'gamma': gamma,

'paper CDF': cdf_paper, 'agg CDF': cdf,
'CDF rel err': abs(cdf / cdf_paper - 1),
'paper PDF': pdf_paper, 'agg PDF': pdf,
'PDF rel err': abs(pdf / pdf_paper - 1)})

GT(pd.DataFrame(rows))

Table 27.1.: Table 6, the CDF and PDF of 𝑆16 at ten thresholds, against the published values.

x gamma paper CDF agg CDF
CDF rel
err paper PDF agg PDF

PDF rel
err

0.70000 11.20 176.100e-33 -49.396e-18 2.80e+14 5.873e-30 -4.018e-18 6.84e+11
0.80000 12.80 98.060e-15 98.010e-15 5.06e-04 1.829e-12 1.829e-12 2.67e-04
0.85000 13.60 30.310e-09 30.325e-09 4.89e-04 397.500e-09 397.542e-09 1.05e-04
0.90000 14.40 163.100e-06 163.093e-06 4.26e-05 1.388e-03 1.388e-03 2.63e-04
0.91000 14.56 595.500e-06 595.518e-06 2.97e-05 4.577e-03 4.577e-03 6.05e-05
0.92000 14.72 1.911e-03 1.912e-03 4.75e-04 13.180e-03 13.185e-03 3.73e-04
0.93000 14.88 5.423e-03 5.422e-03 2.60e-04 33.320e-03 33.319e-03 3.22e-05
0.94000 15.04 13.680e-03 13.674e-03 4.61e-04 74.160e-03 74.160e-03 4.58e-06
0.95000 15.20 30.810e-03 30.814e-03 1.35e-04 146.000e-03 145.958e-03 2.89e-04
0.98000 15.68 190.100e-03 190.099e-03 5.31e-06 552.000e-03 552.043e-03 7.81e-05

In Table 27.1 nine of the ten rows reproduce to between 5 × 10−6 and 1.2 × 10−3 relative, in both
the CDF and the PDF. Since the paper quotes four significant figures, that is agreement to the last
published digit almost everywhere.

The first row fails completely. The target is 1.761×10−31 and aggregate returns 3.4× 10−17, wrong
by fourteen orders of magnitude. That is precisely the effect the paper was written about, and the
next section measures it.

27.5. Table 3: locating the floor

Table 3 is the experiment that motivates the paper. The reference solution is computed with 512-bit
arithmetic, and the other columns give relative error for 64-bit direct convolution and for FFT at 32,
64, 128 and 256 bits. The published 64-bit FFT column is reproduced here so that aggregate can
be placed against it.
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Figure 27.2.: Ben Rached, Hoel and Meo (2024), Table 3.

# gamma, reference solution, published relative error of the authors' 64-bit FFT
paper = [(8.8, 2.05e-83, 1.67e+67), (9.6, 1.02e-61, 1.27e+45),

(10.4, 1.04e-44, 2.23e+28), (11.2, 1.76e-31, 2.94e+15),
(12.0, 2.45e-21, 3.20e+04), (12.8, 9.81e-14, 2.37e-03),
(13.6, 3.03e-08, 1.23e-08), (14.4, 1.63e-04, 4.37e-13)]

rows = []
for gamma, ref, fft64_rel in paper:

val = S16.cdf(gamma)
rows.append({'gamma': gamma, 'reference': ref, 'agg': val,

'agg rel err': abs(val / ref - 1),
'agg abs err': abs(val - ref),
'paper FFT64 rel err': fft64_rel,
'paper FFT64 abs err': fft64_rel * ref})

GT(pd.DataFrame(rows))

Table 27.2.: Table 3, the 512-bit reference solution against the library and the paper’s own 64-bit FFT,
in relative and absolute terms.

gamma reference agg
agg rel
err

agg abs
err

paper
FFT64
rel err

paper
FFT64
abs err

8.80 20.500e-84 30.241e-18 1.48e+66 3.02e-17 1.67e+67 3.42e-16
9.60 102.000e-63 22.145e-18 2.17e+44 2.21e-17 1.27e+45 1.30e-16
10.40 10.400e-45 -19.935e-18 1.92e+27 1.99e-17 2.23e+28 2.32e-16
11.20 176.000e-33 -49.396e-18 2.81e+14 4.94e-17 2.94e+15 5.17e-16
12.00 2.450e-21 -41.301e-18 1.69e+04 4.13e-17 3.20e+04 7.84e-17
12.80 98.100e-15 98.010e-15 9.13e-04 8.96e-17 2.37e-03 2.32e-16
13.60 30.300e-09 30.325e-09 8.19e-04 2.48e-11 1.23e-08 3.73e-16
14.40 163.000e-06 163.093e-06 5.71e-04 9.31e-08 4.37e-13 7.12e-17

Read the last two columns of Table 27.2 together. The paper’s own 64-bit FFT has a relative error that
explodes as 𝛾 falls, from 4×10−13 to 1.7×1067, but its absolute error never leaves the band 7×10−17 to
5×10−16. aggregate shows the identical signature, with an absolute error pinned between 9×10−18
and 7 × 10−17 on every row where the target is smaller than that. The two implementations differ
in almost every detail, and they land on the same wall, because the wall is machine epsilon and not
the implementation.

The 𝛾 = 12 row is the sharpest single check. The paper’s FFT64 relative error is 3.20 × 104 against a
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reference of 2.45× 10−21, implying an absolute error of 7.8 × 10−17. aggregate returns 7.07× 10−17
where the true answer is 2.45 × 10−21, so its absolute error is also 7.07 × 10−17. Two unrelated FFT
codes agreeing to 10% on the magnitude of their own roundoff noise is a strong confirmation of
Theorem 3.

27.5.1. The floor does not move

If this were a resolution problem, refining the grid would fix it. Table 27.3 shows it is not.

rows = []
for log2, bs, padding in [(22, 2.0 ** -13, 1), (22, 2.0 ** -13, 2),

(23, 2.0 ** -13, 2), (24, 2.0 ** -14, 2)]:
obj = build('agg S dfreq [16] sev 1 * lognorm 0.125',

log2=log2, bs=bs, padding=padding, normalize=False)
rows.append({'log2': log2, 'bs': f'2^{int(np.log2(bs))}',

'padding': padding,
'F(12.0) [true 2.45e-21]': obj.cdf(12.0),
'F(12.8) [true 9.81e-14]': obj.cdf(12.8),
'F(14.4) [true 1.63e-04]': obj.cdf(14.4)})

GT(pd.DataFrame(rows))

Table 27.3.: Three probabilities across four grid settings, showing which are stable under refinement
and which are noise.

log2 bs padding

F(12.0)
[true

2.45e-21]

F(12.8)
[true

9.81e-14]

F(14.4)
[true

1.63e-04]
22 2^-13 1 -41.301e-18 98.010e-15 163.093e-06
22 2^-13 2 -81.443e-18 97.993e-15 163.093e-06
23 2^-13 2 -99.080e-18 97.955e-15 163.093e-06
24 2^-14 2 16.561e-18 98.126e-15 163.135e-06

In Table 27.3, across a factor of four in resolution and both padding settings, F(12.0) wanders be-
tween −8.4 × 10−17 and +1.0 × 10−16, changing sign. A quantity that flips sign under refinement is
not converging to anything; it is noise. Meanwhile F(12.8) is stable to three figures and F(14.4)
to six.

So the operating range is clear. For this problem aggregate is accurate to roughly four significant
figures down to 𝛼 ≈ 10−13, and returns nothing usable below that. The transition is abrupt because
the error is absolute: once the target drops below the noise, there is no partial credit.

27.6. Table 4: Lévy summands, and a harder limit

Table 4 replaces the log-normal with 𝑋𝑖 ∼ Lévy(0, 0.1). This is a stable law, so 𝑌 = ∑16
𝑖=1 𝑋𝑖 ∼

Lévy(0, 25.6) and the answer is exact:

𝛼 = 𝖯(𝑌 ≤ 𝛾) = erfc(√12.8/𝛾) .
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Figure 27.3.: Ben Rached, Hoel and Meo (2024), Table 4.

levy = build('agg L dfreq [16] sev 0.1 * levy',
log2=22, bs=2.0 ** -12, normalize=False)

rows = []
for gamma, published in [(0.05, 2.33e-113), (0.1, 1.28e-57), (0.2, 1.12e-29),

(0.5, 8.34e-13), (1.0, 4.20e-07)]:
rows.append({'gamma': gamma, 'paper': published,

'exact erfc': erfc(np.sqrt(12.8 / gamma)),
'agg': levy.cdf(gamma)})

GT(pd.DataFrame(rows))

V:\worktrees\aggregate_REFACTOR\src\aggregate\_aggregate.py:4481: DefectiveDistributionWarning:
L: aggregate PMF deficit 1.256e-01 (Σp = 1 − 1.256e-01 < 1); forwards and backwards S diverge by
the deficit (forwards > backwards). Further occurrences this session are suppressed; each object
records its own verdict in validation.
rv = self.update_work(xs, debug=debug, x_min=x_min, x_max=x_max,

Table 27.4.: Table 4, Lévy summands, where the closed form is exact and the library fails on every
row.

gamma paper exact erfc agg
0.05000 23.300e-114 23.285e-114 10.453e-09
0.10000 1.280e-57 1.278e-57 20.900e-09
0.20000 11.200e-30 11.224e-30 41.780e-09
0.50000 834.000e-15 834.186e-15 104.249e-09
1.00000 420.000e-09 420.039e-09 628.666e-09

In Table 27.4 aggregate fails on every row, and this time the reason is not roundoff. The Lévy
density has 𝖯(𝑋 > 𝑥) ∼ √2𝑐/(𝜋𝑥), a right tail so heavy that the mean is infinite. No uniform grid
of finite extent can carry it: aggregate raises DefectiveDistributionWarning and reports a mass
deficit of about 12.6%, and the missing mass wraps around the circular convolution straight into the
region being measured.

The values returned, between 10−8 and 6 × 10−7, are that wrapped mass and nothing else. Note
that they barely vary with 𝛾 across sixteen orders of magnitude of true probability, which is the
giveaway.

This is a genuine and structural limitation, not a tuning problem, and it is worth stating plainly. The
direct convolution of Ben Rached et al. (2024) does not suffer it because themethod never represents
the distribution outside [0, 𝛾] at all. It builds the left tail without ever needing to know where the
bulk is.
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27.7. Discussion

Two conclusions, one comfortable and one not.

The comfortable one is that Table 6 reproduces almost exactly. Nine rows, CDF and PDF, four sig-
nificant figures, from one build call, against a method the authors cross-validated against an inde-
pendent saddlepoint implementation. For probabilities down to about 10−13, aggregate is doing
what a purpose-built rare-event method does.

The uncomfortable one is that the authors are right about the FFT. Their Theorem 3 predicts an
absolute error floor of order machine epsilon, and aggregate sits on that floor to within a factor
of a few. Below 𝛼 ≈ 10−13 the output is noise, it changes sign under refinement, and no amount of
grid refinement or padding recovers it. Anyone using aggregate for very small left-tail probabilities
needs to know this, and needs a way to detect it. The refinement test above is that way: build twice
at different resolutions and compare. Stability to several figures is evidence; a sign change is proof
of failure.

It is worth being clear about what the tradeoff buys, because the comparison is not one-sided. The
direct convolution method is 𝑂(𝑁2 log2 𝑛) against 𝑂(𝑁 log𝑁 log2 𝑛) for the FFT, and it obtains its
relative accuracy by restricting attention to [0, 𝛾], which means it answers one question about one
threshold. aggregate carries the whole distribution, which is what makes every quantile, every tail
expectation, every distortion premium and every allocation a lookup rather than a re-solve. The
floor is the price of the bulk. For actuarial work, where the interesting probabilities are between
10−1 and 10−6 and the interesting questions are about the whole distribution rather than one point,
that is a good trade. For a 10−31 outage probability at a single threshold it is the wrong tool, and this
paper says so correctly.

There is an obvious way to extend the reach, and it is the one Asmussen et al. (2016) uses: tilt.
Replace the severity density 𝑓 by the Esscher transform 𝑓𝜃(𝑥) = 𝑒−𝜃𝑥𝑓(𝑥)/𝐿(𝜃), build the aggregate
from the tilted severity, and recover the true probability from the likelihood ratio 𝐿(𝜃)𝑛𝑒𝜃𝛾. Under
the tilted measure the left tail is no longer rare, so the FFT never has to resolve a 10−31 number, and
the ratio of bulk to tail that creates the floor disappears. That is not implemented here, and it would
need care with the choice of 𝜃 and with the normalization, but it is the natural route if the deep tail
ever matters.
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28. Liu, Wu and Yao on k‐moment tilting

Reproducing Liu, Wu and Yao (2026)

28.1. Introduction

Liu et al. (2026) estimates the right-tail probability

𝛼𝑢 = 𝖯(𝑆𝑛 > 𝑢), 𝑆𝑛 =
𝑛
∑
𝑖=1

𝑋𝑖,

for independent, not necessarily identically distributed, positive 𝑋𝑖 and large 𝑢. Their method is k-
moment tilting (KMT), an importance sampling scheme that tilts eachmarginal by a power rather
than by an exponential:

𝑔𝑖(𝑥) =
𝑥𝑘𝑖𝑓𝑖(𝑥)
𝖤𝑓𝑖 [𝑋

𝑘𝑖
𝑖 ]

, 𝑘𝑖 ∈ [0, ̄𝑘𝑖).

The reason for a power rather than an exponential is immediate: exponential tilting needs a finite
moment generating function, which heavy-tailed laws do not have. A power tilt only needs a finite
𝑘-th moment, so it survives on the Pareto. Since 𝑔𝑖/𝑓𝑖 is non-decreasing, the tilted variable stochas-
tically dominates the original, which is what fixes the low hit rate.

The paper’s three claims are that KMT (i) applies to heavy- and light-tailed marginals under the gen-
eral independent non-identically distributed setting, where hazard rate twisting cannot go because
it assumes a single common hazard function, (ii) admits closed-form optimal tilting parameters ob-
tained byminimizing a deterministic upper bound rather than the intractable secondmoment, with
a clean characterization of the rare-event threshold 𝑢0 below which no tilting is needed, and (iii)
is asymptotically optimal for the Pareto family, and beats the HRT-SOC scheme of Ben Amar et al.
(2023) on computational time by roughly 9.6-fold at 𝑢 = 800.
That last comparison is the thread back to the rest of this group. Ben Amar et al. (2023) is the state-
dependent stochastic controlmethod reproduced on its own page, and its weakness, that a backward
recursion must be re-solved for each problem, is precisely what KMT is designed to avoid:

KMT determines the optimal tilting parameter 𝑘∗ via a one-step procedure, namely
by solving a single scalar equation, after which sampling proceeds without further ad-
justment. Conversely, HRT-SOC’s state-dependent mechanism requires backward re-
cursion and repeated pathwise recomputations, introducing substantial computational
overhead that limits its practical efficiency.
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Figure 28.1 sets out the numerical experiments those claims rest on.

Figure 28.1.: Liu et al (2026), Section 4, the numerical experiments.

28.2. What is reproducible

Unlike Ben Amar et al. (2023), this paper reports the probabilities, and it is careful about where its
reference values come from. That makes it the best reproduction target of the group. Table 28.1 is
the inventory.

Table 28.1.: Every published value this page reproduces, its setting and where the paper’s reference
comes from.

Table Setting Threshold Reference Provenance
1 i.i.d. Pareto,

𝛼 = 2.5, 𝑥𝑚 = 1,
𝑛 = 5

𝑢 =
400, 800, 1200

16.28, 2.81, 1.01 ×
10−7

CMC, 4.5 × 1010
samples
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Table Setting Threshold Reference Provenance
2 i.n.d. Pareto,

𝛼 = (2.5…2.9),
𝑥𝑚 =
(1, 1.1, 1.2, 0.9, 0.8)

𝑢 = 800 1.25 × 10−7 CMC, 3.6 × 1010
samples

2 as above 𝑢 = 444000 1.13 × 10−14 asymptotic,
∑𝑖 𝖯(𝑋𝑖 > 𝑢)

C.1 i.n.d. shifted
exponential, 𝜆 =
(1.0, 1.2, 1.4, 1.5, 1.8)

𝑢 = 25, 28 2.73 × 10−7,
1.40 × 10−8

exact,
hypoexponential

The Table C.1 references are exact in closed form, and the Table 2 reference at 𝑢 = 444000 is an
analytic asymptotic. Both are checked independently in Table 28.3 before any of them is used to
judge aggregate.

The estimator variances and CPU timings in all three published tables measure KMT and are not
reproducible here, nor should they be. Figure 28.2 and Figure 28.4 are the pages they appear on.

Figure 28.2.: Liu et al (2026), Tables 1 and 2.
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28.3. Setup, and one parameterization trap

%xmode minimal
import warnings

import numpy as np
import pandas as pd
from functools import partial

from bookstyle import GT, build

# Tail probabilities and relative errors read as powers of ten, not SI prefixes.
GT = partial(GT, eng_style='exp')
from scipy.integrate import IntegrationWarning

# The Type I Paretos below have alpha near 2.5, so the tail integrals aggregate
# evaluates for the severity moments really are slowly convergent and scipy says
# so, 39 times. The warning is expected here and carries no information, and
# because it prints an absolute path it also overflows the pdf text block by
# 255pt each time. Filtered by category rather than blanket-suppressed, so any
# other warning from this chapter still shows.
warnings.filterwarnings('ignore', category=IntegrationWarning)

ALPHAS = [2.5, 2.6, 2.7, 2.8, 2.9]
XM = [1.0, 1.1, 1.2, 0.9, 0.8]
LAM = [1.0, 1.2, 1.4, 1.5, 1.8]

Exception reporting mode: Minimal

The paper uses the Type I Pareto,

𝑓𝑖(𝑥) =
𝛼𝑖𝑥𝛼𝑖𝑚,𝑖
𝑥𝛼𝑖+1 1{𝑥≥𝑥𝑚,𝑖},

so 𝑥𝑚,𝑖 enters as a scale, not as a location shift. This is the one place a reproduction silently goes
wrong. In DecL, sev pareto 2.5 is scipy.stats.pareto(2.5) with unit scale, giving support
[1,∞) and mean 𝛼/(𝛼 − 1). To move the support to [𝑥𝑚,∞) with the paper’s shape you must write
sev {xm} * pareto {alpha}. Writing sev pareto {alpha} + {xm - 1} also puts the support in
the right place but produces a shifted Pareto with a different tail, and the resulting probabilities are
low by a few percent. Table 28.2 pins the convention on the severity means.

rows = []
for prog, want in [('sev 1 * pareto 2.5', 2.5 * 1.0 / 1.5),

('sev 1.1 * pareto 2.6', 2.6 * 1.1 / 1.6),
('sev 1.2 * pareto 2.7', 2.7 * 1.2 / 1.7)]:

obj = build(f'agg T dfreq [1] {prog}', log2=18, bs=1 / 64, normalize=False)
rows.append({'DecL': prog, 'agg mean': obj.est_m,

'paper mean, a xm/(a-1)': want})
GT(pd.DataFrame(rows))
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Table 28.2.: Three Pareto severities written as scale times shape, each mean against the paper’s
𝛼𝑥𝑚/(𝛼 − 1).

DecL
agg
mean

paper mean,
a xm/(a-1)

sev 1 * pareto 2.5 1.667 1.667
sev 1.1 * pareto 2.6 1.788 1.788
sev 1.2 * pareto 2.7 1.906 1.906

Before trusting the paper’s own reference values, Table 28.3 checks the three that are analytic.

def asymptotic(u):
"""Sum_i P(X_i > u) for Type I Pareto: the Table 2 reference at u=444000."""
return sum((x / u) ** a for a, x in zip(ALPHAS, XM))

def hypoexponential_sf(t, lam):
"""Exact survival of a sum of independent exponentials with distinct rates."""
lam = np.asarray(lam)
return sum(np.prod(np.delete(lam, i) / (np.delete(lam, i) - li)) * np.exp(-li * t)

for i, li in enumerate(lam))

GT(pd.DataFrame([
{'quantity': 'Table 2, u=444000', 'recomputed': asymptotic(444000.0),
'paper': 1.13e-14},
{'quantity': 'Table C.1, u=25', 'recomputed': hypoexponential_sf(25.0 - sum(XM), LAM),
'paper': 2.73e-7},
{'quantity': 'Table C.1, u=28', 'recomputed': hypoexponential_sf(28.0 - sum(XM), LAM),
'paper': 1.40e-8},

]))

Table 28.3.: The Table 2 asymptotic and the two exact Table C.1 references, recomputed from their
closed forms.

quantity recomputed paper
Table 2, u=444000 11.331e-15 11.300e-15
Table C.1, u=25 272.986e-09 273.000e-09
Table C.1, u=28 14.014e-09 14.000e-09

All three reproduce to the quoted precision in Table 28.3, which confirms the Type I reading and the
shift convention 𝑋𝑖 = 𝑌 𝑖 + 𝑥𝑚,𝑖 in the light-tailed case.

28.4. Table 1: i.i.d. Pareto

Five i.i.d. Pareto variables is dfreq [5] against a single severity, and Table 28.4 is the result.

iid = build('agg T dfreq [5] sev 1 * pareto 2.5',
log2=22, bs=1 / 16, padding=1, normalize=False)

rows = []
for u, ref, kmt in [(400, 1.628e-6, 1.612e-6), (800, 2.81e-7, 2.78e-7),

(1200, 1.01e-7, 1.00e-7)]:
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s = iid.density_df.loc[u, 'S']
rows.append({'u': u, 'agg': s, 'paper CMC reference': ref,

'rel err vs reference': abs(s / ref - 1),
'KMT at 1e7 samples': kmt})

GT(pd.DataFrame(rows))

Table 28.4.: Table 1, the i.i.d. Pareto tail probability at three thresholds, against the paper’s Monte
Carlo reference and its KMT estimate.

u agg

paper
CMC

reference
rel err vs
reference

KMT at
1e7

samples
400 1.630e-06 1.628e-06 9.87e-04 1.612e-06
800 282.041e-09 281.000e-09 3.70e-03 278.000e-09

1,200 101.636e-09 101.000e-09 6.30e-03 100.000e-09

Table 28.4 agrees to between 0.1% and 0.6%. The reference itself comes from 4.5×1010 CMC samples,
whose own relative standard error at 𝛼 ≈ 10−7 is about 0.5%, so aggregate is inside the reference’s
precision at every threshold and is at least as accurate as the KMT column at 107 samples.
The estimator variances in Table 1 are not reproducible, but they are still usable: they turn the paper
into the formal acceptance test of Table 28.5. If aggregate is right, it should fall inside the KMT
estimator’s own confidence interval.

kmt = [(400, 1.612e-6, 1.39e-16), (800, 2.78e-7, 6.51e-18),
(1200, 1.00e-7, 1.08e-18)] # estimate and variance at 1e7 samples

rows = []
for u, est, var in kmt:

sd = var ** 0.5
s = iid.density_df.loc[u, 'S']
rows.append({'u': u, 'KMT estimate': est, 'KMT sd': sd,

'lower 3 sd': est - 3 * sd, 'agg': s, 'upper 3 sd': est + 3 * sd,
'z score': (s - est) / sd,
'inside': abs(s - est) < 3 * sd})

GT(pd.DataFrame(rows))

Table 28.5.: The computed probability against a three standard error band around each KMT esti-
mate.

u
KMT

estimate KMT sd lower 3 sd agg upper 3 sd
z

score inside
400 1.612e-06 11.790e-09 1.577e-06 1.630e-06 1.647e-06 1.493 True
800 278.000e-09 2.551e-09 270.346e-09 282.041e-09 285.654e-09 1.584 True

1,200 100.000e-09 1.039e-09 96.882e-09 101.636e-09 103.118e-09 1.574 True

In Table 28.5 aggregate sits within 1.6 standard errors of the KMT estimate at all three thresholds,
which is what an unbiased estimator and an exact computation should do relative to one another.
The 𝑧 scores are notably consistent, all near +1.5, which would suggest a small downward bias in
the tabulated 107-sample estimates if it were not for the fact that three points is too few to say so, and
nothing in the paper indicates whether the three rows come from independent runs.
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28.5. Table 2: i.n.d. Pareto, and where this stops working

Distinct shapes and locations means a port of five one-claim aggregates. Figure 28.3 is the paper’s
comparison against HRT-SOC and Table 28.6 the reproduction.

Figure 28.3.: Liu et al (2026), the i.n.d. comparison against HRT-SOC.

units = '\n'.join(f'\tagg P{i} dfreq [1] sev {x} * pareto {al}'
for i, (al, x) in enumerate(zip(ALPHAS, XM)))

ind = build('port Paretos hints{log2=22;bs=1/8;padding=1;normalize=False}\n' + units)

rows = []
for u, ref, kind in [(800, 1.25e-7, 'CMC, 3.6e10 samples'),

(444000, 1.13e-14, 'asymptotic')]:
s = ind.density_df.loc[u, 'S']
rows.append({'u': u, 'agg': s, 'paper reference': ref,

'reference kind': kind, 'ratio agg / reference': s / ref})
GT(pd.DataFrame(rows))

Table 28.6.: Table 2, the i.n.d. Pareto tail probability at two thresholds, against a Monte Carlo and an
asymptotic reference.

u agg
paper

reference reference kind
ratio agg /
reference

800 125.284e-09 125.000e-09 CMC, 3.6e10 samples 1.00
444,000 17.504e-12 11.300e-15 asymptotic 1,549.07

The 𝑢 = 800 row of Table 28.6 lands at 0.2%, against a reference built from 3.6 × 1010 Monte Carlo
samples.
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The 𝑢 = 444000 row is wrong by a factor of about 1550, and it is worth being precise about why,
because the reason is not the model and not the parameterization. It is accumulated FFT roundoff.
aggregate forms 𝑆(𝑢) by summing bucket masses above 𝑢, each carrying a rounding error of order
machine epsilon times the local scale. Those errors are individually negligible and do not cancel, so
the total scales with the number of buckets summed. At bs = 1/8 there are 642,304 buckets above
444000 and the accumulated bias swamps a 10−14 answer.
That diagnosis makes a testable prediction: coarsen the grid, sum fewer buckets, and the answer
should come back. Table 28.7 runs it.

rows = []
for bs, log2 in [(1 / 8, 22), (1.0, 20), (8.0, 18), (64.0, 16),

(512.0, 13), (4096.0, 10)]:
p = build(f'port P hints{{log2={log2};bs={bs};padding=1;normalize=False}}\n' + units)
xs = p.density_df.index.values
i = np.searchsorted(xs, 444000.0)
s = float(p.density_df['S'].iloc[i])
rows.append({'bs': bs, 'log2': log2, 'x_max': xs[-1],

'buckets above u': len(xs) - i, 'agg S(444000)': s,
'ratio to reference': s / asymptotic(444000.0)})

GT(pd.DataFrame(rows))

Table 28.7.: The 𝑢 = 444000 probability as the grid is coarsened, against the number of buckets
summed above the threshold.

bs log2 x_max
buckets
above u

agg
S(444000)

ratio to
reference

0.12 22 524.288e+03 642,304 17.504e-12 1,544.84
1.00 20 1.049e+06 604,576 3.933e-12 347.09
8.00 18 2.097e+06 206,644 883.404e-15 77.96
64.00 16 4.194e+06 58,598 197.287e-15 17.41
512.00 13 4.194e+06 7,324 44.853e-15 3.96

4,096.00 10 4.190e+06 915 11.324e-15 1.00

Table 28.7 behaves exactly as predicted, and monotonically. From 642,304 buckets down to 915,
the ratio falls from 1545 to 1.01. At bs = 4096 the computed value is 1.1435 × 10−14 against the
asymptotic reference 1.1331×10−14, a 0.9% agreement, and the small remaining excess is the genuine
difference between the exact probability and the first-order asymptotic, which should be positive.

The practical lesson is counterintuitive andworth stating plainly: for a very small right-tail proba-
bility, coarsen the grid. Fine buckets buy resolution you do not need and pay for it in accumulated
noise you cannot afford. This is the same absolute error floor documented on the Ben Rached et al.
(2024) and Wilson and Keich (2017) pages, in a third guise: there it capped the depth of a left tail,
here it caps the depth of a right tail, and in both cases it is proportional to how much of the density
gets summed.
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28.6. Table C.1: light‐tailed, against an exact reference

Figure 28.4.: Liu et al (2026), Section C, light-tailed results.

Here 𝑋𝑖 = 𝑌 𝑖 + 𝑥𝑚,𝑖 with 𝑌 𝑖 ∼ Exp(𝜆𝑖), so the shift genuinely is a shift and DecL’s + is correct. The
reference is exact, which makes Table 28.8 the sharpest comparison in the paper.

units_lt = '\n'.join(f'\tagg C{i} dfreq [1] sev {1 / l} * expon + {x}'
for i, (l, x) in enumerate(zip(LAM, XM)))

lt = build('port LT hints{log2=18;bs=1/1024;padding=1;normalize=False}\n' + units_lt)

rows = []
for u, kmt7, kmt8 in [(25, 2.30e-7, 2.72e-7), (28, 1.58e-8, 1.31e-8)]:

s = lt.density_df.loc[u, 'S']
exact = hypoexponential_sf(u - sum(XM), LAM)
rows.append({'u': u, 'exact': exact, 'agg': s,

'agg rel err': abs(s / exact - 1),
'KMT 1e7': kmt7, 'KMT 1e7 rel err': abs(kmt7 / exact - 1),
'KMT 1e8': kmt8, 'KMT 1e8 rel err': abs(kmt8 / exact - 1)})

GT(pd.DataFrame(rows))
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Table 28.8.: Table C.1, the light-tailed tail probability at two thresholds, against the exact hypoexpo-
nential value.

u exact agg
agg rel
err KMT 1e7

KMT
1e7 rel
err KMT 1e8

KMT
1e8 rel
err

25 272.986e-09 272.855e-09 4.81e-04 230.000e-09 1.57e-01 272.000e-09 3.61e-03
28 14.014e-09 14.008e-09 4.84e-04 15.800e-09 1.27e-01 13.100e-09 6.53e-02

aggregatematches the exact value to about 5 × 10−4 at both thresholds. For comparison, KMT at
108 samples is 0.4% off at 𝑢 = 25 and 6.5% off at 𝑢 = 28, and at 107 samples it is 16% and 13% off.
On this problem one deterministic build is between one and two orders of magnitude more accurate
than 108 importance samples, and the gap widens as the event gets rarer, which is the opposite of
how a sampler behaves.

That is not a criticism of KMT, whose target is generality rather than precision on a five-variable
convolution. It is a statement about which tool fits this particular question.

28.7. Discussion

Three of the paper’s four reference points reproduce cleanly, two of themagainst references the paper
itself derived analytically rather than by simulation. The fourth, 𝑢 = 444000, exceeds what a double
precision FFT can deliver at a fine grid, and the grid study locates that boundary precisely rather
than leaving it as a caveat.

The comparison worth drawing is with Ben Amar et al. (2023), reproduced on its own page. That
paper reported no probabilities at all, only sample counts and CPU seconds, and the seven usable
numbers had to be dug out of prose. This one tabulates the estimates, states the provenance of every
reference, and gives exact referenceswhere exact references exist. The result is that it can be checked,
and it checks out. Papers that report what they computed are more useful than papers that report
only how fast they computed it, and this is a clean illustration.

On the substance, KMT looks right for what it claims. The power tilt is the natural move for a
distribution with no moment generating function, minimizing a deterministic upper bound instead
of the secondmoment is the standard tractable surrogate, and the threshold 𝑢0 characterizing where
tilting starts to help is a genuinely useful practical output that most rare-event papers do not provide.
The honest limitation, which the authors state, is independence: the whole construction is a product
of marginal tilts, and dependence is listed as future work.

For the library, the note to carry forward is the parameterization trap and the grid lesson. Type
I Pareto takes 𝑥𝑚 as a scale, sev {xm} * pareto {alpha}, and getting that wrong costs a few
percent in a way that shrinks with 𝑢 and so looks like a convergence issue rather than a specification
error. And when the target probability approaches 10−13, the question to ask is not whether the grid
is fine enough but whether it is too fine.
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29. The left tail methods of Asmussen, Ben Amar and
Ben Rached

Taking stock of Asmussen (2016), Ben Amar (2023) and Ben Rached (2024)

29.1. Summary of Asmussen et al. (2016), Ben Amar et al. (2023), Ben
Rached et al. (2024)

The specific test problems are the weak part. “Outage probability of a diversity receiver in log-
normal fading” is a canonical benchmark that gets reused paper after paper, and for the parameter
ranges actually tabulated, a careful convolution on a laptop gets four significant figures in seconds.
Asmussen’s entire apparatus, Lambert W asymptotics for the Laplace transform, an approximate
Cramér function, acceptance-rejection from the tilted density, 100,000 replications, reproduces in
five build calls. That is a comment on the choice of benchmark, not on the mathematics.

There is also a spurious-precision problem underneath. Ben Amar computes a 2 × 10−12 outage
probability to 5% relative accuracy. Nobody knows a fading distribution to twelve significant figures.
The model error exceeds the numerical error by fifty orders of magnitude, so the accuracy being
competed over is not accuracy about anything.

But the methods are not nonsense, and the 2024 paper is the proof. Ben Rached, Hoel and Meo
are the ones who broke ranks and asked “why not just convolve it”, and in doing so produced the
sharpest result of the three: a theorem about when convolution fails, which turns out to be a precise
and checkable statement about aggregate’s own numerical floor. It located that floor for the first
time. That is a real contribution, and it came out of the cottage industry rather than despite it.

The honest line is that importance sampling and saddlepoint methods earn their keep where grids
genuinely die: dependence between summands, dimension above one, summands on wildly differ-
ent scales, and tails below double precision. The published test problems exercise none of those,
which is why they look easy. If you want the papers to look hard, correlate the log-normals.

The framing that fits is that these are three papers about the same problem in which aggregate is
the referee rather than the competitor. It confirms Asmussen’s second-order saddlepoint, catches
a bad row in his table, lands on Ben Amar’s seven quoted values, and then fails exactly where Ben
Rached’s theorem says it must.
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Part VII.

A paper that did not reproduce
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30. Jin, Provost and Ren’s moment‐based density
approximations

Assessing Jin, Provost and Ren (2016)

30.1. Verdict

Jin et al. (2016) was ranked Tier 1 in the candidate assessment, on the reading that it offers “fully-
specified Poisson/NegBin x Gamma/IG/Pareto with FFT comparison tables” and that one could “re-
produce the FFT column exactly”. Reading the paper closely, that is not right, and the error is worth
recording because it is easy to make from an abstract.

The paper has two halves. In the univariate half there are six fully specified compound models
and no tabulated output at all: every result is a figure, and the numbered tables are Kolmogorov-
Smirnov statistics computed against simulated samples, not distribution values. Exactly one pub-
lished number in the whole half can be checked, and it checks out.

In the bivariate half there are eight tables with an FFT column, 96 reference values, and they are
genuine. But the dependence structure is a common shock on the claim counts, which is not the
dependence aggregate’s bivariate construct expresses. The joint law is reproducible with a short
direct transform built on aggregate’s severity discretization, and it is reproduced below, but that is
a demonstration of what the library would need rather than a use of what it has.

So: not a reproduction. What follows is the evidence.

30.2. What the paper does

The method is moment based. Approximate the density of 𝑆 = 𝑋 ∣ 𝑋 > 0 by a gamma base density
times a polynomial,

̃𝑓𝑆,𝑡(𝑠) = 𝑔(𝑠)
𝑡
∑
𝑟=0

𝑐𝑟𝑠𝑟,

with 𝑔 a gamma matched to the first two moments of 𝑆 and the 𝑐𝑟 recovered from a linear system
matching the first 𝑡. The appeal is that it needs only moments, so it works from sample moments
when the frequency and severity are not separately known. The benchmark throughout is the FFT,
which the authors treat as ground truth.
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%xmode minimal
import numpy as np
import pandas as pd
from bookstyle import GT, build

Exception reporting mode: Minimal

30.3. The one checkable univariate number

Example 1 is 𝑁 ∼ Poisson(3), 𝑈 ∼ 𝛾(3, 2), polynomial order 𝑡 = 15. The text states: “it then
follows from (2.4) that the base distribution is gamma (2.684349, 7.056877)”. Those two numbers
are functions of the first twomoments of 𝑆 = 𝑋 ∣ 𝑋 > 0, with 𝜏 = 1−𝖯(𝑁 = 0) and 𝜇𝑆(𝑎) = 𝜇𝑋(𝑎)/𝜏,
and Table 30.1 recovers them.

a = build('agg J 3 claims sev 2 * gamma 3 poisson', log2=18, bs=1 / 64,
normalize=False)

tau = 1 - np.exp(-3.0)
ex1 = a.actual_m
ex2 = a.actual_m ** 2 * (1 + a.actual_cv ** 2)
mu1, mu2 = ex1 / tau, ex2 / tau
GT(pd.DataFrame([

{'quantity': 'E[X]', 'aggregate': ex1, 'exact': 18.0},
{'quantity': 'E[X^2]', 'aggregate': ex2, 'exact': 468.0},
{'quantity': 'base gamma shape alpha',
'aggregate': mu1 ** 2 / (mu2 - mu1 ** 2), 'exact': 2.684349},
{'quantity': 'base gamma scale theta',
'aggregate': (mu2 - mu1 ** 2) / mu1, 'exact': 7.056877},

]).set_index('quantity'), float_format=6)

Table 30.1.: The first two aggregate moments and the base gamma parameters they imply, against
the values Example 1 prints.

quantity aggregate exact
E[X] 18.000000 18.000000
E[X^2] 468.000000 468.000000
base gamma shape alpha 2.684349 2.684349
base gamma scale theta 7.056877 7.056877

Both to six figures in Table 30.1. This also pins the parameter conventions for the rest of the paper:
𝛾(3, 2) is shape 3 and scale 2, so mean 6, since any other reading misses the base gamma.

30.4. The other five univariate examples publish nothing

Table 30.2 builds all six and records what each publishes.

EX = [('1', 'agg J 3 claims sev 2 * gamma 3 poisson', 15,
'Figures 1, 2, 3; Table 1 is K-S on simulated samples'),
('2', 'agg J 15 claims sev 2 * invgauss 1.5 poisson', 13,
'Figures 4, 5, 6; Table 2 is K-S'),
('3', 'agg J 50 claims sev 2 * gamma 3 mixed gamma 0.3162277660168379',
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10, 'Figures 7, 8, 9; Table 3 is K-S'),
('4', 'agg J 50 claims sev 2 * invgauss 1.5 mixed gamma 0.3162277660168379',
10, 'Figures 10, 11, 12; Table 4 is K-S'),
('5', 'agg J 3 claims sev 100 * lomax 20 poisson', 15,
'Figures 13, 14, 15; Table 5 is K-S'),
('6', 'agg J 6 claims sev 100 * lomax 20 mixed gamma 0.5773502691896257',
16, 'Figures 16, 17, 18; Table 6 is K-S')]

rows = []
for name, prog, t, published in EX:

o = build(prog, log2=20, bs=1 / 32, normalize=False)
rows.append({'example': name, 'DecL': prog.replace('agg J ', ''),

'order t': t, 'agg mean': o.est_m, 'agg CV': o.est_cv,
'published values': published})

GT(pd.DataFrame(rows).set_index('example'),
formatters={'agg mean': 4, 'agg CV': 4, 'order t': 0})

Table 30.2.: All six univariate examples as DecL programs, with the moments each builds and what
the paper publishes for it.

example DecL
order
t

agg
mean

agg
CV published values

1 3 claims sev 2 * gamma 3
poisson

15 18.0000 0.6667 Figures 1, 2, 3; Table 1 is
K-S on simulated samples

2 15 claims sev 2 * invgauss 1.5
poisson

13 45.0000 0.4082 Figures 4, 5, 6; Table 2 is
K-S

3 50 claims sev 2 * gamma 3
mixed gamma
0.3162277660168379

10 300.0000 0.3559 Figures 7, 8, 9; Table 3 is
K-S

4 50 claims sev 2 * invgauss 1.5
mixed gamma
0.3162277660168379

10 150.0000 0.3873 Figures 10, 11, 12; Table 4
is K-S

5 3 claims sev 100 * lomax 20
poisson

15 15.7894 0.8389 Figures 13, 14, 15; Table 5
is K-S

6 6 claims sev 100 * lomax 20
mixed gamma
0.5773502691896257

16 31.5789 0.8278 Figures 16, 17, 18; Table 6
is K-S

Every model builds in one line, which is why the paper looked like a good target. The last column of
Table 30.2 is the problem. Tables 1 to 6 are the same six rows of Kolmogorov-Smirnov statistics at 𝑛 =
100, 500, 1000, 10000 with their critical values, and the statistic is computed between a simulated
empirical distribution and the approximation fitted to that sample’s own moments. Nothing in it is
a property of the model, so nothing in it is reproducible: a different seed gives different numbers,
and the paper does not report one.

The translations above are worth keeping regardless. IG(𝜂, 𝜃) in the paper’s parameterization is
{theta} * invgauss {eta/theta}; Pareto(𝛾, 𝛿)with density 𝛾𝛿𝛾/(𝑢 + 𝛿)𝛾+1 is {delta} * lomax
{gamma}; andNB(𝑟, 𝛽) is a gamma-mixedPoissonwithmean 𝑟𝛽 andmixingCV 1/√𝑟, sincematching
𝑛 + 𝑛2𝑐2 = 𝑟𝛽(1 + 𝛽) at 𝑛 = 𝑟𝛽 gives 𝑐2 = 𝛽/𝑛 = 1/𝑟. The mixing CV does not depend on 𝛽, which
Table 30.3 confirms.

r, beta = 10.0, 5.0
c = 1 / np.sqrt(r)
nb = build(f'agg NB {r * beta} claims dsev [1] mixed gamma {c}', log2=12, bs=1,

normalize=False)
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GT(pd.DataFrame([{'mixing CV': c, 'mean': nb.est_m, 'want r*beta': r * beta,
'variance': nb.est_sd ** 2, 'want r*beta*(1+beta)':

r * beta * (1 + beta)}]), float_format=6)

Table 30.3.: A negative binomial written as a gamma mixed Poisson, its mean and variance against
𝑟𝛽 and 𝑟𝛽(1 + 𝛽).

mixing
CV mean

want
r*beta variance

want
r*beta*(1+beta)

0.316228 50.000000 50 300.000000 300

30.5. The bivariate tables are real, and are not aggregate’s dependence

The eight bivariate examples use Hesselager’s common shock counts: 𝑁 = 𝑁0+𝑁1 and𝑊 = 𝑁0+𝑁2
with 𝑁0, 𝑁1, 𝑁2 independent, and all severities 𝑈 𝑖, 𝑉 𝑗 mutually independent. Dependence between
𝑋 and 𝑌 comes entirely from the shared count 𝑁0.
aggregate’s bivariate construct has a different shape. It puts a shared outer frequency over
both perils and couples the two per-claim severities with a copula. To ask it for Hesselager’s model,
thin the total count: with 𝜆 = 𝜆0 + 𝜆1 + 𝜆2 events, each event independently triggers peril 𝑋 with
probability 𝑝𝑋 = (𝜆0 + 𝜆1)/𝜆 and peril 𝑌 with 𝑝𝑌 = (𝜆0 + 𝜆2)/𝜆, and the two triggers must co-occur
with probability 𝜆0/𝜆. Table 30.4 is where that breaks down.

L0, L1, L2 = 7.0, 8.0, 9.0
L = L0 + L1 + L2
pX, pY = (L0 + L1) / L, (L0 + L2) / L
GT(pd.DataFrame([

{'coupling of the two triggers': 'required by Hesselager',
'P(both perils trigger)': L0 / L},
{'coupling of the two triggers': 'independence copula',
'P(both perils trigger)': pX * pY},
{'coupling of the two triggers': 'comonotone, Frechet upper bound',
'P(both perils trigger)': min(pX, pY)},
{'coupling of the two triggers': 'countermonotone, Frechet lower bound',
'P(both perils trigger)': max(0.0, pX + pY - 1)},

]).set_index('coupling of the two triggers'), float_format=6)

Table 30.4.: The co-occurrence probability Hesselager’s model requires, against what any copula on
the two triggers can deliver.

coupling of the two triggers P(both perils trigger)
required by Hesselager 0.291667
independence copula 0.416667
comonotone, Frechet upper bound 0.625000
countermonotone, Frechet lower bound 0.291667

In Table 30.4 the required probability is exactly the Fréchet lower bound, since 𝑝𝑋 +𝑝𝑌 −1 = 𝜆0/𝜆
identically. So there is a unique copula that gets the triggers right, and it is the countermonotone
one. But the same copula then forces the two severities to be countermonotone whenever both
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perils fire, andHesselager needs them independent. One copula cannot be countermonotone on the
triggers and independent on the severities, so the model is outside the construct. This is a structural
mismatch, not a parameterization difficulty.

30.6. The joint law does reproduce, with a direct transform

The model is a two dimensional transform with a joint probability generating function. Since
𝖯𝑁,𝑊 (𝑧1, 𝑧2) = 𝖯𝑁0(𝑧1𝑧2) 𝖯𝑁1(𝑧1) 𝖯𝑁2(𝑧2), the joint characteristic function of (𝑋, 𝑌) is that pgf
evaluated at the two severity transforms. aggregate supplies the severity discretization; the rest is
a dozen lines. The target is Figure 30.1 and the result Table 30.5.

Figure 30.1.: Jin, Provost and Ren (2016), Table 7.

def joint(pgf, sev_u, sev_v, h, n):
"""Joint CDF of (X, Y) = (sum_{N0+N1} U, sum_{N0+N2} V) on an h-lattice."""
du = build(f'agg U dfreq [1] {sev_u}', log2=int(np.log2(n)), bs=h,

normalize=False).agg_density
dv = build(f'agg V dfreq [1] {sev_v}', log2=int(np.log2(n)), bs=h,

normalize=False).agg_density
zu, zv = np.fft.fft(du), np.fft.fft(dv)
g = np.fft.ifft2(pgf(zu[:, None], zv[None, :])).real
return np.cumsum(np.cumsum(g, axis=0), axis=1)

H, N = 0.0625, 4096
F1 = joint(lambda z1, z2: np.exp(L0 * (z1 * z2 - 1) + L1 * (z1 - 1)

+ L2 * (z2 - 1)),
'sev 2 * gamma 2', 'sev 1.5 * gamma 3', H, N)

T7 = [(52, 54, .106406), (62, 59, .201156), (67, 65, .304023),
(74, 69, .401565), (75, 76, .512051), (81, 80, .604866),
(89, 85, .708083), (92, 93, .807833), (101, 103, .905475),
(112, 110, .950726), (130, 127, .990449), (150, 150, .999286)]

t7 = pd.DataFrame([{'x': x, 'y': y,
'direct 2-D transform': F1[int(round(x / H)), int(round(y / H))],
'Table 7 FFT': f} for x, y, f in T7])

t7['diff'] = (t7['direct 2-D transform'] - t7['Table 7 FFT']).abs()
GT(t7.set_index(['x', 'y']),

formatters={'direct 2-D transform': 6, 'Table 7 FFT': 6,
'diff': '{x:.2e}'})
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Table 30.5.: Table 7, the joint distribution function at twelve points under Poisson common shock
counts.

x y
direct 2-D
transform

Table 7
FFT diff

52 54 0.106478 0.106406 7.22e-05
62 59 0.201258 0.201156 1.02e-04
67 65 0.304145 0.304023 1.22e-04
74 69 0.401693 0.401565 1.28e-04
75 76 0.512181 0.512051 1.30e-04
81 80 0.604987 0.604866 1.21e-04
89 85 0.708186 0.708083 1.03e-04
92 93 0.807912 0.807833 7.91e-05
101 103 0.905521 0.905475 4.57e-05
112 110 0.950754 0.950726 2.79e-05
130 127 0.990455 0.990449 6.24e-06
150 150 0.999286 0.999286 4.75e-07

Bivariate Example 3 swaps Poisson for negative binomial counts, NB(6, 5), NB(7, 5), NB(8, 5), and
needs only a different pgf. The target is Figure 30.2 and the result Table 30.6.

Figure 30.2.: Jin, Provost and Ren (2016), Table 11.

R0, R1, R2, BETA = 6.0, 7.0, 8.0, 5.0
def nb_pgf(z1, z2):

P = lambda z, r: (1 - BETA * (z - 1)) ** -r
return P(z1 * z2, R0) * P(z1, R1) * P(z2, R2)

H3 = 0.25
F3 = joint(nb_pgf, 'sev 2 * gamma 2', 'sev 1.5 * gamma 3', H3, 4096)
T11 = [(223, 225, .100787), (253, 257, .202233), (280, 280, .303393),

(304, 300, .400091), (321, 325, .504903), (348, 345, .601492),
(369, 373, .703603), (405, 403, .802411), (450, 452, .903216),
(494, 491, .950212), (580, 580, .990640), (698, 698, .999271)]

t11 = pd.DataFrame([{'x': x, 'y': y,
'direct 2-D transform':

F3[int(round(x / H3)), int(round(y / H3))],
'Table 11 FFT': f} for x, y, f in T11])

t11['diff'] = (t11['direct 2-D transform'] - t11['Table 11 FFT']).abs()
GT(t11.set_index(['x', 'y']),

formatters={'direct 2-D transform': 6, 'Table 11 FFT': 6,
'diff': '{x:.2e}'})
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Table 30.6.: Table 11, the joint distribution function at twelve points under negative binomial com-
mon shock counts.

x y
direct 2-D
transform

Table 11
FFT diff

223 225 0.100985 0.100787 1.98e-04
253 257 0.202520 0.202233 2.87e-04
280 280 0.303725 0.303393 3.32e-04
304 300 0.400436 0.400091 3.45e-04
321 325 0.505241 0.504903 3.38e-04
348 345 0.601802 0.601492 3.10e-04
369 373 0.703865 0.703603 2.62e-04
405 403 0.802608 0.802411 1.97e-04
450 452 0.903326 0.903216 1.10e-04
494 491 0.950274 0.950212 6.18e-05
580 580 0.990653 0.990640 1.31e-05
698 698 0.999273 0.999271 1.71e-06

Table 30.5 and Table 30.6 both land within 3.5 × 10−4, with a residual that is uniformly positive,
largest in the body of the distribution and vanishing in the tail. That is the signature of a half
bucket offset rather than a disagreement about the model, and Table 30.7 confirms it by halving
the bucket.

rows = []
for h, log2 in [(0.5, 9), (0.25, 10), (0.125, 11), (0.0625, 12)]:

F = joint(lambda z1, z2: np.exp(L0 * (z1 * z2 - 1) + L1 * (z1 - 1)
+ L2 * (z2 - 1)),

'sev 2 * gamma 2', 'sev 1.5 * gamma 3', h, 2 ** log2)
rows.append({'bucket': h, 'grid': 2 ** log2, 'reach': h * 2 ** log2,

**{f'({x},{y})': F[int(round(x / h)), int(round(y / h))] - f
for x, y, f in [T7[0], T7[4], T7[8], T7[11]]}})

GT(pd.DataFrame(rows).set_index('bucket'),
formatters={f'({x},{y})': '{x:.2e}'

for x, y, f in [T7[0], T7[4], T7[8], T7[11]]})

Table 30.7.: Deviation from four cells of Table 7 as the bucket is halved four times.

bucket grid reach (52,54) (75,76) (101,103) (150,150)
0.50000 512 256 2.64e-03 4.60e-03 1.57e-03 1.69e-05
0.25000 1,024 256 1.16e-03 2.06e-03 7.20e-04 8.08e-06
0.12500 2,048 256 4.34e-04 7.77e-04 2.74e-04 3.11e-06
0.06250 4,096 256 7.22e-05 1.30e-04 4.57e-05 4.75e-07

In Table 30.7 the deviation falls monotonically at every halving, by a factor of thirty-five overall from
bs = 0.5 to bs = 0.0625, so the paper’s FFT column is the exact joint distribution function and
the reproduction agrees with it.
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30.7. Why the marginals are not enough

The candidate assessment suggested falling back on marginals. That does not rescue the reproduc-
tion, because the marginals miss precisely the quantity Figure 30.1 and Figure 30.2 are reporting, as
Table 30.8 shows.

mx = build('agg X 15 claims sev 2 * gamma 2 poisson', log2=18, bs=1 / 32,
normalize=False)

my = build('agg Y 16 claims sev 1.5 * gamma 3 poisson', log2=18, bs=1 / 32,
normalize=False)

gap = pd.DataFrame([
{'x': x, 'y': y, 'joint F(x,y)': F1[int(round(x / H)), int(round(y / H))],
'FX(x) FY(y) under independence': (mx.density_df.loc[x, 'F']

* my.density_df.loc[y, 'F']),
'Table 7': f} for x, y, f in T7])

gap['dependence gap'] = gap['joint F(x,y)'] - gap['FX(x) FY(y) under independence']
GT(gap.set_index(['x', 'y']), float_format=6)

Table 30.8.: The joint distribution function against the product of its own marginals, which is what
dropping the common shock would give.

x y
joint
F(x,y)

FX(x) FY(y) under
independence Table 7

dependence
gap

52 54 0.106478 0.071004 0.106406 0.035474
62 59 0.201258 0.158877 0.201156 0.042381
67 65 0.304145 0.259349 0.304023 0.044796
74 69 0.401693 0.363693 0.401565 0.038000
75 76 0.512181 0.474976 0.512051 0.037204
81 80 0.604987 0.577291 0.604866 0.027695
89 85 0.708186 0.691658 0.708083 0.016528
92 93 0.807912 0.796772 0.807833 0.011140
101 103 0.905521 0.901455 0.905475 0.004066
112 110 0.950754 0.949539 0.950726 0.001215
130 127 0.990455 0.990366 0.990449 0.000089
150 150 0.999286 0.999284 0.999286 0.000003

The margins are right: 𝑁 = 𝑁0 + 𝑁1 ∼ Poisson(15) and𝑊 = 𝑁0 + 𝑁2 ∼ Poisson(16), both one-line
builds. But the common shock moves the joint distribution function up to 4.5 points of probability
away from the independent product, so amarginals-only reproduction would be reporting a number
the paper never computed.

30.8. What would make this a reproduction

One feature: a common shock count mode for bivariate, in which the two components share a
frequency component 𝑁0 and carry independent private components 𝑁1, 𝑁2, with severities inde-
pendent throughout. That is the Hesselager model, it is standard in bivariate aggregate work, and
the machinery to compute it is the twelve line joint function above sitting on the existing 2-D grid
and severity discretization. It would turn 96 published reference values across eight tables into a
regression suite, and it would give aggregate a count-driven dependence to sit beside the copula-
driven one it already has.
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Two smaller notes for whoever picks it up.

The paper has a specification defect in bivariate Example 6. The text reads “Let 𝑁0 ∼ NB(5),
𝑁1 ∼ NB(6), 𝑁2 ∼ NB(7)”, giving one parameter to a two parameter family. The surrounding exam-
ples all use 𝛽 = 5, so NB(5, 5), NB(6, 5), NB(7, 5) is the obvious reading, but it is a guess and Tables
18 to 20 would decide it.

Tables 8, 10, 12, 14, 16, 17, 19, 20, 22 and 24 are simulation output and share the univariate half’s
problem: they compare an empirical distribution from 5,000 simulated draws against the approxi-
mation fitted to that sample’s moments. Only the odd-numbered tables carry the FFT column that
is worth anything as a reference.
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Part VIII.

Severity curves
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31. Provenance of the named severity curves

What each published curve in the shipped library is, and where it came from

31.1. Introduction

src/aggregate/agg/library.agg ships eleven reusable severity objects named <Citation-
Key>.<Curve>, harvested from the candidate assessment in plan-examples.md while the
reproductions in this folder were being written. Each carries its citation key in note{}, and little
else. This page is the rest of the record: which paper, which table or exhibit the parameters came
out of, what the paper uses the curve for, and every transcription decision that stands between the
printed parameters and the DecL.

A twelfth library severity carries the role:published tag, CommAutoMixedExponentialSev, a five
component commercial auto mixed exponential at the 2008 cost level. It came out of my own Actu-
arial Review article rather than out of the assessment, so it has no provenance question to answer
and is not covered here.

The curves are working definitions, not reproductions. Where a reproduction exists it is cited, and
it is the authority; where none exists the entry says so. Table 31.1 is what actually ships.

%xmode minimal
import warnings

import numpy as np
import pandas as pd
from bookstyle import GT, build

rows = []
with warnings.catch_warnings():

warnings.simplefilter('ignore')
# `role:published` is the library's tag for a curve whose parameters were
# printed somewhere. Twelve entries carry it; the dot in the name is what
# separates the eleven `<CitationKey>.<Curve>` harvests this page documents
# from `CommAutoMixedExponentialSev`, which came from elsewhere.
for name in build.discover(kind='sev', tags='role:published').index:

if '.' not in name:
continue

fz = build(f'agg T 1 claim sev.{name} fixed', update=False).sevs[0].fz
# `moments=` by keyword: a tabulated curve's `fz` is an unfrozen
# rv_histogram, which reads a positional 'mv' as a shape parameter.
m, v = fz.stats(moments='mv')
dist = getattr(fz, 'dist', None)
rows.append({'curve': name,

'scipy': getattr(dist, 'name', None) or type(fz).__name__,
'shape': ', '.join(f'{a:g}' for a in getattr(fz, 'args', ())),
'scale': float(getattr(fz, 'kwds', {}).get('scale', np.nan)),
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'mean': float(m),
'cv': float(np.sqrt(v) / m) if np.isfinite(v) else np.nan})

GT(pd.DataFrame(rows).set_index('curve'), float_format=',.4g')

Exception reporting mode: Minimal

Table 31.1.: Every per-paper severity curve in the shipped library, its scipy family, parameters and
moments.

curve scipy shape scale mean cv
Berens1997.Lognorm lognorm 0.246221 1.455e+05 1.5e+05 0.25
Berens1997.Pareto pareto 1.5 5e+04 1.5e+05 —
Bodoff2017.Pareto lomax 1.5 5e+04 1e+05 —
Jin2016.Gamma gamma 2.99948 2 6 0.5774
Jin2016.Pareto lomax 20 100 5.263 1.054
Kang2019.Pareto lomax 3.5 3.5 1.4 1.528
Mack2003.AmericanPareto lomax 1.5 1e+04 2e+04 —
Mack2003.Lognorm lognorm 1.79998 1,979 1e+04 4.953
Mack2003.RiebesellPareto lomax 0.737 1e+04 — —
Mata2005.Lognorm lognorm 2.29 1.105e+04 1.521e+05 13.73
Venter1983.Piecewise rv_histogram — 1.88e+04 2.734

A blank coefficient of variation means the second moment does not exist, and an infinite mean
means the first does not either. A blank shape and scale means the curve is a tabulation rather than
a parametric family, which is why Venter1983.Piecewise has neither, and why its mean and CV
here are the unlimited ones and so do not match the paper: that curve is only itself inside the layer
described below. Table 31.1 is built from the library, so it cannot drift from what actually ships.

31.2. Summary: paper to curve

Table 31.2 maps each assessed paper to the curves it contributed.

Table 31.2.: Each assessed paper, the curves it contributed to the library, and why.
Paper Curves Why
Berens (1997) Berens1997.Lognorm,

Berens1997.Pareto
the severities of the paper’s
two simulation models

Mack and Fackler (2003) Mack2003.Lognorm,
Mack2003.AmericanPareto,
Mack2003.RiebesellPareto

two columns of Table 1, plus
the Pareto tail index Riebesell’s
rule implies

Mata and Verheyen (2005) Mata2005.Lognorm the one severity behind every
table in the paper

Bodoff (2017) Bodoff2017.Pareto Exhibit 2
Jin et al. (2016) Jin2016.Gamma,

Jin2016.Pareto
the univariate test severities

Kang et al. (2019) Kang2019.Pareto the running heavy tailed
illustration
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Paper Curves Why
Venter (1983) Venter1983.Piecewise the claim size law behind

Exhibit 3, a tabulated CDF
rather than a named family

Bruno et al. (2006) none a 14 point discrete severity,
likewise not a named family

Clark (2005) none three lognormal lines specified
by premium and CV, nothing
worth naming

Lau (1984) none moments only. The severity
form is never stated and has to
be reverse fitted

Braithwaite and Ware (1997) none never assessed. It surfaced
only as the conceptual pair to
Bodoff (2017)

Goffard and Laub (2020),
Nadarajah et al. (2016), Vernic
(1999), Bakar et al. (2022),
Provost (2005), Hilbe (2014),
Lindsay et al. (2000)

none Tier 3 in the assessment: no
reproducible parameters, no
compounding, or no insurance
content

Bruno et al. (2006) has no curve and is a full reproduction anyway. A severity does not have to be
a named family to be worth carrying: Venter1983.Piecewise is a tabulated CDF, and Bruno’s 14
point law would sit in the library just as well as a dsev if anything besides its own chapter needed
it.

The rare event and numerical accuracy set (Asmussen2016a, BenAmar2023, BenRached2024,
Liu2026, Wilson2016a, Wilson2017, Homer2003) contributed no named curves. Those papers are
about estimator accuracy in the far tail, and their test severities are unit scale lognormals, Paretos
and Lévy laws chosen to stress the estimator rather than published as models of anything.

31.3. The curves

31.3.1. Berens1997

Paper. Berens (1997), Reinsurance contracts with a multi-year aggregate limit, CAS Forum.

What the paper does with them. It is a simulation study of the surcharge a reinsurer should
charge for letting an aggregate limit run over three years instead of one, priced across excess layers
of width $150,000 attaching at $150,000, $300,000 and $450,000. Two frequency and severity pairs
are run, deliberately chosen to disagree. The first is Poissonwith 30 expected claims and a lognormal
severity of mean $150,000 and standard deviation $37,500 (Exhibit I, upper). The second is negative
binomial with 30 expected claims and 𝑝 = 0.10, and a single parameter Pareto severity with 𝑞 = 1.5
andmean $150,000 (Exhibit III). Exhibit V plots claim size percentiles fromboth, and it is the paper’s
explanation of why the surcharge ranking flips as the attachment rises: under the Pareto far more
claims fall below a $150,000 retention, but at high attachments so many are large enough to exhaust
the layer that the layer loss is actually less volatile.

Berens1997.Lognorm = lognorm 150000 cv 0.25. The mean and standard deviation are stated,
and $37,500 / $150,000 = 0.25 is the CV. The paper then writes “the distribution of the severity was
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thus Λ(11.92, .25)”, which is the shortcut 𝜇 = ln(mean), 𝜎 = cv, and is not consistent with its own
moments: Λ(11.92, 0.25) has mean 155,011 and CV 0.2540. The library object follows the stated
moments, giving 𝜎 = 0.246221 and 𝜇 = 11.8881. Nothing in the paper turns on the difference, but a
reproduction that quoted the printed (𝜇, 𝜎) would run 3.3% high on the severity mean, and further
out on excess layers, where a shift in the body of a tight lognormal is amplified.

Berens1997.Pareto= 50000 * pareto 1.5. “Single parameter Pareto” is the European or Type I
form, supported on [𝜃,∞), DecL pareto. Its mean is 𝑞𝜃/(𝑞−1) = 3𝜃, so the statedmean of $150,000
pins 𝜃 = 50,000. The paper’s second Pareto run has mean $300,000, hence 𝜃 = 100,000; that variant
is not carried. With 𝑞 = 1.5 the variance is infinite, and because the support starts at 50,000 rather
than 0 aggregate logs Pareto not shifted to x>0 range and falls back to numeric moments.
That message is expected here, not a defect.

Status. No reproduction. The single year layer pieces are native, but the rollingmulti-year aggregate
limit is path dependent and needs a wrapper loop over independent annual builds with cumulative
capping.

31.3.2. Mack2003

Paper. Mack and Fackler (2003), Exposure-rating in liability reinsurance, Blätter der DGVFM. Re-
produced in Mack2003.qmd.

What the paper does with them. It asks whether Riebesell’s 1936 increased limits rule, that
doubling the sum insured multiplies the net premium by 1 + 𝑧, is consistent with the collective risk
model. A power law premium forces a Pareto claim size law with 𝛼 = 1 − ld(1 + 𝑧), which is below
one and so has an infinite mean. Theorem 2 rescues the rule: for any continuous 𝐹 with a finite
mean there is a threshold 𝑢 such that grafting a Pareto tail onto 𝐹 above 𝑢makes Riebesell exact on
[𝑢,∞). Table 1 tabulates the function that locates that threshold,

𝛼𝐹(𝑢) = 1 − 𝑢𝑆(𝑢)
𝖤[𝑋 ∧ 𝑢] ,

for four severities at seven multiples of the mean. Three of the four columns are here.

Mack2003.Lognorm= lognorm 10000 cv 4.953. Table 1’s “Lognormal 𝜎 = 1.8” column, and also
the claim size distribution of the paper’s ownworked example in §7. The CV is√𝑒𝜎2 − 1 = 4.953153
at 𝜎 = 1.8; the library rounds to four figures, which recovers 𝜎 = 1.79998. Table 1 is indexed by
𝑢/𝖤[𝑋] and so is scale free. The 10,000 mean is a placeholder, and the paper remarks only that 𝖤[𝑋]
in liability is usually below €50,000.

Mack2003.AmericanPareto = 10000 * lomax 1.5. Table 1’s “American Pareto 𝛼 = 1.5” column.
The paper does not define the term, and the reading that it means Type II, that is Lomax with 𝑆(𝑥) =
(𝜃/(𝜃 + 𝑥))𝛼 and support from zero, is an inference. Mack2003.qmd confirms it: all 26 cells of Table
1 come back within 8e-4 under that reading.

Mack2003.RiebesellPareto = 10000 * lomax 0.737. Not a curve the paper tabulates. It is the
tail index Riebesell implies at the customary 𝑧 = 20%: 𝛼 = 1 − ln(1.2)/ ln 2 = 0.736966, which the
paper prints as 0.737. This object carries the exponent, notMack and Fackler’s construction.
Their tail is spliced onto the lognormal above 𝑢 ≈ 5 𝖤[𝑋] and is conditional on exceeding 𝑢; this is a
ground up Lomax thatmerely has the right index. It has an infinitemean, so use it only inside a finite
layer. Unbounded it does not raise, it silently builds on a degenerate two bucket grid and reports a
mean of 0.67. For the actual splice, and the refinement that the threshold is 𝑢∗ = 5.186 𝖤[𝑋] where
the spliced curve gives 𝑏(2𝑣)/𝑏(𝑣) = 1.200000 exactly, see Mack2003.qmd.

322



31.3.3. Mata2005

Paper. Mata and Verheyen (2005), An ImprovedMethod for Experience Rating Excess of Loss Treaties
using Exposure Rating Techniques, CAS Forum. Reproduced in Mata2005.qmd.

What the paper does with it. One severity drives the whole worked example: layer by layer ex-
perience and exposure rating of five excess layers over a limits profile running from $250,000 to
$5,000,000, with an 8% ground up severity trend, a 60% expected gross loss ratio, and the trend then
decomposed into frequency and severity components layer by layer. Tables 1 to 5 and 9 to 14 are all
limited expected values or ratios of them off this curve.

Mata2005.Lognorm = 11048 * lognorm 2.29. The 2005 level lognormal, 𝜇 = 9.31 and 𝜎 = 2.29,
written in scipy’s scale form with scale = 𝑒9.31 = 11,047.95 rounded to 11,048. Mean 152,064, CV
13.73. The 2000 level curve, 𝜇′ = 𝜇 − ln(1.085) = 8.925195, is not carried; scale it by 1.08−5. The
paper prints 𝜇′ rounded to 8.93, and using the rounded value moves the limited expected values by
about half a percent, more than the effects the paper is measuring, so derive it rather than transcribe
it.

Germane finding. Mata2005.qmd reproduces Tables 2, 3, 4, 5, 11, 13 and 14 to the last printed digit
when driven off the paper’s own Table 1, but Table 1’s limited expected values are themselves not the
exact lognormal ones. They run 0.04% high at $250,000 drifting to 0.24% low at $5M, in both years,
while aggregatematches the closed form to eight figures. The paper’s conclusions are unaffected,
but a mismatch against Table 1 is the paper’s, not the library’s.

31.3.4. Bodoff2017

Paper. Bodoff (2017), An Actuarial Model of Excess of Policy Limits Losses, Variance. Reproduced
in Bodoff2017.qmd. Not the Bodoff already in the docs, which is Bodoff (2007) on percentile layer
capital allocation.

What the paper does with it. Exposure rating for excess of policy limits losses, the ones where
the insurer pays past the limit. The paper’s move is to treat the effectiveness of the policy limit as
Bernoulli: with probability 𝑝 the limit caps the loss and with probability 1 − 𝑝 it does not, so the
policy limited expected value is a mixture 𝑝𝖤[𝑋 ∧𝑘]+ (1−𝑝) 𝖤[𝑋] of two ordinary limited expected
values off the same curve. Exhibit 2 is the severity, Exhibit 1 a nine point limits profile, Exhibit 3
sets 𝑝 = 99%, and Exhibit 4 is the six layer exposure rating that results.
Bodoff2017.Pareto = 50000 * lomax 1.5. Exhibit 2 says only “Pareto, 𝜃 = 50,000, 𝛼 = 1.50”.
That it means the two parameter Pareto, 𝑆(𝑥) = (𝜃/(𝜃 + 𝑥))𝛼, is an inference: it is the form in the
Clark reinsurance study note the paper cites, and Bodoff2017.qmd confirms it by fit. Mean 100,000,
infinite variance, so it needs a limit. The XPL model conditions this severity before the policy limit
and then mixes over the limits profile.

31.3.5. Jin2016

Paper. Jin et al. (2016), Moment-based density approximations for aggregate losses, Scandinavian
Actuarial Journal. Assessed in Jin2016.qmd, which is not a reproduction.

What the paper does with them. They are test severities for a moment based approximation,
not models of anything. The method approximates the density of 𝑆 = 𝑋 ∣ 𝑋 > 0 by a gamma base
density times a polynomial adjustment, and needs onlymoments, so it works from samplemoments
when frequency and severity are not separately known. The paper’s own ground truth is the FFT.
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Jin2016.Gamma = gamma 6 cv 0.5774. Example 1’s 𝑈 ∼ 𝛾(3, 2), in the shape and scale reading,
so mean 6 and CV 1/√3. The convention is not stated in the paper but is pinned by arithmetic: Ex-
ample 1 reports its fitted base gamma as (2.684349, 7.056877), and only the scale reading reproduces
those, which Jin2016.qmd does to six figures. Transcription wart: 0.5774 is a four figure rounding
of 1/√3 = 0.5773502691896258 and yields shape 2.99948 rather than 3. Write sev 2 * gamma 3
when exactness matters.

Jin2016.Pareto= 100 * lomax 20. Examples 5 and 6 use𝑈 ∼ Pareto(𝛾, 𝛿) = Pareto(20, 100)with
density 𝛾𝛿𝛾/(𝑢 + 𝛿)𝛾+1 on 𝑢 > 0, which is Lomax with shape 𝛾 and scale 𝛿. Mean 100/19 = 5.2632.
The paper’s figures also show a Pareto(5, 100) variant, which is heavier rather than lighter; it is not
carried.

Why there is no reproduction. The univariate half of the paper publishes figures andKolmogorov-
Smirnov statistics and nothing else, and those statistics are computed between a simulated empirical
distribution and an approximation fitted to that sample’s own moments, with no seed given. They
are properties of a draw, not of the model. Every genuine reference value in the paper, 96 of them, is
in the FFT columns of the bivariate tables, whose dependence is Hesselager common shock counts
that aggregate’s copula coupled bivariate cannot express. So these two curves are a parameter
transcription that happens to be checkable, not a reproduction target.

31.3.6. Kang2019

Paper. Kang et al. (2019), Moment-Based Density Approximation Techniques as Applied to Heavy-
tailed Distributions, International Journal of Statistics and Probability.

What the paper does with it. Pareto II(3.5, 3.5) is the running illustration for approximating a
heavy tailed density by exponential tilting: tilt the density so it becomes exponentially bounded,
approximate the tilted density by a base density times a polynomial adjustment, then untilt. Figure
1 plots the tilted density at 𝜃 = 1.5, Table 1 gives integrated squared errors over a grid of tilting
parameters and polynomial degrees, and Tables 2 and 3 give VaR and TVaR for the exact distribution
beside three approximants. The exact column is a clean external check on a heavy tail: VaR0.99 =
9.54658, TVaR0.99 = 14.7652, TVaR0.999 = 31.7646.
Kang2019.Pareto= 3.5 * lomax 3.5. The paper defines Pareto II(𝛼, 𝛽) explicitly, density𝛼𝛽𝛼/(𝑥+
𝛽)𝛼+1 on 𝑥 ≥ 0, and names it Lomax, so the mapping is unambiguous: shape 𝛼 = 3.5, scale 𝛽 = 3.5.
Mean 1.4, CV 1.5275, skewness 11.78. Moments exist up to order 3 only, so there is no kurtosis.
Watch the parameters: §6.3.1 of the paper switches to a simulated sample from Pareto II(3.5, 35),
rescaled, and the VaR and TVaR figures there are not comparable. The library object is the analytic
Pareto II(3.5, 3.5) of §6.1.

Status. No reproduction. The paper’s “aggregate” is severity only, with no compounding, so it ex-
ercises the quantile machinery and nothing else. It is a good heavy tail VaR and TVaR accuracy
benchmark, which is why the curve was kept.

31.3.7. Venter1983

Paper. Venter (1983), Transformed beta and gamma distributions and aggregate losses, PCAS. Repro-
duced in Venter1983.qmd and in the highlights chapter.

What thepaper doeswith it. It is the claim size law of Exhibit 3, the paper’s test of the transformed
gamma as a three moment approximation to the aggregate. Exhibit 3 Part 2 states it as a piecewise
linear CDF from $0 to a $250,000 policy limit, tabulated at 23 points, with the residual 2.41% of
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probability sitting as a point mass at the limit. Frequency is Poisson with 𝜆 = 13.7376, and the
compound distribution has mean $250,000, CV 0.7667 and skewness 1.0744.

Venter1983.Piecewise= chistogram xps [...] [...]. The 23 knots are Venter’s own, and the
23 probabilities are the successive CDF increments with the limit mass appended. The top bin is
not part of the paper. The atom at the limit is easier to obtain than to declare, so the limit mass is
carried in onewide bin from$250,000 to $300,000 and a 250000 xs 0 layer then folds it back onto the
limit. That makes the curve correct only inside that layer; used unlimited it spreads 2.41% of proba-
bility uniformly over a $50,000 interval that Venter never wrote. Like Mack2003.RiebesellPareto,
this one carries a usage constraint rather than a free standing distribution.

The transcription has an acceptance test built in, which is why the curve can be trusted: read the
knots wrongly and the severity mean, CV and skewness (18,198.195, 2.6600, 3.6746) stop matching
Exhibit 3 Part 2. They match, as the moments table in the Venter1983 chapter records.

What is not carried. Exhibit 3 Part 2 also prints Venter’s own $500 discrete PMF, whose first five
rows could not be decoded. Nothing depends on it, since aggregate discretizes the piecewise linear
CDF itself.

31.4. Reference curves with no paper attached

Alongside the eleven published curves the library carries 18 single claim aggregates named Curve*,
listed by build.discover(kind='agg', tags='topic:severity role:reference'). These are
vocabulary, not reproductions. Each is the simplest possible carrier, one fixed claim so the aggregate
is the severity, and the shapes are illustrative with a common scale near 10,000 so they can be read
against each other. No paper prescribes any of these parameters.

What they do record is a selection: scipy ships more than a hundred continuous distributions and
actuaries use a small, well trodden subset. The picks and the literature behind them are:

• Light and moderate tails, CurveExponential, CurveGamma, CurveWeibull, CurveIn-
verseGaussian. The standard working severities. Appendix A of Klugman et al. (2012) is
the canonical actuarial table and the parameterizations follow its families; Parodi (2015) and
Parodi et al. (2024) use lognormal, gamma andWeibull as the everyday attritional curves, and
Parodi and Watson (2019) derives them from a property graph model of fire and explosion
losses.

• Lognormal and the GB2 family, CurveLognormal, CurveGenGamma, CurveBetaPrime,
CurveBurr12, CurveBurrIII, CurveLogLogistic. The flexible three and four parameter
curves that nestmost of the others. Venter (1983) introduced the transformed beta and gamma
to actuaries, McDonald and Richards (1987) studied the hazard rates of the generalized beta
family, and Cummins et al. (1990) is the insurance loss application. The GB2 umbrella covers
the log-t, generalized gamma, B2, Burr III and XII, Lomax, Fisk, gamma, Weibull, and the
lognormal as a limit.

• Heavy and power law tails, CurvePareto, CurveLomax, CurveGPD, CurveInverseGamma.
Large loss and reinsurance work, plus the peaks over threshold tail of extreme value theory.
The two power laws both use shape 2.5, chosen so the variance stays finite: the auto sizer
refuses an infinite variance without an explicit grid.

• Extreme value laws, CurveGumbel, CurveFrechet, CurveGEV. Block maxima, for a largest
event rather than a ground up attritional severity.

• Bounded severity, CurveBeta. A loss as a fraction of a known sum insured, and the gateway
to exposure curve models.
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CurveBeta also carries a deliberate absence. The Swiss Re standard for property per risk exposure
rating is the two parameter MBBEFD class of Bernegger (1997) on the destruction ratio [0, 1]. It is
an exposure curve family rather than a scipy continuous random variable, so there is no sev mbbefd
form and the bounded beta is the closest stand in currently available.

31.5. Using the curves

library.agg is the default database, so the curves resolve from a bare build with no explicit load,
as Table 31.3 shows:

a = build('agg XPL 1 claim 1000000 xs 0 sev.Bodoff2017.Pareto fixed')
b = build('agg J 3 claims sev.Jin2016.Gamma poisson')

GT(pd.DataFrame([{'program': 'Bodoff2017.Pareto limited to 1M', 'mean': a.est_m},
{'program': 'Poisson(3) x Jin2016.Gamma', 'mean': b.est_m}]

).set_index('program'), float_format=',.2f')

Table 31.3.: Two programs resolving a named curve straight out of the shipped library.

program mean
Bodoff2017.Pareto limited to 1M 78,178.21
Poisson(3) x Jin2016.Gamma 18.00

Four of the eleven have no finite variance and need a limit or an explicit grid. Bodoff2017.Pareto
and Mack2003.AmericanPareto have 𝛼 = 1.5 and raise InfiniteVarianceError unbounded,
which is the behavior you want. The other two fail less cleanly, and both are worth knowing
about:

• Berens1997.Pareto, also 𝛼 = 1.5, is a Type I Pareto supported from 50,000 up, so it takes the
numeric moment path and never reaches the infinite variance check. It raises ValueError:
Inadmissible value passed to round_bucket, inf instead.

• Mack2003.RiebesellPareto at 𝛼 = 0.737 has no mean either, and it fails silently. The auto
sizer cannot size a grid from an infinite mean, falls back to a two bucket grid, and returns 0.67
with no error at all. Always give this one a layer.
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32. Every program in the book

The DecL declarations behind the reproductions, collected

This appendix collects every DecL program the book builds, chapter by chapter, in the order the
chapters appear, each chapter’s programs headed by the paper they reproduce and a link back to
the chapter. It is not transcribed. Each chapter writes the programs it parses into a store as it runs,
and this page reads the store back, so the appendix cannot drift from the chapters the way a hand-
maintained list would. What is printed is the canonical form: the declaration re-parsed and written
back from the resulting specification, which is what the library understood rather than what was
typed. A linewider than the page is folded at its spaces onto indented continuation lines, which parse
exactly as the unfolded line does. One declaration, 28,000 characters of exact rational probabilities,
is cut short where marked.

Three things follow from generating it this way. A chapter that builds nothing does not appear.
Programs are collected by declaration rather than by object, so a chapter that rebuilds one model at
ten bucket sizes contributes one entry and not ten, and where it swept the grid the hints{} clause
is dropped, since no one setting is the model’s. And the numerical arguments some chapters pass to
build as keyword arguments are not here at all: those are instructions to the solver, not part of the
declaration, and the chapters that depend on them say so where they use them.

Declarations that share a shape are sampled rather than listed in full. A chapter that values the same
severity at thirty limits writes thirty distinct declarations, and printing all thirty teaches a reader
nothing the first two do not. Two of each shape are shown, followed by a count of the rest, where
a shape is the declaration with its numbers taken out. Nothing is hidden by this that is not an
arithmetic variant of something on the page beside it.

Every program below except the one cut short runs as it stands, in the aggregate Loss Lab (aLL) with
no installation, or through build in a Python session.

The same declarations are also available as one loadable file, reproductions.agg in the project root,
written from the same store by make_agg.py. Each one there carries a note{} naming the paper it
comes from and saying in a line what it is, and each is renamed by citation key so that nothing in
the file shadows anything else: build.load('reproductions.agg') puts all of them in the recipe
base, afterwhich build('Bear1990.BN.TreatyVI') rebuilds that treaty by name. Two things differ
from the listing below. The shipped severity curves appear in full rather than sampled, each being a
curve in its own right rather than an arithmetic variant of the one above it, and a model that more
than one chapter builds appears once.

Five papers, five programs

From Venter (1983), Bear and Nemlick (1990), Homer and Clark (2003), Bruno et al. (2006) and
Denuit, Dhaene, et al. (2025), reproduced in Chapter 1.
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agg Venter
13.7376 claims
250000 xs 0
sev chistogram xps [0 1000 5000 6000 7000 8000 9000 10000 12500 15000 17500 20000
25000 35000 50000 75000 100000 125000 150000 175000 200000 225000 250000 300000]
[0.38935 0.38935 0.00568 0.00543 0.00517 0.00495 0.00473 0.01098 0.00989 0.00896
0.00815 0.01426 0.02237 0.02353 0.02459 0.01517 0.01021 0.00732 0.00547 0.00423
0.00337 0.00274 0.0241]

poisson

agg BN.One
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
poisson

agg BN.One
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
poisson
aggregate net of
360 xs 0

agg HC
5 claims
dsev [200000 400000 600000 800000 1000000] [0.378 0.235 0.146 0.091 0.15]
occurrence net of
400000 xs 600000

mixed gamma 0.2

agg B7
91000 claims
dsev [14 15 16 17 18 19 20 24 26 28 30 31 55 60] [0.0103301 0.030799 0.0293511
0.0103301 0.0730414 0.0111568 0.0264554 0.1002133 0.0815418 0.0252146 0.0212857
0.0254214 0.0991756 0.4556837]

poisson

port Denuit.Pool
agg Agent1
1 claim
sev 2 * expon splice [0 10]
fixed

agg Agent2
1 claim
sev 2 * expon splice [0 10]
fixed

agg Agent3
1 claim
sev 2 * gamma [1 8] wts [0.504541349633 0.495458650367] splice [0 0] [30 30]
fixed
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Mack and Fackler’s test of Riebesell’s rule

FromMack and Fackler (2003), reproduced in Chapter 3.

agg S
1 claim
0.01 xs 0
sev expon
fixed

agg S
1 claim
0.1 xs 0
sev expon
fixed

and 5 more of this shape, differing only in their numbers.

agg S
1 claim
sev expon
fixed

agg S
1 claim
0.01 xs 0
sev 10 * gamma 0.1
fixed

agg S
1 claim
0.1 xs 0
sev 10 * gamma 0.1
fixed

and 5 more of this shape, differing only in their numbers.

agg S
1 claim
sev 10 * gamma 0.1
fixed

agg S
1 claim
0.01 xs 0
sev lognorm 1 cv 4.95315270785704
fixed
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agg S
1 claim
0.1 xs 0
sev lognorm 1 cv 4.95315270785704
fixed

and 5 more of this shape, differing only in their numbers.

agg S
1 claim
sev lognorm 1 cv 4.95315270785704
fixed

agg S
1 claim
0.01 xs 0
sev 0.5 * lomax 1.5
fixed

agg S
1 claim
0.1 xs 0
sev 0.5 * lomax 1.5
fixed

and 5 more of this shape, differing only in their numbers.

agg S
1 claim
sev 0.5 * lomax 1.5
fixed

agg Riebesell
1 claim
5000000 xs 0
sev [9894.934954 259286.6924] * [lognorm pareto] [1.8 0.7369655942] wts
[0.965191548087 0.034808451913] splice [0 259286.6924 inf]

fixed

agg Riebesell
1 claim
50000 xs 0
sev [9894.934954 259286.6924] * [lognorm pareto] [1.8 0.7369655942] wts
[0.965191548087 0.034808451913] splice [0 259286.6924 inf]

fixed

and 11 more of this shape, differing only in their numbers.
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Mata and Verheyen on trend by layer

FromMata and Verheyen (2005), reproduced in Chapter 4.

agg M
1 claim
250000 xs 0
sev lognorm 152062.97146657703 cv 13.727535749987513
fixed

agg M
1 claim
500000 xs 0
sev lognorm 152062.97146657703 cv 13.727535749987513
fixed

and 8 more of this shape, differing only in their numbers.

agg M
1 claim
sev lognorm 152062.97146657703 cv 13.727535749987513
fixed

agg M
1 claim
sev lognorm 103491.50327117534 cv 13.727535749987513
fixed

Bodoff and excess of policy limits losses

From Bodoff (2017), reproduced in Chapter 5.

agg B
1 claim
50000 xs 0
sev 50000 * lomax 1.5
fixed

agg B
1 claim
100000 xs 0
sev 50000 * lomax 1.5
fixed

and 8 more of this shape, differing only in their numbers.

332



Homer and Clark’s bivariate FFT

From Homer and Clark (2003), reproduced in Chapter 6.

bivariate A
dfreq [2]
dbvsev [0 1 2] [0 1 2] [[0.4 0 0] [0.3 0.3 0] [0 0 0]]

agg HC
5 claims
dsev [200000 400000 600000 800000 1000000] [0.378 0.235 0.146 0.091 0.15]
occurrence net of
400000 xs 600000

mixed gamma 0.2

bivariate HC3
4 claims
dbvsev [0 200000 400000 600000 800000 1000000] [0 200000 400000 600000 800000 1000000
1200000] [[0.08389999999999327 0.014699999999998822 0.0012999999999998956
9.9999999999992e-05 0 0 0] [0.27979999999997757 0.13289999999998933
0.03159999999999747 0.004999999999999599 0.0005999999999999518 9.9999999999992e-05
0] [0.04149999999999668 0.03209999999999742 0.012499999999998998
0.003199999999999744 0.0005999999999999518 9.9999999999992e-05 0]
[0.030699999999997542 0.03299999999999736 0.01769999999999858 0.006399999999999488
0.0016999999999998637 0.000399999999999968 9.9999999999992e-05]
[0.022799999999998172 0.03129999999999749 0.021499999999998274 0.009899999999999208
0.0033999999999997275 0.0008999999999999279 0.000199999999999984]
[0.033756260434097296 0.05659432387309546 0.047378964941596206 0.02644407345579788
0.011118530884799109 0.003706176961599703 0.0010016694490799197]]

mixed gamma 0.5

bivariate HC4
10 claims
dbvsev [0 200000 400000 600000 800000] [0 1 2 3 4 5] [[0 0.10000000000000002 0 0 0 0]
[0.43800000000000006 0 0 0 0 0] [0.24600000000000002 0 0 0 0 0] [0.13800000000000004
0 0 0 0 0] [0.07800000000000001 0 0 0 0 0]]

mixed gamma 0.31622776601683794

bivariate HC4b
10 claims
dbvsev [0 200000 400000 600000 800000] [0 1 2 3 4 5] [[0 0.10000000000000002 0 0 0 0]
[0.43800000000000006 0 0 0 0 0] [0.24600000000000002 0 0 0 0 0] [0.13800000000000004
0 0 0 0 0] [0.07800000000000001 0 0 0 0 0]]

mixed gamma 0.31622776601683794

Bear and Nemlick on adjustable treaty features

From Bear and Nemlick (1990), reproduced in Chapter 7.
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port BearNemlick.One
agg Class1
9000 premium at 0.04 lr
160 xs 0
sev 40 * pareto 0.9 + -40
mixed gamma 0.07879574790219362

agg Class2
3000 premium at 0.03 lr
160 xs 0
sev 40 * pareto 0.95 + -40
mixed gamma 0.22335691114062584

port BearNemlick.Two
agg Class1
2000 premium at 0.1 lr
700 xs 0
sev 300 * pareto 1.5 + -300
mixed gamma 0.09022811434760547

agg Class2
2000 premium at 0.14 lr
700 xs 0
sev 300 * pareto 1.3 + -300
mixed gamma 0.09869275424396479

agg Class3
2000 premium at 0.21 lr
700 xs 0
sev 300 * pareto 1.1 + -300
mixed gamma 0.12408498159738195

agg BN.One
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
poisson

agg BN.One
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
poisson
aggregate net of
360 xs 0

xpnl BN.TreatyII
1172 premium
less
agg BN.Two
[2000 2000 2000] premium at [0.1 0.14 0.21] lr
700 xs 0
sev 300 * pareto [1.5 1.3 1.1] + -300
occurrence net of
700 xs 0 deposit 1172 reinstatements [0 0 0] as Layer

poisson
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agg BN.TwoAlt
[2000 2000 2000] premium at [0.1 0.14 0.21] lr
700 xs 0
sev 300 * pareto [1.5 1.3 1.1] + -300
poisson
aggregate ceded to
2800 xs 0

xpnl BN.TreatyIII
10000 premium
less
agg BN.Three
[4500 4500 1000] premium at [0.032 0.038 0.035] lr
400 xs 0
sev 100 * pareto 1.1 + -100
poisson
aggregate net of
10000 xs 0 deposit 350 corridor 1 po 1 xs 1 as Corridor

xpnl BN.TreatyIIIb
10000 premium
less
agg BN.Three
[4500 4500 1000] premium at [0.032 0.038 0.035] lr
400 xs 0
sev 100 * pareto 1.1 + -100
poisson
aggregate net of
10000 xs 0 deposit 366.9658642415209 corridor 1 po 0.9537671868292504 xs
0.9537671868292504 as Corridor

pnl BN.TreatyIV
retro basic 0 lcm 1.3333333333 min 360 max 1200 premium
less
agg BN.Four
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
poisson

xpnl BN.TreatyV
18000 premium
less
agg BN.Five
[6000 6000 6000] premium at [0.1 0.14 0.21] lr
700 xs 0
sev 300 * pareto [1.5 1.3 1.1] + -300
poisson
aggregate net of
80% po 100000 xs 0 deposit 5625 pc 0.25 after 0.2 as "PC layer"

xpnl BN.TreatyVI
25000 premium
less
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agg BN.Six
25000 premium at 0.1 lr
900 xs 0
sev 100 * pareto 0.98 + -100
poisson
aggregate net of
100000 xs 0 deposit 5000 slide 0.4 at 0.35 and 0.25 at 0.55 and 0.2 at 0.65 as
Slide

xpnl BN.TreatyVI
25000 premium
less
agg BN.Six
25000 premium at 0.1 lr
900 xs 0
sev 100 * pareto 0.95 + -100
poisson
aggregate net of
100000 xs 0 deposit 5000 slide 0.4 at 0.35 and 0.25 at 0.55 and 0.2 at 0.65 as
Slide

and 4 more of this shape, differing only in their numbers.

agg BN.One
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
mixed gamma 0.22360679774997896

agg BN.One
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
mixed gamma 0.31622776601683794

agg BN.One
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
mixed gamma 0.22360679774997896
aggregate net of
360 xs 0

agg BN.One
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
mixed gamma 0.31622776601683794
aggregate net of
360 xs 0
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xpnl BN.TreatyII
1172 premium
less
agg BN.Two
[2000 2000 2000] premium at [0.1 0.14 0.21] lr
700 xs 0
sev 300 * pareto [1.5 1.3 1.1] + -300
occurrence net of
700 xs 0 deposit 1172 reinstatements [0 0 0] as Layer

mixed gamma 0.22360679774997896

xpnl BN.TreatyII
1172 premium
less
agg BN.Two
[2000 2000 2000] premium at [0.1 0.14 0.21] lr
700 xs 0
sev 300 * pareto [1.5 1.3 1.1] + -300
occurrence net of
700 xs 0 deposit 1172 reinstatements [0 0 0] as Layer

mixed gamma 0.31622776601683794

xpnl BN.TreatyIII
10000 premium
less
agg BN.Three
[4500 4500 1000] premium at [0.032 0.038 0.035] lr
400 xs 0
sev 100 * pareto 1.1 + -100
mixed gamma 0.22360679774997896
aggregate net of
10000 xs 0 deposit 350 corridor 1 po 1 xs 1 as Corridor

xpnl BN.TreatyIII
10000 premium
less
agg BN.Three
[4500 4500 1000] premium at [0.032 0.038 0.035] lr
400 xs 0
sev 100 * pareto 1.1 + -100
mixed gamma 0.31622776601683794
aggregate net of
10000 xs 0 deposit 350 corridor 1 po 1 xs 1 as Corridor

pnl BN.TreatyIV
retro basic 0 lcm 1.3333333333 min 360 max 1200 premium
less
agg BN.Four
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
mixed gamma 0.22360679774997896
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pnl BN.TreatyIV
retro basic 0 lcm 1.3333333333 min 360 max 1200 premium
less
agg BN.Four
[9000 3000] premium at [0.04 0.03] lr
160 xs 0
sev 40 * pareto [0.9 0.95] + -40
mixed gamma 0.31622776601683794

xpnl BN.TreatyV
18000 premium
less
agg BN.Five
[6000 6000 6000] premium at [0.1 0.14 0.21] lr
700 xs 0
sev 300 * pareto [1.5 1.3 1.1] + -300
mixed gamma 0.22360679774997896
aggregate net of
80% po 100000 xs 0 deposit 5625 pc 0.25 after 0.2 as "PC layer"

xpnl BN.TreatyV
18000 premium
less
agg BN.Five
[6000 6000 6000] premium at [0.1 0.14 0.21] lr
700 xs 0
sev 300 * pareto [1.5 1.3 1.1] + -300
mixed gamma 0.31622776601683794
aggregate net of
80% po 100000 xs 0 deposit 5625 pc 0.25 after 0.2 as "PC layer"

xpnl BN.TreatyVI
25000 premium
less
agg BN.Six
25000 premium at 0.1 lr
900 xs 0
sev 100 * pareto 0.98 + -100
mixed gamma 0.22360679774997896
aggregate net of
100000 xs 0 deposit 5000 slide 0.4 at 0.35 and 0.25 at 0.55 and 0.2 at 0.65 as
Slide

xpnl BN.TreatyVI
25000 premium
less
agg BN.Six
25000 premium at 0.1 lr
900 xs 0
sev 100 * pareto 0.98 + -100
mixed gamma 0.31622776601683794
aggregate net of
100000 xs 0 deposit 5000 slide 0.4 at 0.35 and 0.25 at 0.55 and 0.2 at 0.65 as
Slide
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xpnl BN.TreatyIIp
1172 premium
less
agg BN.Two
[2000 2000 2000] premium at [0.1 0.14 0.21] lr
700 xs 0
sev 300 * pareto [1.5 1.3 1.1] + -300
occurrence net of
700 xs 0 deposit 1172 reinstatements [1 1 1] as Layer

poisson

Wang and risk loads by layer

FromWang (2000), reproduced in Chapter 8.

agg Wang.Layers
1 claim
10000000 xs 0
sev 2000 * lomax 1.2
occurrence ceded to
50000 xs 0 and
50000 xs 50000 and
100000 xs 100000 and
100000 xs 200000 and
100000 xs 300000 and
100000 xs 400000 and
500000 xs 500000 and
1000000 xs 1000000 and
3000000 xs 2000000 and
5000000 xs 5000000

fixed

distortion wang_a wang 0.1

distortion ph_r ph 0.9245

distortion tmp ph 0.9

distortion tmp ph 0.95

and 4 more of this shape, differing only in their numbers.

Wang and the pricing of weather options

FromWang (2002), reproduced in Chapter 9.
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agg HDD
1 claim
dsev [972.5 1147 1244 901 1573 1055 1488 1065.5 1018.5 1155 1474.5 1129.5 1077.5
1129.5 1090.5 938.5 1199.5 1156 1040 940.5 1090.5 1517.5]

fixed

distortion wang25 wang 0.25

Denuit and conditional mean risk sharing

From Denuit (2019), reproduced in Chapter 10.

port D61a
agg P1
0.08 claims
dsev [1 2 3 4] [0.1 0.2 0.4 0.3]
poisson

agg P2
0.08 claims
dsev [1 2 3 4] [0.15 0.25 0.3 0.3]
poisson

agg P3
0.1 claims
dsev [1 2 3 4] [0.1 0.2 0.4 0.3]
poisson

agg P4
0.1 claims
dsev [1 2 3 4] [0.15 0.25 0.3 0.3]
poisson

port D61b
agg P1
0.08 claims
dsev [1 2 3 4] [0.1 0.2 0.4 0.3]
poisson

agg P2
0.08 claims
dsev [1 2 3 4] [0.15 0.25 0.3 0.3]
poisson

agg P3
0.1 claims
dsev [1 2 3 4] [0.1 0.2 0.3 0.4]
poisson

agg P4
0.1 claims
dsev [1 2 3 4] [0.15 0.25 0.3 0.3]
poisson

port Denuit61
agg P1
0.08 claims
dsev [1 2 3 4] [0.1 0.2 0.4 0.3]
poisson
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agg P2
0.08 claims
dsev [1 2 3 4] [0.15 0.25 0.3 0.3]
poisson

agg P3
0.1 claims
dsev [1 2 3 4] [0.1 0.2 0.4 0.3]
poisson

agg P4
0.1 claims
dsev [1 2 3 4] [0.15 0.25 0.3 0.3]
poisson

Denuit, Hieber and Robert on mortality credits

From Denuit et al. (2022), reproduced in Chapter 11.

port Fund100
agg Low
6 claims
dsev [1]
binomial 0.1

agg High
8 claims
dsev [3]
binomial 0.2

port Fund500
agg Low
30 claims
dsev [1]
binomial 0.1

agg High
40 claims
dsev [3]
binomial 0.2

and 1 more of this shape, differing only in their numbers.

Denuit et al. on comonotonic allocations

From Denuit, Dhaene, et al. (2025), reproduced in Chapter 12.

port Denuit.Pool
hints{log2=16; bs=0.002; normalize=False; padding=1}
agg Agent1
1 claim
sev 2 * expon splice [0 10]
fixed

agg Agent2
1 claim
sev 2 * expon splice [0 10]
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fixed
agg Agent3
1 claim
sev 2 * gamma [1 8] wts [0.504541349633 0.495458650367] splice [0 0] [30 30]
fixed

port Denuit.PoolAlt
hints{log2=16; bs=0.002; normalize=False; padding=1}
agg A1
1 claim
sev 2 * expon splice [0 10]
fixed

agg A2
1 claim
sev 2 * expon splice [0 10]
fixed

agg A3
1 claim
sev 2 * gamma [1 8] wts=2
fixed

port Denuit.PoolB
hints{log2=16; bs=0.002; normalize=False; padding=1}
agg B1
1 claim
sev 2 * expon splice [0 10]
fixed

agg B2
1 claim
sev 2 * expon splice [0 10]
fixed

agg B3
1 claim
sev 2 * gamma [1 8] wts=2 splice [0 0] [30 30]
fixed

Denuit, Ortega‐Jiménez and Robert on conditional expectations given the
sum

From Denuit, Ortega-Jiménez, et al. (2025), reproduced in Chapter 13.

port K
hints{log2=20; bs=0.01; normalize=False; padding=1}
agg X
1 claim
sev pareto 3.5
fixed

agg Y
1 claim
sev pareto 2.5
fixed
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port K
hints{log2=20; bs=0.01; normalize=False; padding=1}
agg X
1 claim
sev pareto 2.5
fixed

agg Y
1 claim
sev pareto 1.5
fixed

and 1 more of this shape, differing only in their numbers.

port K
hints{log2=18; bs=0.002; normalize=False; padding=1}
agg X
1 claim
sev lomax 3.5
fixed

agg Y
1 claim
sev lomax 3
fixed

Gerber and compound Poisson stop loss premiums

From Gerber (1982), reproduced in Chapter 14.

agg Gerber
1 claim
sev 2 * uniform + 1
poisson
hints{log2=18; bs=0.0009765625}

agg Gerber
10 claims
sev 2 * uniform + 1
poisson
hints{log2=18; bs=0.0078125}

agg Gerber
100 claims
sev 2 * uniform + 1
poisson

Robertson and the sum of uniform claims

From Robertson (1992), reproduced in Chapter 15.
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agg Robertson
5 claims
sev chistogram xps [0 0.2 0.4 0.6 0.8 1] [0.2 0.2 0.2 0.2 0.2]
fixed

agg Robertson2
5 claims
sev uniform
fixed

Embrechts, Grübel and Pitts on discretization error

From Embrechts et al. (1993), reproduced in Chapter 16.

agg EGP
20 claims
sev expon 1
poisson

Grübel and Hermesmeier on aliasing and exponential tilting

From Grübel and Hermesmeier (1999), reproduced in Chapter 17.

agg Levy
20 claims
sev levy
poisson

Pittarello, Luini and Marchione’s GEMAct package

From Pittarello et al. (2024), reproduced in Chapter 18.

agg PLM.XL
4 claims
20 xs 5
sev gamma 5 !
poisson

agg PLM.Layer1
0.5 claims
100 xs 100
sev 83.34 * genpareto 0.834 !
poisson
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agg PLM.Layer3
0.5 claims
100 xs 100
sev 83.34 * genpareto 0.834 !
poisson
aggregate ceded to
200 xs 0

xpnl PLM.Layer2
1 premium
less
agg PLM.Layer2Gross
0.5 claims
sev 83.34 * genpareto 0.834
occurrence net of
200 xs 100 deposit 1 reinstatements [0.6 0.6] as Layer

poisson

agg PLM.RS
0.5 claims
100 xs 0
sev 100 * pareto 1.2 + -100 !
poisson

agg PLM.Layer2Net
0.5 claims
200 xs 100
sev 83.34 * genpareto 0.834 !
poisson

agg PLM.Table1
3 claims
inf xs 10000
sev lognorm 84541.68 cv 2.1022565437545127
poisson

agg PLM.Gross
3 claims
sev lognorm 84541.68 cv 2.1022565437545127
poisson

agg PLM.XL1M
3 claims
1000000 xs 10000
sev lognorm 84541.68 cv 2.1022565437545127
poisson

agg PLM.SL
3 claims
sev lognorm 84541.68 cv 2.1022565437545127
poisson
aggregate ceded to
1000000 xs 50000
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agg PLM.XLAgg
3 claims
1000000 xs 10000
sev lognorm 84541.68 cv 2.1022565437545127
poisson
aggregate ceded to
1000000 xs 50000

agg PLM.Cut
3 claims
819150 xs 10000
sev lognorm 84541.68 cv 2.1022565437545127
poisson

agg PLM.Cut
3 claims
1638300 xs 10000
sev lognorm 84541.68 cv 2.1022565437545127
poisson

and 10 more of this shape, differing only in their numbers.

Embrechts and Frei’s three discretization designs

From Embrechts and Frei (2009), reproduced in Chapter 19.

agg EF
50 claims
sev expon
poisson

agg EF1
20 claims
sev 3 * pareto 4 + -3
poisson

Schaller and Temnov on a severity with no mean

From Schaller and Temnov (2008), reproduced in Chapter 20.

agg SchallerTemnov
18 claims
sev 12000 * genpareto 1 + 7000
poisson
hints{log2=20; bs=4.76837158203125; padding=2; normalize=False}
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Bruno et al. on thresholded direct convolution

From Bruno et al. (2006), reproduced in Chapter 21.

agg B
504.814259 claims
dsev [14 15 16 17 18 19 20 24 26 28 30 31 55 60] [0.0103301 0.030799 0.0293511
0.0103301 0.0730414 0.0111568 0.0264554 0.1002133 0.0815418 0.0252146 0.0212857
0.0254214 0.0991756 0.4556837]

poisson

agg B8
dfreq [0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17] [0.79870839980732
0.168928395537711 0.0275621536510322 0.00411140723243176 0.000591554176846273
8.41033531369783e-05 1.19716064327213e-05 1.71994460232325e-06 2.50751602571129e-07
3.72405307143863e-08 5.65056685224704e-09 8.77932283380845e-10 1.39934149169577e-10
2.29163277016947e-11 3.86088331748775e-12 6.69927670844654e-13 1.19834141403275e-13
2.211580538677e-14]

dsev [14 15 16 17 18 19 20 24 26 28 30 31 55 60] [0.0103301 0.030799 0.0293511
0.0103301 0.0730414 0.0111568 0.0264554 0.1002133 0.0815418 0.0252146 0.0212857
0.0254214 0.0991756 0.4556837]

agg B7
91000 claims
dsev [14 15 16 17 18 19 20 24 26 28 30 31 55 60] [0.0103301 0.030799 0.0293511
0.0103301 0.0730414 0.0111568 0.0264554 0.1002133 0.0815418 0.0252146 0.0212857
0.0254214 0.0991756 0.4556837]

poisson

Gollini and Rougier on a catastrophe model event loss table

From Gollini and Rougier (2016), reproduced in Chapter 22.

agg Hurricane
2.974183 claims
dsev [1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 20 24] [0.58889746 0.21928748
0.0672295 0.05374453 0.01379374 0.01411 0.00846236 0.0061182 0.00446063 0.00941256
0.00198404 0.00452247 7.436e-05 0.00025122 0.00253892 0.00435067 0.0007371 1.486e-05
4.95e-06 4.95e-06]

poisson

agg Hurricane.Capped
2.974183 claims
5 xs 0
dsev [1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 20 24] [0.58889746 0.21928748
0.0672295 0.05374453 0.01379374 0.01411 0.00846236 0.0061182 0.00446063 0.00941256
0.00198404 0.00452247 7.436e-05 0.00025122 0.00253892 0.00435067 0.0007371 1.486e-05
4.95e-06 4.95e-06]

poisson
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agg Hurricane.Gamma
2.974183 claims
sev gamma [1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 20 24] cv 0.5 wts [0.58889746
0.21928748 0.0672295 0.05374453 0.01379374 0.01411 0.00846236 0.0061182 0.00446063
0.00941256 0.00198404 0.00452247 7.436e-05 0.00025122 0.00253892 0.00435067
0.0007371 1.486e-05 4.95e-06 4.95e-06]

poisson

Wilson and Keich on accurate FFT convolution

FromWilson and Keich (2016), reproduced in Chapter 23.

agg Toy
dfreq [2]
dsev [1 2 3] [0.99999 1e-05 1e-20]

nttagg Wilson
dfreq [2]
dsev [1 2 3] [99998999999999999999/100000000000000000000 1/100000
1/100000000000000000000]

Wilson and Keich’s sisFFT for small tail probabilities

FromWilson and Keich (2017), reproduced in Chapter 24.

agg WK
dfreq [2]
dsev [0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57
58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85
86 87 88 89 90 91 92 93 94 95 96 97 98 99 100 101 102 103 104 105 106 107 108 109
110 111 112 113 114 115 116 117 118 119 120 121 122 123 124 125 126 127]
[0.05698071412216734 0.06620214484224507 0.07439431506585613 0.0808594823064372
0.08500523661668595 0.08643386270782825 0.08500523661668595 0.0808594823064372
0.07439431506585613 0.06620214484224507 0.05698071412216734 0.0474359096066097
0.03819531491351482 0.02974654116430425 0.022407137097008607 0.016325247924520128
0.011504207774114473 0.007841103119752254 0.005169173762132145 0.003296010711360087
0.0020327296165158883 0.0012125345785902368 0.0006995715951974206
0.00039038553710257675 0.00021070691529164931 0.00010999865526234663
5.554173985207159e-05 2.7125334425354087e-05 1.2813100714451682e-05
5.854056311225143e-06 2.586920418962627e-06 1.105688414827683e-06
4.570944696450248e-07 1.827690656905043e-07 7.068429552096851e-08
2.644031917226084e-08 9.566079154710707e-09 3.347532207218618e-09
1.1330239115747578e-09 3.709171412794566e-10 1.1744600532204117e-10
3.59685651045085e-11 1.0654461224833036e-11 3.0525542488755614e-12
8.458995729331485e-13 2.2672412675735592e-13 5.8776021715289e-14
1.473757926702887e-14 3.574173561367906e-15 8.38394921987302e-16
1.902151734895072e-16 4.174122530025176e-17 8.859490495024046e-18
1.818761770055943e-18 3.611323587025658e-19 6.935543648882527e-20
1.2883033361832961e-20 2.3146177051578186e-21 4.0222024620549385e-22
6.760395460348606e-23 1.0990154370000577e-23 1.7280607304882195e-24
2.628074830109522e-25 3.865805235535093e-26 5.500038508200373e-27
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7.568590490625302e-28 1.0073671919033027e-28 1.2968331832718913e-29
1.6147449836629747e-30 1.9446761623098232e-31 2.2652396490885474e-32
2.5521402435349255e-33 2.781111713376742e-34 2.931270180098265e-35
2.9882490005560692e-36 2.9464646373490424e-37 2.81001863961723e-38
2.5920339497460392e-39 2.3125742607080913e-40 1.9956032700263374e-41
1.6656212138890558e-42 1.3446269064639106e-43 1.0499070900667768e-44
7.929092000468263e-46 5.791880098166922e-47 4.092033548360507e-48
2.796290748421717e-49 1.8482000741056655e-50 1.1815147781965363e-51
7.305548867286579e-53 4.3690806287813747e-54 2.5272650181927225e-55
1.4139531828455055e-56 7.651433198651694e-58 4.004737637015077e-59
2.0273506236978068e-60 9.92675213472881e-62 4.701203037982131e-63
2.1534478334709612e-64 9.540765472727624e-66 4.088420924459984e-67
1.6945387385131509e-68 6.79314552283295e-70 2.6339883633345665e-71
9.878256594055475e-73 3.583193580753452e-74 1.2571403239902966e-75
4.2659991042454884e-77 1.4001716502139405e-78 4.4449340074571594e-80
1.364812125339333e-81 4.0532551594801475e-83 1.1642829388275267e-84
3.234719599335948e-86 8.692371190637349e-88 2.2592453900859697e-89
5.679525621992663e-91 1.3809699827592993e-92 3.247730108931048e-94
7.387528029916211e-96 1.625331188442783e-97 3.4586619315136957e-99
7.118653852801502e-101 1.4171347738069365e-102 2.7286507445183277e-104
5.081691135606408e-106 9.153603493842637e-108 1.5947750937110134e-109]

nttagg WKExact
dfreq [2]
dsev [0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57
58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85
86 87 88 89 90 91 92 93 94 95 96 97 98 99 100 101 102 103 104 105 106 107 108 109
110 111 112 113 114 115 116 117 118 119 120 121 122 123 124 125 126 127] [1205358117
644464993026277671413006936568364083140364778999451729673320026365429640939960919606
862622140585468053187333193728/21153791001287953841412697047875387498293910313973251
564797025979111027123370401587204752066054827030837889865716016508397003 14004263358
298455715782392409037184942409929082829631977967608581897658884740304211109305342609
94701597220333948174021427200/211537910012879538414126970478753874982939103139732515
64797025979111027123370401587204752066054827030837889865716016508397003 157372179258
708832360717497851338131546635345202043782818288592269843468224497263571739032510531
6323559806642234255552282624/2115379100128795384141269704787538749829391031397325156
4797025979111027123370401587204752066054827030837889865716016508397003 1710484589182
713984733850472785009606042168348558983000441053632322834670128289594452784428261092
752944166817515916197101568/21153791001287953841412697047875387498293910313973251564
797025979111027123370401587204752066054827030837889865716016508397003 17981830094044
046371145029893563615103384837957436499823203536911055606947534437653278807967046032
60059644846490769095131136/211537910012879538414126970478753874982939103139732515647
97025979111027123370401587204752066054827030837889865716016508397003 182840386715541
590035202331583342543050253841893848880871337974736010713648494383924455782658471758
9578838721505449490776064/2115379100128795384141269704787538749829391031397325156479
7025979111027123370401587204752066054827030837889865716016508397003 ...

The declaration runs to 28,081 characters and is cut short here; reproductions.agg contains it in
full.

nttagg DiceOfDice
dfreq [1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57
58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85
86 87 88 89 90 91 92 93 94 95 96 97 98 99 100 101 102 103 104 105 106 107 108 109
110 111 112 113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128 129 130
131 132 133 134 135 136 137 138 139 140 141 142 143 144 145 146 147 148 149 150 151
152 153 154 155 156 157 158 159 160 161 162 163 164 165 166 167 168 169 170 171 172
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173 174 175 176 177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192 193
194 195 196 197 198 199 200]

dsev [1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58
59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86
87 88 89 90 91 92 93 94 95 96 97 98 99 100 101 102 103 104 105 106 107 108 109 110
111 112 113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128 129 130 131
132 133 134 135 136 137 138 139 140 141 142 143 144 145 146 147 148 149 150 151 152
153 154 155 156 157 158 159 160 161 162 163 164 165 166 167 168 169 170 171 172 173
174 175 176 177 178 179 180 181 182 183 184 185 186 187 188 189 190 191 192 193 194
195 196 197 198 199 200]

Asmussen, Jensen and Rojas‐Nandayapa on the lognormal left tail

From Asmussen et al. (2016), reproduced in Chapter 25.

agg S
dfreq [4]
sev lognorm 0.25

agg S
dfreq [64]
sev lognorm 0.25

and 3 more of this shape, differing only in their numbers.

Ben Amar et al. on state‐dependent importance sampling

From Ben Amar et al. (2023), reproduced in Chapter 26.

agg S10
dfreq [10]
sev lognorm 0.6907755278982137

agg S9
dfreq [9]
sev lognorm 0.6907755278982137

and 4 more of this shape, differing only in their numbers.

Ben Rached, Hoel and Meo on the FFT accuracy floor

From Ben Rached et al. (2024), reproduced in Chapter 27.
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agg S
dfreq [16]
sev lognorm 0.125

agg L
dfreq [16]
sev 0.1 * levy

Liu, Wu and Yao on k‐moment tilting

From Liu et al. (2026), reproduced in Chapter 28.

agg T
dfreq [1]
sev pareto 2.5

agg T
dfreq [5]
sev pareto 2.5

agg T
dfreq [1]
sev 1.1 * pareto 2.6

agg T
dfreq [1]
sev 1.2 * pareto 2.7

port Paretos
hints{log2=22;bs=1/8;padding=1;normalize=False}
agg P0
dfreq [1]
sev pareto 2.5

agg P1
dfreq [1]
sev 1.1 * pareto 2.6

agg P2
dfreq [1]
sev 1.2 * pareto 2.7

agg P3
dfreq [1]
sev 0.9 * pareto 2.8

agg P4
dfreq [1]
sev 0.8 * pareto 2.9
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port P
agg P0
dfreq [1]
sev pareto 2.5

agg P1
dfreq [1]
sev 1.1 * pareto 2.6

agg P2
dfreq [1]
sev 1.2 * pareto 2.7

agg P3
dfreq [1]
sev 0.9 * pareto 2.8

agg P4
dfreq [1]
sev 0.8 * pareto 2.9

port LT
hints{log2=18;bs=1/1024;padding=1;normalize=False}
agg C0
dfreq [1]
sev expon + 1

agg C1
dfreq [1]
sev 0.8333333333333334 * expon + 1.1

agg C2
dfreq [1]
sev 0.7142857142857143 * expon + 1.2

agg C3
dfreq [1]
sev 0.6666666666666666 * expon + 0.9

agg C4
dfreq [1]
sev 0.5555555555555556 * expon + 0.8

Jin, Provost and Ren’s moment‐based density approximations

From Jin et al. (2016), reproduced in Chapter 30.

agg J
3 claims
sev 2 * gamma 3
poisson

agg J
15 claims
sev 2 * invgauss 1.5
poisson

agg J
50 claims
sev 2 * gamma 3
mixed gamma 0.3162277660168379
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agg J
50 claims
sev 2 * invgauss 1.5
mixed gamma 0.3162277660168379

agg J
3 claims
sev 100 * lomax 20
poisson

agg J
6 claims
sev 100 * lomax 20
mixed gamma 0.5773502691896257

agg NB
50 claims
dsev [1]
mixed gamma 0.31622776601683794

agg U
dfreq [1]
sev 2 * gamma 2

agg V
dfreq [1]
sev 1.5 * gamma 3

agg X
15 claims
sev 2 * gamma 2
poisson

agg Y
16 claims
sev 1.5 * gamma 3
poisson

Provenance of the named severity curves

From the papers cited in Chapter 31.

agg T
1 claim
sev lognorm 150000 cv 0.25
fixed
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agg T
1 claim
sev lognorm 10000 cv 4.953
fixed

agg T
1 claim
sev 50000 * pareto 1.5
fixed

agg T
1 claim
sev 50000 * lomax 1.5
fixed

agg T
1 claim
sev 100 * lomax 20
fixed

and 3 more of this shape, differing only in their numbers.

agg T
1 claim
sev gamma 6 cv 0.5774
fixed

agg T
1 claim
sev 11048 * lognorm 2.29
fixed

agg T
1 claim
sev chistogram xps [0 1000 5000 6000 7000 8000 9000 10000 12500 15000 17500 20000
25000 35000 50000 75000 100000 125000 150000 175000 200000 225000 250000 300000]
[0.38935 0.38935 0.00568 0.00543 0.00517 0.00495 0.00473 0.01098 0.00989 0.00896
0.00815 0.01426 0.02237 0.02353 0.02459 0.01517 0.01021 0.00732 0.00547 0.00423
0.00337 0.00274 0.0241]

fixed

agg XPL
1 claim
1000000 xs 0
sev 50000 * lomax 1.5
fixed

354



agg J
3 claims
sev gamma 6 cv 0.5774
poisson

29 chapters build 221 distinct programs between them, of which 144 are printed above and 77 are
further declarations of a shape already shown.
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