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1 Introduction

Liu et al. (2026) estimates the right-tail probability

n
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for independent, not necessarily identically distributed, positive X; and large u. Their method is k-
moment tilting (KMT), an importance sampling scheme that tilts each marginal by a power rather
than by an exponential:
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The reason for a power rather than an exponential is immediate: exponential tilting needs a finite
moment generating function, which heavy-tailed laws do not have. A power tilt only needs a finite
k-th moment, so it survives on the Pareto. Since g;/f; is non-decreasing, the tilted variable stochas-
tically dominates the original, which is what fixes the low hit rate.

The paper’s three claims are that KMT (i) applies to heavy- and light-tailed marginals under the gen-
eral independent non-identically distributed setting, where hazard rate twisting cannot go because
it assumes a single common hazard function, (ii) admits closed-form optimal tilting parameters ob-
tained by minimizing a deterministic upper bound rather than the intractable second moment, with
a clean characterization of the rare-event threshold u, below which no tilting is needed, and (iii)
is asymptotically optimal for the Pareto family, and beats the HRT-SOC scheme of Ben Amar et al.
(2023) on computational time by roughly 9.6-fold at u = 800.

That last comparison is the thread back to the rest of this group. Ben Amar et al. (2023) is the state-
dependent stochastic control method reproduced on its own page, and its weakness, that a backward
recursion must be re-solved for each problem, is precisely what KMT is designed to avoid:

KMT determines the optimal tilting parameter k* via a one-step procedure, namely
by solving a single scalar equation, after which sampling proceeds without further ad-
justment. Conversely, HRT-SOC’s state-dependent mechanism requires backward re-
cursion and repeated pathwise recomputations, introducing substantial computational
overhead that limits its practical efficiency.



Figure 1 sets out the numerical experiments those claims rest on.

4 Numerical Experiments

To evaluate the performance of the KMT method, we conduct numerical experiments comparing
it with CMC, HRT, and the HRT-SOC method of [8], which applies the HRT change of measure
with parameters determined via a stochastic optimal control formulation. These experiments
focus on the Pareto distribution, a prominent example of heavy-tailed distributions. In practice,
computational cost is an important consideration in Monte Carlo simulation, alongside variance
reduction. These two metrics serve as the primary criteria throughout this section. We present
reference values as an estimation benchmark, which are obtained from either large-scale CMC
simulations or asymptotic approximations, depending on the rarity of the event. In particular,
when CMC is used to construct the reference values, the sample size is selected such that the
relative error is below 3%; see [18]. Numerical experiments on light-tailed distributions are
provided in Section C of the Supplementary Materials.

First, to compare KMT with the HRT method, we restrict attention to the i.i.d. setting where

{X;}1, follow a standard Pareto distribution. Table 1 summarizes the simulation results for

varying u and different sample sizes Nsample. Both KMT and HRT produce estimates close to the
corresponding reference values, significantly outperform CMC in terms of variance reduction,
and exhibit nearly identical performance in both variance reduction and computational cost
(approximately 0.01, 0.1, and 1 seconds for 10°, 109, and 107 samples, respectively). By contrast,
as u increases, CMC becomes increasingly inefficient: without tilting, it requires substantially

larger sample sizes to observe rare events, rendering it computationally impractical.

Figure 1: Liu et al (2026), Section 4, the numerical experiments.

2 What is reproducible

Unlike Ben Amar et al. (2023), this paper reports the probabilities, and it is careful about where its
reference values come from. That makes it the best reproduction target of the group. Table 1 is the
inventory.

Table 1: Every published value this page reproduces, its setting and where the paper’s reference

comes from.
Table Setting Threshold Reference Provenance
1 i.i.d. Pareto, u= 16.28,2.81,1.01 x CMC, 4.5 x 10%°
a=25x,=1,  400,800,1200 1077 samples
n=>5



Table Setting Threshold Reference Provenance
2 i.n.d. Pareto, u = 800 1.25x 1077 CMC, 3.6 x 10%°
a=(2.5...2.9), samples
Xm =
(1,1.1,1.2,0.9,0.8)
2 as above u = 444000 1.13 x 10714 asymptotic,
Zi P(Xi > u)
C1 in.d. shifted u=25,28 2.73 x 1077, exact,
exponential, 4 = 1.40 x 1078 hypoexponential

(1.0,1.2,1.4,1.5,1.8)

The Table C.1 references are exact in closed form, and the Table 2 reference at u = 444000 is an
analytic asymptotic. Both are checked independently in Table 3 before any of them is used to judge
aggregate.

The estimator variances and CPU timings in all three published tables measure KMT and are not
reproducible here, nor should they be. Figure 2 and Figure 4 are the pages they appear on.

Table 1: Performance comparison of CMC, HRT, and KMT.

Probability estimates

Estimator variances

U QCMC N,
ref sample
CMC HRT KMT CMC HRT KMT

1x10% - 16.18 16.66 — 1.43%x107  1.28x10"14

400  16.28 1x10% 20.00 15.98 16.02 2.00x107'2 1.52x10"¥ 1.37x10°15
1x107  20.00 16.38 16.12 2.00x10713 1.43x10716 1.39x10716
1x105 - 279 287 - 7.09%x10716  5.49x 1016

800 2.81  1x10% -~ 279 276 — 7.63x10717  6.41x10717
1x107  4.00 284 278 4.00x107% 6.76x107® 6.51x10718
1x10° - 1.01  1.03 - 1.22x107%  850x10~17

1200 1.01 1x10% — 1.01  1.00 - 1.27%x107Y7  1.06x10~17
1x107  1.00 1.02 1.00 1.00x107 1.12x107¥® 1.08x107!8

Notes. The n = 5 variables are i.i.d. with common Pareto parameters «; = 2.5 and x,, ; = 1. The reference values
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estimate unavailable.

, are reported in units of 10~

are derived from a large-scale CMC simulation with 4.5 x 10'? samples. All probability estimates, including

7. %7 means that no rare events were observed, rendering the

Table 2: Computational efficiency comparison of HRT-SOC and KMT.

CMC _ — _ _ —1 _
Mothod M€ =125 x 1077 (u = 800) o =1.13 x 107 (u = 444000)
Estimate  Variance Time (s) Estimate Variance Time (s)
HRT-SOC 1.26x10~7 1.15x10718 16.25 1.14x107  257x10732  16.06
KMT 1.25x10~7 1.24x10~% 1.69 1.13x1071  2.06x10732 7.53

Notes. Computation time comparison at comparable estimator variance for the i.n.d. Pareto sum. The parameters
are n = 5, a = (2.5,2.6,2.7,2.8,2.9) and z,» = (1,1.1,1.2,0.9,0.8) with components a; and z,, ;, respectively.
The reference value ag}}{c is derived from a large-scale CMC simulation with 3.6 x 100 samples; the asymptotic
reference value afo) is computed as Y i ; P(X; > u). HRT-SOC uses 10°% samples at both rarity levels, whereas
KMT uses 107 samples for . = 800 and 5 x 107 samples for v = 444000. For HRT-SOC, the grid size K and

state-space truncation S are set to 20 and 1.1u, respectively, following [8].

Figure 2: Liu et al (2026), Tables 1 and 2.



3 Setup, and one parameterization trap

%xmode minimal
import warnings

import numpy as np
import pandas as pd
from functools import partial

from bookstyle import GT, build

# Tail probabilities and relative errors read as powers of ten, not SI prefixes.
GT = partial(GT, eng style='exp')
from scipy.integrate import IntegrationWarning

The Type I Paretos below have alpha near 2.5, so the tail integrals aggregate
evaluates for the severity moments really are slowly convergent and scipy says
so, 39 times. The warning is expected here and carries no information, and
because it prints an absolute path it also overflows the pdf text block by
255pt each time. Filtered by category rather than blanket-suppressed, so any
other warning from this chapter still shows.

warnings.filterwarnings('ignore', category=IntegrationWarning)

#
#
#
#
#
#

ALPHAS = [2.5, 2.6, 2.7, 2.8, 2.9]
XM= [1.0, 1.1, 1.2, 0.9, 0.8]
LAM = [1.0, 1.2, 1.4, 1.5, 1.8]

Exception reporting mode: Minimal

The paper uses the Type I Pareto,
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SO X,,,; enters as a scale, not as a location shift. This is the one place a reproduction silently goes
wrong. In DecL, sev pareto 2.5is scipy.stats.pareto(2.5) with unit scale, giving support
[1, ) and mean a/(a — 1). To move the support to [x,,, o) with the paper’s shape you must write
sev {xm} * pareto {alpha}. Writing sev pareto {alpha} + {xm - 1} also puts the supportin
the right place but produces a shifted Pareto with a different tail, and the resulting probabilities are
low by a few percent. Table 2 pins the convention on the severity means.

rows = []

for prog, want in [('sev 1 * pareto 2.5', 2.5 * 1.0 / 1.5),
('sev 1.1 * pareto 2.6', 2.6 * 1.1 / 1.6),
('sev 1.2 * pareto 2.7', 2.7 * 1.2 / 1.7)]:

obj = build(f'agg T dfreq [1] {prog}', log2=18, bs=1 / 64, normalize=False)
rows.append({'DecL': prog, 'agg mean': obj.est m,
'paper mean, a xm/(a-1)': want})
GT(pd.DataFrame(rows))



Table 2: Three Pareto severities written as scale times shape, each mean against the paper’s ax,,,/(a—

1).
agg paper mean,
DecL mean axm/(a-1)
sev 1 * pareto 2.5 1.667 1.667
sev 1.1 * pareto 2.6 1.788 1.788
sev 1.2 * pareto 2.7 1.906 1.906

Before trusting the paper’s own reference values, Table 3 checks the three that are analytic.

def asymptotic(u):
“""Sum_i P(X_1i > u) for Type I Pareto: the Table 2 reference at u=444000."""
return sum((x / u) ** a for a, x in zip(ALPHAS, XM))

def hypoexponential sf(t, lam):
"""Exact survival of a sum of independent exponentials with distinct rates."""
lam = np.asarray(lam)

return sum(np.prod(np.delete(lam, i) / (np.delete(lam, i) - 1i)) * np.exp(-1li * t)
for i, 1i in enumerate(lam))

GT(pd.DataFrame ([
{'quantity': 'Table 2, u=444000', 'recomputed': asymptotic(444000.0),
"paper': 1.13e-14},
{'quantity': 'Table C.1, u=25', 'recomputed': hypoexponential sf(25.0 - sum(XM), LAM),
'paper': 2.73e-7},
{'quantity': 'Table C.1, u=28', 'recomputed': hypoexponential sf(28.0 - sum(XM), LAM),
'paper': 1.40e-8},
1)

Table 3: The Table 2 asymptotic and the two exact Table C.1 references, recomputed from their closed

forms.
quantity recomputed paper
Table 2, u=444000 11.331e-15  11.300e-15
Table C.1, u=25 272.986e-09 273.000e-09
Table C.1, u=28 14.014e-09  14.000e-09

All three reproduce to the quoted precision in Table 3, which confirms the Type I reading and the
shift convention X; = Y'; + x,,; in the light-tailed case.

4 Table 1: i.i.d. Pareto

Five i.i.d. Pareto variables is dfreq [5] against a single severity, and Table 4 is the result.

iid = build('agg T dfreq [5] sev 1 * pareto 2.5',
log2=22, bs=1 / 16, padding=1, normalize=False)

rows = []
for u, ref, kmt in [(400, 1.628e-6, 1.612e-6), (800, 2.8le-7, 2.78e-7),
(1200, 1.01e-7, 1.00e-7)]:



s = iid.density df.loc[u, 'S']
rows.append({'u': u, 'agg': s, 'paper CMC reference': ref,
'rel err vs reference': abs(s / ref - 1),
'KMT at 1le7 samples': kmt})
GT(pd.DataFrame(rows))

Table 4: Table 1, the i.i.d. Pareto tail probability at three thresholds, against the paper’s Monte Carlo
reference and its KMT estimate.

paper KMT at
CMC rel err vs le7
u agg reference reference samples
400 1.630e-06 1.628e-06 9.87e-04 1.612e-06

800 282.041e-09  281.000e-09 3.70e-03  278.000e-09
1,200 101.636e-09 101.000e-09 6.30e-03  100.000e-09

Table 4 agrees to between 0.1% and 0.6%. The reference itself comes from 4.5 x 10! CMC samples,
whose own relative standard error at a ~ 10~/ is about 0.5%, so aggregate is inside the reference’s
precision at every threshold and is at least as accurate as the KMT column at 107 samples.

The estimator variances in Table 1 are not reproducible, but they are still usable: they turn the pa-

per into the formal acceptance test of Table 5. If aggregate is right, it should fall inside the KMT
estimator’s own confidence interval.

kmt = [(400, 1.612e-6, 1.39e-16), (800, 2.78e-7, 6.51e-18),
(1200, 1.00e-7, 1.08e-18)] # estimate and variance at le7 samples

rows = []
for u, est, var in kmt:
sd = var ** 0.5
s = iid.density df.loc[u, 'S']
rows.append({'u': u, 'KMT estimate': est, 'KMT sd': sd,
'lower 3 sd': est - 3 * sd, 'agg': s, 'upper 3 sd': est + 3 * sd,
'z score': (s - est) / sd,
'inside': abs(s - est) < 3 * sd})
GT(pd.DataFrame(rows))

Table 5: The computed probability against a three standard error band around each KMT estimate.

KMT z
u estimate KMTsd lower 3sd agg upper 3sd score inside
400 1.612e-06 11.790e-09 1.577e-06 1.630e-06 1.647e-06  1.493 True

800 278.000e-09  2.551e-09 270.346e-09 282.041e-09 285.654e-09 1.584 True
1,200 100.000e-09  1.039e-09  96.882e-09 101.636e-09 103.118e-09 1.574 True

In Table 5 aggregate sits within 1.6 standard errors of the KMT estimate at all three thresholds,
which is what an unbiased estimator and an exact computation should do relative to one another.
The z scores are notably consistent, all near +1.5, which would suggest a small downward bias in
the tabulated 107-sample estimates if it were not for the fact that three points is too few to say so, and
nothing in the paper indicates whether the three rows come from independent runs.



5 Table 2: i.n.d. Pareto, and where this stops working

Distinct shapes and locations means a port of five one-claim aggregates. Figure 3 is the paper’s
comparison against HRT-SOC and Table 6 the reproduction.

Next, we consider an i.n.d. Pareto case with distinct shape and location parameters, a setting
where HRT is inapplicable. In this setting, we compare the KMT method with the HRT-SOC,
which can also accommodate distributional heterogeneity through a state-dependent change of
measure. The two methods are compared at u = 800 and u = 444000, with sample sizes giving
comparable estimator variances. For v = 800, the reference value is obtained via a large-scale
CMC simulation. For u = 444000, direct CMC simulation is computationally infeasible, and we
use > i, P(X; > u) as an asymptotic approximation to P(S, > u), based on Theorem 3.2 of
[22].

Table 2 reports the results, showing that both methods produce estimates close to the corre-
sponding reference values. At u = 800, KMT achieves a comparable variance to HRT-SOC using
107 samples in 1.69 seconds, versus 16.25 seconds for HRT-SOC at 10% samples, corresponding
to a 9.6-fold speedup. At u = 444000, KMT requires 5 x 107 samples against 106 for HRT-SOC,
yet still completes in 7.53 seconds compared to 16.06 seconds. Despite requiring larger sample
sizes to achieve comparable variance reduction, KMT consistently outperforms HRT-SOC in
computational time. This is because KMT determines the optimal tilting parameter k* via a
one-step procedure, namely by solving a single scalar equation, after which sampling proceeds
without further adjustment. Conversely, HRT-SOC’s state-dependent mechanism requires back-
ward recursion and repeated pathwise recomputations, introducing substantial computational

overhead that limits its practical efficiency.

Figure 3: Liu et al (2026), the i.n.d. comparison against HRT-SOC.

units = '\n'.join(f'\tagg P{i} dfreq [1] sev {x} * pareto {al}'
for i, (al, x) in enumerate(zip(ALPHAS, XM)))
ind = build('port Paretos hints{log2=22;bs=1/8;padding=1;normalize=False}\n' + units)

rows = []
for u, ref, kind in [(800, 1.25e-7, 'CMC, 3.6el0 samples'),
(444000, 1.13e-14, 'asymptotic')]:
s = ind.density df.loc[u, 'S']
rows.append({'u': u, 'agg': s, 'paper reference': ref,
'reference kind': kind, 'ratio agg / reference': s / ref})
GT(pd.DataFrame(rows))

Table 6: Table 2, the i.n.d. Pareto tail probability at two thresholds, against a Monte Carlo and an
asymptotic reference.

paper ratio agg /

u agg reference reference kind reference
800 125.284e-09 125.000e-09 CMC, 3.6e10 samples 1.00
444,000 17.504e-12 11.300e-15 asymptotic 1,549.07

The u = 800 row of Table 6 lands at 0.2%, against a reference built from 3.6 x 10'° Monte Carlo
samples.



The u = 444000 row is wrong by a factor of about 1550, and it is worth being precise about why,
because the reason is not the model and not the parameterization. It is accumulated FFT roundoff.
aggregate forms S(u) by summing bucket masses above u, each carrying a rounding error of order
machine epsilon times the local scale. Those errors are individually negligible and do not cancel, so
the total scales with the number of buckets summed. Atbs = 1/8 there are 642,304 buckets above
444000 and the accumulated bias swamps a 10~'4 answer.

That diagnosis makes a testable prediction: coarsen the grid, sum fewer buckets, and the answer
should come back. Table 7 runs it.

rows = []
for bs, log2 in [(1 / 8, 22), (1.0, 20), (8.0, 18), (64.0, 16),
(512.0, 13), (4096.0, 10)]:
p = build(f'port P hints{{log2={1log2};bs={bs};padding=1;normalize=False}}\n' + units)
xs = p.density df.index.values
i = np.searchsorted(xs, 444000.0)
s = float(p.density df['S'].iloc[i])
rows.append({'bs': bs, 'log2': log2, 'x max': xs[-1],
'buckets above u': len(xs) - i, 'agg S(444000)': s,
'ratio to reference': s / asymptotic(444000.0)})
GT(pd.DataFrame(rows))

Table 7: The u = 444000 probability as the grid is coarsened, against the number of buckets summed

above the threshold.
buckets agg ratio to
bs log2 X_max aboveu S(444000) reference
0.12 22 524.288e+03 642,304 17.504¢-12 1,544.84
1.00 20 1.049¢+-06 604,576 3.933e-12 347.09
8.00 18 2.097e+06 206,644 883.404e-15 77.96
64.00 16 4.194e+06 58,598 197.287e-15 17.41
512.00 13 4.194e+06 7,324  44.853e-15 3.96
4,096.00 10 4.190e+06 915 11.324e-15 1.00

Table 7 behaves exactly as predicted, and monotonically. From 642,304 buckets down to 915, the ratio
falls from 1545 to 1.01. Atbs = 4096 the computed value is 1.1435 x 10~'# against the asymptotic
reference 1.1331x 10714, 2 0.9% agreement, and the small remaining excess is the genuine difference
between the exact probability and the first-order asymptotic, which should be positive.

The practical lesson is counterintuitive and worth stating plainly: for a very small right-tail proba-
bility, coarsen the grid. Fine buckets buy resolution you do not need and pay for it in accumulated
noise you cannot afford. This is the same absolute error floor documented on the Ben Rached et al.
(2024) and Wilson and Keich (2017) pages, in a third guise: there it capped the depth of a left tail,
here it caps the depth of a right tail, and in both cases it is proportional to how much of the density
gets summed.



6 Table C.1: light-tailed, against an exact reference

C Numerical results for light-tailed distribution

To assess the applicability of KMT beyond heavy-tailed settings, we evaluate it on a sum of i.n.d.
shifted exponential random variables. More precisely, we consider X; = Y;4+xm fori =1,...,n,
where Y; ~ Exp();). The parameter vectors are set as A = (A,...,A,) = (1.0,1.2,1.4,1.5,1.8)
and Tm = (Tm,1,. .-, Tmp) = (1.0,1.1,1.2,0.9,0.8), with n = 5.

Table C.1 reports results of estimating a, = P(}.;; X; > u) at two threshold levels,
together with the exact reference probabilities ayef, computed from the survival function of the
corresponding hypoexponential distribution. At u = 25, both methods produce valid estimates,
and KMT achieves a substantial reduction in variance relative to crude Monte Carlo (CMC).
At u = 28, CMC produces zero hits across 107 samples, thereby entirely uninformative, whereas
KMT continues to yield a reliable estimate with finite variance. These results confirm that KMT
remains applicable and effective in light-tailed settings, with the variance reduction over CMC

becoming more pronounced as the event becomes rarer.

Table C.1: Performance comparison for light-tailed distribution sums.

Probability estimates Estimator variances
u Qref N, sample

CMC KMT CMC KMT

1x107  4.00 x 1077 2.30 x 1077 4.00 x 107 141 x 1079

25 2.73x 1077
1x108 270 x 1077 2.72x 107 270 x 107 1.53 x 10716

1x107 - 1.58 x 1078 — 4.16 x 10717

28 1.40 x 1078
1x10%  1.00 x 1078 1.31x10"% 1.00x 10716 3.82 x 10718

Notes. “” indicates that no exceedances were observed.

Figure 4: Liu et al (2026), Section C, light-tailed results.

Here X; = Y; + x,,,; with Y'; ~ Exp(4;), so the shift genuinely is a shift and DecL’s + is correct. The
reference is exact, which makes Table 8 the sharpest comparison in the paper.

units 1t = '\n'.join(f'\tagg C{i} dfreq [1] sev {1 / 1} * expon + {x}'
for i, (1, x) in enumerate(zip(LAM, XM)))
1t = build('port LT hints{log2=18;bs=1/1024;padding=1;normalize=False}\n' + units 1t)

rows = []
for u, kmt7, kmt8 in [(25, 2.30e-7, 2.72e-7), (28, 1.58e-8, 1.31e-8)]:
s = lt.density df.loc[u, 'S']
exact = hypoexponential sf(u - sum(XM), LAM)
rows.append({'u': u, 'exact': exact, 'agg': s,
'agg rel err': abs(s / exact - 1),
'KMT 1e7': kmt7, 'KMT 1e7 rel err': abs(kmt7 / exact - 1),
'KMT 1e8': kmt8, 'KMT 1le8 rel err': abs(kmt8 / exact - 1)})
GT(pd.DataFrame(rows))



Table 8: Table C.1, the light-tailed tail probability at two thresholds, against the exact hypoexponen-

tial value.
KMT KMT
agg rel le7 rel 1le8 rel
u exact agg err KMT 1e7 err KMT 1e8 err
25 272.986e-09 272.855e-09 4.81e-04 230.000e-09 1.57e-01 272.000e-09 3.61e-03
28 14.014e-09  14.008e-09 4.84e-04  15.800e-09 1.27e-01  13.100e-09 6.53e-02

aggregate matches the exact value to about 5 x 10~* at both thresholds. For comparison, KMT at
108 samples is 0.4% off at u = 25 and 6.5% off at u = 28, and at 107 samples it is 16% and 13% off.
On this problem one deterministic build is between one and two orders of magnitude more accurate
than 10® importance samples, and the gap widens as the event gets rarer, which is the opposite of
how a sampler behaves.

That is not a criticism of KMT, whose target is generality rather than precision on a five-variable
convolution. It is a statement about which tool fits this particular question.

7 Discussion

Three of the paper’s four reference points reproduce cleanly, two of them against references the paper
itself derived analytically rather than by simulation. The fourth, u = 444000, exceeds what a double
precision FFT can deliver at a fine grid, and the grid study locates that boundary precisely rather
than leaving it as a caveat.

The comparison worth drawing is with Ben Amar et al. (2023), reproduced on its own page. That
paper reported no probabilities at all, only sample counts and CPU seconds, and the seven usable
numbers had to be dug out of prose. This one tabulates the estimates, states the provenance of every
reference, and gives exact references where exact references exist. The result is that it can be checked,
and it checks out. Papers that report what they computed are more useful than papers that report
only how fast they computed it, and this is a clean illustration.

On the substance, KMT looks right for what it claims. The power tilt is the natural move for a
distribution with no moment generating function, minimizing a deterministic upper bound instead
of the second moment is the standard tractable surrogate, and the threshold u, characterizing where
tilting starts to help is a genuinely useful practical output that most rare-event papers do not provide.
The honest limitation, which the authors state, is independence: the whole construction is a product
of marginal tilts, and dependence is listed as future work.

For the library, the note to carry forward is the parameterization trap and the grid lesson. Type
I Pareto takes x,, as a scale, sev {xm} * pareto {alpha}, and getting that wrong costs a few
percent in a way that shrinks with u and so looks like a convergence issue rather than a specification
error. And when the target probability approaches 10713, the question to ask is not whether the grid
is fine enough but whether it is too fine.
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